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Abstract
The main aim of this paper is to find the general formula to the fuzzy derivative of the n-th
order and the general formula for fuzzy Laplace transforms to the fuzzy derivative of the n-th

order by using generalized H-differentiability.
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1. Introduction

The concept of the fuzzy derivative was first introduced by Chang and Zadeh in [1], it was
followed up by Dubois and Prade in 1982 [2] and Puri and Ralescu in 1983 [3]. Abbasbandy et al.
[4] studied a numerical method for N -th order fuzzy differential equations based on Seikkala
derivative with initial value conditions, Allahviranloo et al. [5] considered eigenvalue-eigenvector
method for solving N -th order fuzzy differential equations with fuzzy initial conditions, Bede et
al. [6] provided solution of first order linear fuzzy differential equations by variation of constant
formula. . Recently, many researchers worked on solving fuzzy differential equations by using
fuzzy Laplace transforms, especially in [7,8,9].

This paper is arranged as follows: Basic concepts are given in Section 2. In Section 3, the general
formula for the fuzzy derivative of the n-th order and fuzzy Laplace transform for the fuzzy
derivative of the n-th order are found. In Section 4, an example of the third order is solved. In
Section 5, conclusions are drawn.

2. Basic Concepts

In this section, some necessary definitions and concepts are introduced:

Definition 2.1 [8] A fuzzy number u in parametric form is a pair (u,0) of functions u(«) and
U (), 0<a <1 which satisfy the following requirements:

1. u(«)is abounded non-decreasing left continuous function in (0,1], and right continuousat 0,
2. U () is abounded non-increasing left continuous function in (0,1], and right continuousat 0,
3. u(a)<u(a), 0<x <1,

Definition 2.2 [8] Letx,y e E . If there exists z e Esuch that Xx=y+2z, then zis called the H-
difference of x and y, and it is denoted by x © Y. In this paper, the sign “©“ always stands for
H-difference, and also note that x Oy =X +(-1)y .
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Definition 2.3 [8] Let f:(a,b)—>Eandx,e(a,b). We say that f is strongly generalized
differential at x, if there exists an element f'(x,) € E, such that

i. For all h> Osufficiently small, 3f (x,+h) © f(x,), 3f (%,)© f (X, —h) and the limits (in the
metric d)

lim[(f (x, +)©f (x,))/h]=lIm[(f (x,)© f(x, —h))/h]= f'(x,) or

ii. For all h > Osufficiently small, 3f (x,)© f (x, +h), 3f (x,—h)© f (x,) and the limits (in the
metric d)

lim[(f (%)) ©F (x, +0))/(=N)]=lim[(F (x, —h) OF (X())/(=h)] =T "(X,) or

iii. For all h > Osufficiently small, 3f (x,+h)© f(x,), 3f (x,—h)© f(X,) and the limits (in the
metric d)

lim[(f (%, +h) O F (x,))/h]=lIm[(f (x, —h) OF (xo))/(-N)]=T "(X,)or

iv. For all h > Osufficiently small, 3f (x,)© f (x,+h), 3f (x,)© f (X, —h) and the limits (in the

metric d)
imi(f (%) ©F (xo +h) /(=N =lIMI(F (x,) OF (x,~h))/h]=f ‘(x,)

st

Definition 2.4 [7] Let f (t) be continuous fuzzy-valued function. Suppose that f (t) e™ is
improper fuzzy Riemann-integrable on [0,c0), then I:f (t) e 'dt is called fuzzy Laplace
transforms and is denoted as L (f (t)) = J';Of (t)-edt, (s >0). We have

j:f (t) e’dt = (j:f_(t,a) e~dt, j:f‘(t,a) e’dt),

also by using the definition of classical Laplace transform

|[L(t,a)]zj:f_(t,a)-e-“dt and I[f (t,a)] :j:f‘(t,a)-e-stdt,

then, we follow:

L(F @)= (¢ ¢ ).

3. Fuzzy Laplace Transforms for the n-th Derivative
In this section, we find a general form for the fuzzy derivative of any order n, neZ " . Also, we
find, a generalization for fuzzy Laplace transforms for n-th derivative.

Theorem 3.1 Suppose thatF (t),F'(t),---,F "™ (t)are differentiable fuzzy valued functions such
that F ™ (), F(2)t),--- ,Fim)(t) are (ii)-differentiable functions for 0<i, <i,<...<i, <n-1,
o<m<nand F®(t) is (i)-differentiable for p =i, j =1,2,...,m, and if « -cut representation of
fuzzy- valued function F (t) is denoted by [F(t)]* =[f ,(t),g,(t)], then:

(a) If m isaneven number then [F™@)]* =[f ™), g,™ )]

(b) If m isan odd number then [F™ )]* =[g,™ @),f ™ t)].

Proof We shall prove by mathematical induction on n. We have the relations (a) and (b) are true
for n=1[7].
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We suppose that the relations (a) and (b) are true for n=k, ie., if F,F/,-- JFED are
differentiable fuzzy-valued functions such that F @ F@2 ... Fn)are (ji)-differentiable functions
for 0<i; <i, <...< i, £k -1, 0<m <k, then

If mis an even number we have:

[FOO1” =If 1) 9, ). (3.1)
and if m is an odd number we have:
[FOn1 =[9,0).f, 0] (3.2)

Now, we prove that the relations (a) and (b) are true for n =k +1 as follows:

(a) Let F,F',...,F®) pe differentiable fuzzy valued functions such thatF @ F@2) ... Fln)are
(ii)-differentiable functions for 0<i; <i, <...<i, <k, 0<m <k +1and m is an even number. If
m=0 then there is no (ii)-differentiable functions, i.e., F(t),F'@t),---,F® @) are (i)-
differentiable. Since F(t),F'(t),---,F* Y (t)are (i)-differentiable then by relation (3.1) of
induction hypothesis we have:

[FOOI=If,“1).9,“01

Since F®) is (i)-differentiable then from definition 2.3, we have:
[FOe+h)oFOn)]" ==[f, ¢ +h)-f,“@).g,°t +h)-g,“ 0],
[FOOOF - =If, 01, t-h)g, -9, -

and, multiplying by %,h >0 we get:

0 -1,90 9,4+ -9,°0

1

“[F®t+h)oF® )~ = , !

h[ (t+h) O =I[ - - ]

and

1 . £ O0-f ©Ote-h) g V1t)-g, @ -h
F[F(|<)(t)6[:(k)(t_h)] :[ a () ha ( )’ga () ga ( )]

Using h——0 on both sides of aforementioned relation, we get

FEP01 =, 0.0," P01 (3.3)

Then the relation (a) is true if m =0.
Now, if m is an even number such that 2<m <k +1, then we have two possibilities for the

functions F,F',...,F*™® 55 follows:

Either F,F’,---,F®) contain an even number m andF,F’,---,F *™ contain an even number m
of (ii)-differentiable functions F FU2 ... Fln)then F&) js (i)-differentiable. By relation (3.1)
of induction hypothesis, we have [F®))]* =[f *)(t),g,* t)].

Since F®) is (i)-differentiable then from definition 2.3, we have:

[FOe+hoF©n]” ==1f,“e+h)-f,1),9,t+n)-g, 0],
FOHeF“e-n =If,“t)-f,“t-n),a,t)-g,t-n).

and, multiplying by %,h >0 we get:

©e+h)-f, 1) 9, +h)-g,% @)
h ’ h

%[F(k)(tJrh)eF(")(t)]“:[f“ 1,

and
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%[F(k)(t) 6 FO ¢y (e O=F0C=h) 9,00 -9, -h),

h h
Using h——0 on both sides of aforementioned relation, we get the relation (3.3).
Or F,F',--- ,F(k)contain an even number mand F,F’,---, F D contain an odd number (m-21)

of (ii)-differentiable functions F(0 F(2) ... Fln) then F®) js (ji)-differentiable. By (3.2) of
induction hypothesis, we have:

FOO" =9, 0.1, 0]

Since F®)(t) is (ii)-differentiable then from definition 2.3, we have:
FOOOF“e+n]"=[9,"t)-g,t+h).f,O0)-f, e +n),

FOe-hoF“n” =[g,"t-h) -9, 0).f, € -h)-f,0]1

and , multiplying by ih h >0 we get:

i[F(k)(t)eF(k)(t +h)]a :[fa(k)(t +h)_fa(k)(t) ga(k)(t +h)_ga(k)(t)]
_h h ) h 1)
and

01,0 9,20-9,¢=h),
h ’ h '

Using h——0 on both sides of aforementioned relation, we get the relation (3.3). Then relation

(@) is true if m is an even number such that 2<m <k +1. Then (a) is true if n =k +1and misan

even number such that 0<m <k +1.

Then relation (a) is true for any positive integer n .

(b) Let F,F’,---,F % pe differentiable fuzzy-valued functions such that F F@2) ... Fm)gre
(ii)-differentiable functions for 0<i, <i,<...<k, 1<m <k +1 and m is an odd number. Also,

SFOC-h) 0 FOOT [

we have two possibilities for the functions F,F’,---,F* ™ a5 follows:
Either F,F’,---,F(k)contain an odd number mandF,F',---,F(k‘l)contain an even number

(m—=1) of (ii)-differentiable functions F™ F@2) ... FUm)then F&) js (ii)-differentiable. By
relation (3.1), we get

[FOO1 =[f.“0). 9,01
Since F®) is (ii)-differentiable then from definition 2.3, we have:
[FOOOF e+ =, -f,t+h).0,0) -9, ¢ +h),

[FOe-ner ol =If,“ ¢ -h-f,0).9,¢ -9, 01

and , multiplying by ih h>0 we get:

1

LEOHOFO @y =S 20,00 LU0

h ’ h

]

and

Yo-9,M¢-h) 00, e-h)
h ’ h

“FOE-n) 0 O = )
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Using h——0 on both sides of aforementioned relation, we get

[FEY01” =[g,“ P @), f,“ )] (3.4)

Or F,F’,---,F(k)contain an odd number m and F,F’,---,F(k_l) contain an odd number m of

(ii)-differentiable functions F@ F@2) ... Fln)then F®) s (i)-differentiable. By relation (3. 2),
we get:

FOOr =l0.0.f, 0]

Since F®)(t) is (i)-differentiable then from definition 2.3, we have:
[FOt+her“n =[g, ¢ +h)-g, ). f, e+, 0]
[FOOOFOE-mI =[9, 0 -g,€-h).f, O, -h).

and , multiplying by % h >0 we get:

“ern)-9,0 £,00 01,50
h ’ h

%[F(k)(t+h)6F(k)(t)]“=[g“ 1,

and

0,709, -h) 1,001, -h),
h ’ h

Finally, using h——0 on both sides of aforementioned relation, we get the relation (3.4), then

the relation (b) is true when n =k +1and misan odd suchthat 1<m <k +1.

SFOW 0 FOE-h) <]

Then the relation (b) is true for any positive integer n .
Thus, the theorem is true for any positive integer n .

Remark 3.2 If we put n=12,3,4in theorem 3.1, we get the same results given in [7,8,9,9]
respectively.

Theorem 3.3 Suppose that g (t),g'(t),..., g™ (t) be continuous fuzzy-valued functions on [0, )
and of exponential order and that g™ (t) is piecewise continuous fuzzy-valued function on [0,0).
Let g™ ), g (t),... ,g () be (ii)-differentiable functions for 0<i, <i, <...<i <n-1 and
g be (i)-differentiable function for p =i;,j =12,....,m and g(t)=(g(t,),g(t,));then

(D)If M is an even number, we have

L@ (0)=s"L@1) 05 g O)® S 5" Vgt (0), (35)
k=1
such that

l(e, if the number of (ii) — dif ferentiable functions g\, provided

that i < k is an even number
®= (3.6)

—, if the number of (ii) — dif ferentiable functions g, provided
that i < kis an odd number
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(2) If Misan odd number, we have

L™ 1) =-s"g )0 (sML(GH) 85 s"“ g™ (0), 3.7)
k=1
such that

|{ O, ifthe number of (ii) — differentiable functions g 0N provided
® = that i < k is an odd number | (3.8)
L— , if the number of (ii) — differentiable functions g 0N provided

_ that i < k is an even number
Proof (1) Let g™(t),g?(t),...,g)(t) be (ii)-differentiable fuzzy valued functions for

0<i,<i, <...<ip, <n-land m be an even number such that 2<m <n, then by theorem 3.1(a),
we get

gVt =gt a).d"t.a),

where f,(t)=g(t,a) and g,(t)=g(t, ). Therefore, we get:

9" t,)=9"t.a).0™Mt,a)=3"(.). (3.9)
Then from (3. 9), we get

L™ ) =Lg"t )9, a)

=1@" ¢t a1 @™t @)). (3. 10)
We know from the ordinary differential equations that:
n-1 . .
1™ (t,@)=s"1(gt,a)-> s"Pg0(0,0). (3.11)

i=0
Equation (3.11) can be written as:

1(g™(t, ) =s"I(g(t,2))-s""g(0,) —is”““)g(k)(o,a) - Z s" Vg 0(0, )

k=1 k=ij+1

is n-1
-y Sn—(k+1)g(k)(o,a)_”._ 3 s”‘(“l)g(k)(o,a). (3.12)
kSip 4 k=ip+1

In a similar manner, we can get

@) =5 G a) "G00 -3 s AU - 3 g0
k=1

k=i;+1
i n-1
D Rl R () B S Rl R (9 (3.13)
k=i +1 k=ip+1

Since 0<i, <i, <...<i, <n-1we can apply theorem 3.1 for each g®(t) where 1<k <n-1 a5
follows:

g%0,0)=g®(0,2), g¥©0,2)=9"(0,a) , 1<k <ij,
7% 0,2)=g®(0,@), g% (0,a)=g%(0,a) i, +1<k <i,

9 0.a)=9"0,0), §X0.0)=9%0a) i, +1<k <i; (3.14)

990,a0)=g®(©0,2), g¥0©0,2)=9"(0,a) , i, +1<k <n-1.
The last one of the equations in (3.14) yields from theorem 3.1(2) pecause M is an even number.
Using (3.12), (3.13) and (3.14), equation (3.10) becomes
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L@@ = (6" 1(g.a)-s" g0.a)-3s™ 4D g0~ 3 s gI(0,0)-

k=iy+1
i3 n-1
35D g0,a) - m Y 5TED g9(0,0),8" (Gt @) -5"F(0,2)
k= i2+1 k=ip+1
Zs” () g®)(0, ) Z s" g40,a) - Z $"0D g0, ) .-
k =iy +1 k=i,+1

-1 JE—
z S n—(k +1) g (k)(ol a))

K =iy, +1

=5"L(9())0s™g(0)0 Y s" Iy (0) - Z s g (0)
k=1

k=i;+1

i3 n-1
e Z Sn—(k+1)g(k)(o) - O Z Sn—(k+l)g(k)(0)

k:iz+1 k:im+l

n-1
=s"L(g(t))0s" g (0)® s" g (0),
k=1

where® is defined as in (3. 6) . Then, the theorem is true for any even number m such that
2<m<n

We note that if m =0 we have g(t),g'(t),...,g "™ (t) are (i)-differentiable functions, then
equation (3.10) becomes:

L@ 0)= 6" 1gt.a) -3 5" g0 0), 5" 1g.a) - 35" g% (0,a)

~S"L(g@)0 Y5 g H(0).

k=0

It is clear that the above relation reconciles with the relations (3.5) and (3.6).
Therefore, the theorem is true for any even number m such that 0<m <n

Proof (2) Let g™ ), g (t),... ,g")(t) be (ii)-differentiable fuzzy valued functions for
0<i;<i, <...<i, <n-land mbe an odd number such that 1<m <n and, then by theorem
3.1(b) we get
V) =@"t.a).9" ).
Therefore, we get:
9V¢,a)=g"t,2),g"t.0) =g ). (3.15)
Therefore, from (3.15) we get
L@ )=L(@g".2).9™ . )

=(1@™ . )1 @g" ). (3.16)
Since 0<i, <i, <...<i,, <n—1 we can apply theorem 3.1 for each g’ (t) where 1<k <n-1 g
follows:

0“0.2)=9%“(0.2), §0.0) =9 (0,0) , 1<k <ij,

3“0,2)=9"(0,a), g*(0,0) = 9®0,0) , i +1<k <i,,
9“0,)=9%(0,), 3*(0,) = 9®(0,a), i,+1<k <ij, (3.17)
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§90,a)=g®(©0,2), g (©0,0)=9"(0,a), i, +1<k <n-1.
The last one of the equations in (3.17) yields from theorem 3.1(b) pecause m is an odd number.
Using (3. 12), (3.13) and (3. 17), equation (3. 16) becomes

L(g(n)(t))zsn |(g—(t’a))_sn—1 g—(oya)_lzlsﬂf(kﬂ) W(O,a)— 'Zz Sn%kﬂ)ﬂ(o’a)_

k=i +1
ig —_— n-1
Y, 5" gH0.a) - 3 5T gU(0,0),8" (gt @) 5" g (0,)
k=i +1 k=i,+1
—Zs”’(“’ﬂ(o,a)— Z sk g () (0, ¢) Z s“*‘k”’ﬂ(o,a)—---—
k=1 k=i;+1 k=i, +1

n-1 N
Z s g0, a)).

k=i, +1

Thus

L@ () =-s""g(0)® (-s")L(g (t))—iS”‘(“”g(“(O)e Z s g (0)

k=i;+1
i3 n-1
. z Sn_(k+l)g(k)(0) O0---0 Z Sn—(k+1)g(k)(0)
k=i, +1 k=i, +1

=-s"g(0)O0(-s")L(g () ®n2_1s““““g(“(0),

k =1
where ® is defined as in (3. 8)

Remark 3.4 If we putn=1,2,3,4in theorem 3.3, we get the same results given in [7,8,9,9]
respectively.

Remark 3.5 By applying theorem 3.3, we note that: There are 2"cases for fuzzy Laplace
transforms for g™ (t),n €Z *. Also, we have

n

2(i)=2,

k=0

where ( E ) is the number of cases that contain k functions of the type (ii)-differentiable functions

among the functions 9(t),9'®).....g" () .

4. Application of the Generalization

In this section, we present an example of the third order to show the validity of the generalization
given in theorem 3.3.
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Example 4.1 Consider the following third-order FIVP:

y"(t)=-y"(t)-3y'(t) +5y (1), 4.1
3 r5r 3 r5r 15 r 17 r
O =\~ Y ,O =\ T ) ”0 =\ T T )
YO =+, VO =C+55-2), YO =+
We note that:
3 r 5 r 3 r — 5 r 15 — 17 r
0,N=—+—,v0,rn)==———,vy'0,r)=—+—=,vy'(O,r)==——=,y"(0,r ) =—+—,y"(0,r) =———
x()44y()44y()22()22y() y()44

By taking fuzzy Laplace transform for both sides of equation (4.1), we get:
LIy"®)]=L[-y"t)-3y'(t)+5y )] (4.2)

Now, we shall use theorem 3.3 to find Laplace transform for each term in equation (4.2), therefore

we have 23 =8 cases as follows:
Case 1 Letus consider y(t),y'(t)andy"(t) be (i)-differentiable. Then equation (4.2) becomes:

s’L(y (t))©s’y (0)0sy'(t)©y"(0) =-[s*L(y (t)) ©sy ()0 y ()] -3 [sL(y ) ©y (0)]
+5L(y (1)),

then, we get the system:
(5*=5)I (y (t.1) +(s* +3)1 (T (t.T)) :(%+%)32 +(1zl+£)s 10—,

5 13 (4-3)
(° =B (T (t, ) +(s+35) (y t,r) =(Z_%)Sz +(Z_%)S +84r.

The solution of system (4.3) is as follows:
Ly (1)) = (r +3)s°+(2r +6)s* +12s° — (6r +86)s* — (17r +151)s + 20r — 200
= 4(s®+5%*+3s —5)(s’*—s* -3 -5)

|(7(E.1)) = (5-r)s®+(10—-2r)s* +12s° + (6r —98)s? + (17r —185)s — 20r —160
’ 4(s®*+s%+35 —5)(s*—s?2—35-5) '

To make a cubic partition for 1(y (t,r))and 1(y (t,r)), we suppose that:

as’+as'+as’+as’+as+a, 1 As’+Bs+C . Ds®+Es +F
4(s®+s®+3s -5)(s’ +bs® +b,s+b,) 47s°+s*+35s-5 s’+bs’®+b,s +b,

1, (4.4)

yields the system:

A+D =a,

b,A+B+D+E =a,,

b,A+bB +C +3D +E +F =a,,
b,A +b,B +b,C —5D +3E +F =a,,
b,B +b,C —5E +3F =a,,

b,C —5F =a,.

(4.5)
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To get the cubic partition for I(y (t,r)), we put a,=20r —200,a =-151-17r, a, =-86-6r,
a,=12,8,=2r+6,a,=r +3, b, =-1 b, =-3 and b, =—5in the system (4.5), then we get:

s°+3s+9 +(r—l)(sz+s—4)

Iy (t.r)= (s-1)(s®*+25+5) 4(s*—s?*—3s-5)

(4.6)

Similarly, to get the partition for 1 (¥ (t,r)), we put a, =—-20r —160, a, =17r —185, a, =6r — 98,
a,=12, a,=10-2r,a,=5-r, b, =-1 b, =-3 and b, =-5in the system (4.5), then:

_ s°+35+9 (r=1)(s*+s-4)

I(y(t.r))= - : 4.7
(y.r) (s—1)(s*+2s+5) 4(s’-s®—3s-b) 4.7
Now, by finding a root for the cubic polynomial given in (4.6) and (4.7), we get:

e s?+3s+9 )+r—1|_1( s’+s -4

= (s-D(s?+2s+5)" 4 (s —a)(s?+bs +c) 49)

2 2 )

FE.r) =1 $°+35+9 )_r—l _1 s°+s-4

(s-1)(s*+2s+5) 4 (s —a)(s®+bs +c)

where

=_+—M+%m
b:—+—m+—m (4.9)
c=- 1-—\l82+6ﬁ %/82—6@+§(82+6@)§+%(82—6ﬁ 3

To find | *in the system (4.8), we put:

d,s®+d;s +d, (—d —ad, +cd, +abd,)s +(dc —-da- db+adc) da’+da+d, 1

(s —a)(s? +bs+c) (@®*+ab +c)(s*+bs +c) a’+ab+c s-a
Then:
b 2
14( d,s®+ds+d, )= d,a’*+d.a+d, pat d0+ad cd, —abd, Ztcosh ;b——ct
(s —a)(s® +bs +c) a’+ab+c a’+ab+c 4
b 2
d +ad, —cd, abd2 b ad,+bd,—cd, - 2)e 2 sinh fb——ct (4.10)
2 d,+ad, —cd, abd 4
(@’ +ab +c) ——c
By using relation (4.10), then r —cut representation of solution given in equation (4.8) becomes:
13, 5 1 at o el
X(t,r)_ge —ge cosZt—ge sin2t +(r -1)(ce —ce2 coshc, t+c3e2 sinhc, t),
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_ 13, 5 1 at sl 2
y(t, r)—ge —ge cosZt—ge sin2t —(r -1)(ce® —c.e B coshc, t +cg B sinhc, t),

where

_ —12+5%82+6/159 +5/82— 6@+(82+6J1?)3+(82 6@)3
4[30+3(82+6J1?)3+3(82 6\/1?) ]

1

| —42+5382+6+/159 +53/82— 6159 — 2(82+ 6/159)° )3 2(82—6/159)° )3
4[30+3(82+6\/1?)3+3(82 6\/1?) ]

2

2 2
6[223/82 + 64/159 +223/82 — 6:/159 +5(82 + 6+/159)¢ +5(82 — 6+/159) ] c,
2 2 2 2
4 [30+3(82 + 6+/159)3 + 3(82 — 64/159)3][20 — (82 + 6+/159)® — (82 — 6+/159)?]

3

2 2
= %\/60 —3(82+6+/159)3 —3(82 - 6+/159)3.

and a,b and c are defined as in (4.5).

Case 2 Let y'(t)and y"(t) be (i)-differentiable and y (t) be (ii)-differentiable. Then equation
(4.2) becomes:

—s?y (0) O (-s*)L(y () ©sy't)©y"(0) =—[-sy (0) O (-s*)L(y t))©y'(t)] -3 [~y (0)©
(=s)L(y ()] +5L(y t)),

then, we get the system:

s3l(x(t,r))+(sz+35—5)I(3T(t,r))=(%+%) (E_?’_r) 39_%,
(4.11)
SUTE)+67+3 -9y €)= Dy (9 3—r)s L

By achieving the same steps given in case 1, we get:

ytr) =1 S?+3s+9 )+r—1|_1( §2-3s-2
= (s-D(s?+2s+5)" 4 (s —a)(s?+bs +c)”

_ ) S?+3s+9 r-1,., §s?2-3s-2
Ve =1 612558 2| s a)siibsic)"

(4.12)

where
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1i’f—53+ 3201 + 1%/—53— 34201,
b=—> 2, 1, \/—53+ 34201 + 13 \/—53 34201, (4.13)

2 2
c:-1-5 «3/—53 +34201 - 5 %/—53 ~3J201 + 5 (—53 +34201)3 + % (-53—34/201)2.

By using relation (4.10), then r —cut representation of solution given in equation (4.12) becomes:

13, 5 1 =l ek

y(t, r)—ge —§e cosZt—ge sin2t +(r -1)(ce?' —ce £ coshc, t +ce e sinhc, t),
13, 5 1 e e

y(t, r)—ge —ge cosZt—ge sin2t —(r -ce® —ce2 coshc, t +ce ) sinhc, t),

where

—6-73-53+3201 —73/-53— 3«/201+( 53+ 34201 3+( _53_34700)°
4[30+ 3(~53+ 3+/201 )3 +3(-53-34201 ) ]

1=

2
367353+ 3201 — 73/-53—3/201 — 2(~53+ 34/201 : 2( _53-3,201 )g
4 [30+3(~53+3/201 3+3( 53—34201 ) ]

2=

2 2
B[163/—53 + 34201 +163/~53— 3201 — 7(~53 + 34/201)* — 7(~53—34201)*] c,
2 2 2 2
4 [30 + 3(~53+ 34/201)% + 3(-53+ 3/201)*][20 — (~53+ 34/201) — (~53—34/201)°]

3

2 2
:%\/60—3(—53+3x/201)3 —3(-53-34/201)3 .
and a,b and c are defined as in (4.13).

Case 3 Let y(t) and y"(t) be (i)-differentiable and y'(t) be (ii)- differentiable. Then equation
(4.2) becomes:

=’y (0)0 (=s*)L(y () ~sy't) ©y"(0) =—[-sy (0O (=s*)L(y (t)) ~y'®)] -3 [sL(y ) O (0)]
+5L(y (t)),

then, we get the system:

(s°+35)1 (y (t, 1)) +(s* =B) (F (t, 1)) =(%+£)s2 +(lzl+£)s +9,

(s°+39) (T (t, 1)+ (s> =5) (¥ (t.1) :(%—2)32 +(§—%)S 49,

(4.14)

The solution of system (4.14) is as follows:
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55 +7 N (r=21s

I(y t, r))—8( s—1) 8(s?+25+5) 4(s’—25+5)’

13 55+7  (r=Ds

S AR 8(s—1) 8(s’+2s+5) 4(s2-2s+5)

Then, we get r —cut representation of solution as follows:

y(t, r)_Ee —§e cosZt—Ee “sin2t +(r —1)( e 0032t+1et5|n2t)
8 8 8 8
y(t, r)—%e —§e cosZt—%e sin2t —(r —1)( e' cos2t +;etsm2t)

Case 4 Let y(t) and y'(t) be (i)-differentiable and y"(t) be (ii)- differentiable. Then equation

(4.2) becomes:

=5y (0)0 (=s*)L(y (t)) sy '(t) ~y "(0) =—{s°L(y (1)) ©sy (0)© y ‘()] -3 [sL(y (1)) © y (0)]

+5L(y (t)),

then, we get the system:

6% +57+3) (Y €05 (TN =G+ D7+ (s + 24

4 2
(6" +57+3) (TN -5 (Y€1) =C D)7+ (E—?’—r) 2—1—%.

By achieving the same steps given in case 1, we get:

. $S?2+3s+9 r-1,. s?+3s+6
yt.r)=17( > )+ 1 7( > :
(s=1D(s“+2s+5) 4 (s—a)(s“+bs +c)
_ » s?+3s+9 r-1,., s?+35+6
y,r)=17( )— |

(s-D(s?+2s+5)" 4 (s —a)(s?+bs +c)”

where

1#-55+3«/393 +1#—55—3J393,
=< + J—ss 13398 + 1 \/—55 3./393,

2 2
C=1+§§/—55+3 393 +%§/—55—3«/393 +§(—55+3\f393)3 +%(—55—3\/393 5,

(4.15)

(4.16)

(4.17)

By using relation (4.10), then r —cut representation of solution given in equation (4.16) becomes:

13, 5 1 5,

y (t, ry=—e' —ge cosZt—ge sin2t +(r - (ce® —c92 coshc, t+ce2 sinhc, t),

8
13, 5 1 -y

y(t, r)— —e' —ge cosZt—ge sin2t —(r -1)(ce® ce2 coshc, t+ce2 sinhc, t),
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where

| 30+73/-55+3/393 + 73/-55—3./393 +( 55+ 3/393 )3+( _55-3,/393 :
A[-24 +3(~55+34/393 3+3( _55-3,/393 ) 1

1

_ 54+73/-55+3./393 + 73/-55-3/393 2( 55+ 3,/393 )3 2( _55-3,/393 :
A[-24 +3(~55+3+/393 )3+3( _55-3,/393 ) ]

2

2 2
6[—383/—55 + 34393 — 383/—55— 3393 + 7(~55 + 34/393)? + 7(-55—34/393)°] c,
2 2 2 2
A[~24 + 3(~55+ 34/393)? + 3(~55 — 3¢/393) 3] [ 16 — (55 + 3v/393) ® — (~55 — 3+/393) ]

3

2 2
= %\/ —48—3(-55+34/393)3 —3(-55-3+/393)3.
and a,b and c are defined as in (4.17).

Case 5 Let y"(t) be (i)-differentiable and y (t) and y'(t) be (ii)- differentiable. Then equation
(4.2) becomes:

s*L(y (t))©s”y (0) ~sy'(t) ©y "(0) =—Is°L(y (t)) ©sy (0) ~y '()] -3 [~y (D) © (-s)L.(y (t))]
+5L(y (1)),

then, we get the system:

6+ -5 (Y (M) +57 1TE ) =G+ D" + (-0 + 242,
i g X 9 3 21 32 (4.18)
r r r
s +3s =5 (V(t,r))+s’ I1(y(t,r )i (=+ —s ==
( (Y (. r)) (y(,r))= (4 4) ( ) )
By achieving the same steps given in case 1, we get:
2 2
yEr) =1 S +233+9 )+r—1|,l( S —:233+6 |
= (s-1(s“+2s+5) 4 (s—a)(s“ +bs +c) (4.19)
2 2 .
FE.r) =1 S +233+9 _r—ll,l( S —§s+6 .
(s=1(s“+2s+5) 4 (s —a)(s“+bs +c)
where
:—+—«3/55+3 393+—«3/55 34393
=?+§»\3f55+3 393 +%%/55 3393 (4.20)

2 2
c= 1-—\/55+3x/39 %/55—3\/393 +%(55+3\/393 3 +é(55—3\/393 3
By using relation (4.10), then r —cut representation of solution given in equation (4.19) becomes:

133



Journal of Kerbala University , Vol. 13 No.2 Scientific . 2015

b b
ytr)= ;e —ge cosZt—%e sin2t +(r - (ce?' —c.e E coshc, t +cg E sinhc, t),
_ 13, 5 1 at ek o
yt,r ):Ee —ge cosZt—ge sin2t —(r -1)(ce —ce2 coshc, t+ce2 sinhc, t),

where

30— 74/55+ 34393 — 74/55—3./393 +(55+3J3? 3+(55 3./393)° )3
4 24+3(55+3\/3?)3+3(55 SJ?F) ]

17

_ 54-73/55+3/393 — 73/55—34/393 2(55+3«/39 )3 2(55 34393 :
4[24+ 3(55+34/393 3+3(55 3./393 ) ]

2=

2 2
6[-383/55+ 34/393 — 38%/55 — 3/393 — 7(55+ 34/393)® — 7(55—34/393)%] c,
2 2 2 2
4 [-24 + 3(55+ 34/393)3 + 3(55— 3/393)3][-12 — (55 + 3+/393)® — (55— 3+/393) ]

3 =

2 2
= %\/—36—3(55+3«/393)3 —3(55-34/393)2,

and a,b and c are defined as in (4.20).

Case 6 Let y'(t) be (i)-differentiable and y (t) and y"(t) be (ii)- differentiable. Then equation
(4.2) becomes:

s°L(y (1)) ©s”y (0) ~sy'(t) ~y "(0) =—{-sy () © (=s*)L(y 1)) Oy '(1)] -3 [~y (0)© (=S)L(y (t))]
+5L(y (1)),

then, we get:

13 (2r—-7)s -7
) =86 D et r2s 55
(T (1)) = 13 (2r +3)s +7

8(s-1) 8(s2+2s+5)

Then, we get r —cut representation of solution as follows:

y(t,r ):Ee —Ze c032t+r(—e cosZt—le tsin2t),

= 8 8 8

v, r)_Ee —§e cosZt—le sm2t—r(£e cosZt—le “sin2t).
8 4 4 8

Case 7 Let y(t) be (i)-differentiable and y'(t) and y"(t) be (ii)- differentiable. Then equation
(4.2) becomes:

s°L(y () ©s”y (0)Osy (t) ~y "(0) =—-sy (0O (=s*)L(y (1)) ~y '©)] -3 [sL(y () ©y (0]
+5L(y (1)),
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then, we get the system:

(6 +57 =B (Y ) +35 LT =G+ + (4505 +

(s°+s*=9)I(y(t,r)+3s I(y(t,r)) =(Z——) (———)

9 3r 19 r

22
5 r 15 3r 17 r
4 27

(4.21)

By achieving the same steps given in case 1, we get:

_ s®+3s+9 r—-1 s*+3s -2
y ) =17, )+ ,
(s-D(s“+2s+5) 4 (s —a)(s“+bs +c)
e S?+3s+9 )_r—l o S?+35 -2

(s-D(s?+2s+5)" 4 (s —a)(s?+bs +c)”

where

a= _—1 +1%/53+3\/201 4 1€j53—3\/201,

b:—+ \/53+3 201 += \/53 34201,

2 2
c=-1+§3/53+3 201 +§$/53—3\/201 +5(63+ 3.201)3 + % (53—3201)2.

(4.22)

(4.23)

By using relation (4.10), then r —cut representation of solution given in equation (4.22) becomes:

y(t, ry==—e' —ge cosZt—ge sin2t +(r - (ce?

y(t, r)— —e' —ge cosZt—ge sin2t —(r -1)(ce® ce2 coshc, t+ce2 sinhc, t),

13, 5 1 =y =y
8
13, 5 1 oy oy

where

1=

2

3

—6+73/53+ 34201 +73/53— 3«/201 +(53+ 34201 : +(53- 3J200)°

4[30+3(53+3/201)? 3+3(53 3@ 1)%]

_ —36+73/53+34201 + 7353 —3+/201 — 2(53+ 3+/201 : —2(53-34/201 :
4[30+3(53+3/201 )3 +3(53+ 3201 ) ]

2 2
6[163/53 + 33201 +16%/53— 34201 + 7(53+ 34/201)® + 7(53— 34/201)*] c,

—092 coshc, t+ce2 sinhc, t),

4 [30+3(53+ 3@)5 +3(53— 3@)51[20 —(53+ 3J20_1)§ —(53- 3\/20_1)51

2 2
=%\/20—3(53+3\/201 3 —3(53-3/201)3.
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and a,b and c are defined as in (4.23).

Case 8 Let y(t), y'(t) and y"(t) be (ii)- differentiable. Then equation (4.2) becomes:

—s°y (0)Os’L(y (t))©sy (t) —y"(0) =—[s"L(y (1)) ©sy (0) —y'(t)] -3 [~y (0) © (-s)L(y ()]
+5L(y (1)),

then, we get the system:

(52 +s1(y (L) + @ -5 (T ) =Cr Ds? 4 (2= Dy 10—,
S+ (T, 1) +BGs =B (y (t,r) = -D)s?+ (= +Dys +8+r.
= 4 4 4 4
By achieving the same steps given in case 1, we get:
_ s?+3s+9 r-1,. s?—s—4
y (€, r) =17 > )+ ' > )
(s=1(s“+2s+D5) 4 (s—a)(s“+bs +c)
s?+3s+9 r—1 s?—s—4 (4.23)
yE,r)=17 > )——=17Y( 3 ).
(s=1(s“+2s+5) 4 (s —a)(s“+bs +c)
where
a=+ 5\/—82 +124/159 +§\j—82 124159,
_2 1, 1,
b—§+§\/—82+12 159 +§«/—82—12\/159, (4.26)

2 2
c=-1+ % 3-82+124159 + 33/—82 ~12/159 + é (-82 +12+/159)3 + % (-82-12/159)°.

By using relation (4.10), then r —cut representation of solution given in equation (4.25) becomes:

13, 5 1 5, =y

y (t, r)_ge —ge cosZt—ge sin2t +(r -1 (ce?' —c.e ) coshc, t +ce 2 sinhc, t),
_ 13, 5 1 o ot
yt,r ):Ee —ge cosZt—ge sin2t —(r -1)(ce —ce2 coshc, t+ce2 sinhc, t),

where

12 -53-82+12159 —5¢-82— 12\/159 1+ (~82+124159 3+( _82_12i59)°
4[30 + 3(~82+12+/159 )3+3( 82-12+/159 ) ]

C, =
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42 -53-82 +12/159 — 5382 12\/1? 2(-82+124/150)° ; —2(-82-12+/159)¢ )3
4[30+3(-82 +12+/159)3 ; +3(-82— 12J1?) ]
6[223/-82 +124/159 +223/-82 —12/159 —5(-82 +12\@)5 _5(-82 —12@)51 c,
4 [30+3(-82 +12\/1E)§ +3(-82 —12J15_9)§][2o —(-82+124/159 i (-82 —12\/@)%]

C, =

3=

2 2
:%\/60—3(—82+12x/159 3 _3(-82-12+/159)3.

and a,b and c¢ are defined as in (4.26).
5.Conclusions

The formula of fuzzy derivatives of any order n neZ " and the formula of fuzzy Laplace

transforms  of fuzzy derivatives of any order n neZ™ are found under generalized H-

differentiability. To show the validity of the two above generalizations, solutions to FIVP of the
third order are provided.
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