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Abstract:

In this paper, we prove the stability of iterative process for hybrid mappings of
quasi-contraction in b-metric space. Our work generalizes and improves some results
due to Czerwiket al. 1997, Singhet al. 2008 and Hashim 2011.
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1. Introduction

The first result on stability of iteration
on metric spaces was given by
M.Ostrowski 1956, although this type
of problem was already observed M.
Urabe in 1957 for real valued function.
Thereafter, a number of authors have
generalized and extended his result in
various setting. Harder and Hicks have
obtain interesting results on stability of
a number of iterative procedures with
examples. Rhoades (1990) and
Rhoades and Saliga (2001)have a
generalized various existing result and
established fixed point theorems for
various iterative procedures. Czerwik
1997 and Czerwik et al. 2002 has
extended Ostrroski's classical theorem
for the stability of iterative procedure
for multi-valued maps in b-metric
space .in 2011 HashimA.M. studied
the stability of iterative process for
hybrid contraction mappings involving
a single-valued and multi-valued maps

in b-metric space.

Example (2.2)(Singh et al. 2008)

LetX ={X,,X,,X5,X,}and

The purpose of this paper is to study
the stability of iterative process for
hybrid  maps satisfying  quasi-

contraction in b-metric space.

2. PRELIMINARIES
Definition (2.1) (Czerwik1998)

Let X be anonempty setand let b >1
be a given real number . A function

d:X xX —R" (The set of positive
real numbers) is called a b-metric if
and only if for all x,y,z X, the

following conditions are satisfied:

(i) dx,y)=0iff x =y;
(i) d(x,y)=d(y,x);
(i) d(x,z)<b[d(x,y)+d(y,z)]

The pair (X ,d) is called a b-metric
space.

It is clear that definition of b-metric
space is an extension of usual metric
space. The following example
illustrates that b-metric space are more
general than metric spaces.

d(x,,X;)=b=2,d(x,,x5) =d (x;,x,) =d (X,,X;) =d (X,,X,) =d (X;3,x,) =1
d(x; x;)=d(x;,x;)fori,j=1234andd(x;,x;)=0,i =1,2,3,4.

d(x; ,xj)s%[d (x;,x,)+d (x,,x;)]forij=1,2,3,4, andif b > 2, the ordinary triangle

inequality does not hold.i.e. need not be a metric on X
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Let (X ,d) is ab-metric space.

CL (X ) ={A : Aisnonempty closed subset of X }
CB (X ) ={A : Aisnonemptyclosed boundedsubsetof X }

supD (x,B),supD (y,A),

yeB

o0

H (A,B)=Max {xeA

A,B eCL(X),D(x,A)=infd (x,a)

if the maximum exists}

otherwise

H is called a generalized Hausdorff b-metric on CL(X ) induced by the metric

donX.

We shall require the following Lemmas and definitions

Lemma (2.3)(Czerwik 1998)

Let (X ,d) be a b-metric space, then for any A,B,C eCL(X),

1) D(x,B)<d(x,y)foranyy B,
2) D(A,B)<H (A,B),

3) H(A,C)<b[H(A,B)+H(B,C)].

Lemma(2.4) (Czerwik 1998)

Let AandB be distinct element of
CL(X). Letx €A . Then for a given
number A>1, there exists a point
that

yinB such

d(x,y)<AH (A,B).
Definition (2.5) (Singh et al. 2008)

Let (X ,d) be a b-metric space and

Y =X .LetT ¥ »>CL(X),S Y —X,
T( )cS(X).andz a coincidence

81

point of T andS, that is Sz €Tz =u.

For any x,€Y, let the sequence

{Sx,} generated by the general
iterative procedure.
Sx,,ef (M,x,) n=L2,...

converge to an element ueX . Let
{Sy,}< X be an arbitrary sequence
and let
e =H({y,..fT,y,) n=012,..,.
Then the iterative procedure f (T ,X,)

is(S,T)-stable, or stable with respect



to (S,T) if and only if limg, =0

n—oo

implies that limSy . =u.

This definition in metric spaces with
b=1and
to Harder and Hick (1988a, 1988b)
and Rhoades (1990,1993)
Rhoades and Saliga(2001) and Singh
and Chadha (1995).

(The identity map) is due

and

Definition (2.6) (Rao and Swamy in
2013)

Let (X ,d) be a b-metric space. Let
T :X —»CB(X ) be multivalued and
S :X — X be a self-map. The hybrid
(T,S) are

multivalued quasi-contraction if there

pairs said to be g-

exists 0 <q <1such that
HMX.Ty)<aM (x,¥) (2.1

forall x,y € X ,where,

and SX is

TX <SX complete.

Assume that q < . Then
b7

)] T and S have coincidence

points in X (or)
i) The pairs (T,S) have a common

coincidence point.

Lemma (2.8) see also (Rhoades 1993,
Czerwik et al. 2002)

Let {¢,}be a sequence of non negative
n

real numbers. Let s, => k"¢
i=0

where 0<k <1. Then

limeg, =0iff lims, =0.

n—oo n—o

In this paper, we prove the stability of

quasi-contraction for hybrid mappings
3.Main Results

Theorem (3.1)

M (x,y) =max{d (Sx,Sy),d (Sx,Tx),d (Sy ,Ty),d G [W), & (e BXDImetric space.

Theorem (2.7)
Swamy in 2013)

(Rao and

Let (X,d) be a b-metric space.
Suppose that

S:X —>XandT :X —CB(X).

Suppose that the hybrid pair (T ,S)is

g-multivalued quasi-contraction,
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Suppose that SX orTX is a complete

subspace of X and let

S: X —>XandT: X —»CL(X)
and suppose that the hybrid pairs

(S,T) is

contraction. Let Z be a coincidence

g-multivalued  quasi-

point of Tand S ie z=SueTu .
For any Xye X let the sequence

{Sx,} generated by Sx,.;€TX,
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converge to ze X . Let {Sy, }= X be an arbitrary sequence and define

1
&, =H(SYn,1,TY,), N=012,.., k=bq<1andq<b2 b,then
+

n
1) d(z,Syps1) <bd(z,S%y,1) +b(ba) " d (X, yo) +0% D ()" "d (S, Tx,) +
r=0

n
b?> (ba)" e,
r=0

2) If Tz is singleton then lim y, = zifandonlyif lim ¢, =0.
N—00 N—00

Proof:

From (3.1) for any X,y € X, one of the following holds:
H (Tx, Ty) <qd(Sx, Sy),

H(Tx,Ty) < qD(Sx,Tx)
<gqH(Sx,Tx);

H(Tx,Ty) <qD(Sy,Ty)
<gb[H (Sy,Sx) + H(Sx,Ty)]

<gb[d (Sy, Sx)] + gb[bH (Sx,Tx) + bH (Tx, Ty)]

< gb[d (Sy, SX)] + gb?H (Sx, TX) + gb?H (Tx, Ty)

2

) gb gb
ie. H(TX,Ty) < d(Sy, Sx) + H (Sx,Tx
(X Ty) < (.90 + = 7 H(SLTO

d(Sy, 5% + —2 H(Sx,T%)

<
1-kb 1-kb

H(Tx,Ty)<qd (Sx,Ty)
<gb[d(Sx,Tx) + H (Tx,Ty)]
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< GbH (Sx,TX)
~ (1-qb)

k
<——H(Sx,Tx
1_k( )

H (Tx,Ty) <qd(Sy, Tx)
<qgb[d(Sy, Sx) + H(Sx,Tx)]

Therefore, in all cases we get,

2
H (Tx, Ty) <ad (Sx, Sy) +baH (SX,Ty), where o = 1b—qu ba <1
~b*q

d (an+1’ Syn+1) <H (I-Xn ’ SYn+1)
Sb[H (TXn ’Tyn) +H (ryn , Syn+1)]
<b[ad (SX,,Sy,) + baH (SX,,TY,,) + &1

<bad(Sx,,Sy,) +b%aH (Sx,, Ty, ) +be,

<b®a[H (TXy_1, TYn_1) + H(TYn_1, Syn)] + b%aH (Sx,, Ty,,) + be,

< bza[ad (SXn_1, SYn-1) +barH (SXn_1, Tyn 1) + H(TY,_1, Syn)] +
b?aH (Sx,, Ty,) +be,

<b2a%d (Sx, 1,5y 1) + (0%a?)bH (SX,, 4, Ty, 1) +b%a e, 4 +
b2aH (Sx,,Ty,) +be,

< (ber)*[d (SXy_1, SYn_1) + (0x)*b d (SX_g, TYn_q) + b2 H (Sxy, Ty, )] +
b(abe,_4 +Dbe,)

where k =bq <1

Repeating this process (n-1)-times we get (1)

n
A (SXny1, SYna1) < (0)"d (Sxg, Syg) +b%e D (ber)""d (Sx,, Ty,1) +
r=0

n
b (ba)" e,
r=0

d(z,Sy,.1)<bd(z,5%,,1) +0d (SXn.1,SYn41)
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n
<bd (2, SXq1) +b(be)"d (Xg, Vo) + 0% Y (ber)""d (Sx,, Tx,) +
r=0

n
b*Y (ba)" ",
r=0

Assume lim Sy, =z.
Nn—oo

&n = H(SYn11, TYn) <bd (Syp g SXp4q) +bH (TX, Tyy)
<bd (Syp.1, SXn41) +[ad (SXp, Sy ) +barH (Sx,,, Tx,)]
Letting N — oo, weobtaing — 0

Suppose that lim &, =0. since 0<ba<landab <1
n—o0

And lim Sx,, =z, from (1) we obtain (2 ) by applying lemma (3.2.5)

N—o0

n n
lim d(z,Syp,q) < lim [b%a > (ba)""d (S, T ) +b* > (be)" e,
N—>0 N—0 r=0 r=0

Let A denote the lower triangular matrix with entries a, =(b«)" ", thenlima,, =0

n—oo

n n+1
: . 1—(ba
foreach r and lim E ap = lim ( (ba) )= . Therefore,
N—o Th N—o0 1-ba 1-ba

Ais multiplicative i.e for any converge sequence

{b,}, lim A(b,) =1 L lim b,,. (of, P.692) B. E. Rhoade 1993. Thus,
n—oo

— DA N—

n
lim b (ber)""d(Sx,,Tx,) =0.

In theorem (3.3.1) when we put S = Id (Identity map)
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Corollary (3.2):

Let (X,d) be a b-metric space. Suppose that TX is a complete subspace of
Xand let T: X — CL(X) and suppose that T is g-multivalued quasi-contraction.
Let Z be a fixed point of T i.e. zeTz. For any Xg € X let the sequence {X,}

generated by X,.4 € TX,converge to z. Let {y,} < X be an arbitrary sequenceand

define &, =H(Yn:1,TYn), N=0,12,..., k=bg<l and Q< Then

b%+b
1)

n
d(z, Y1) <bd(z,%n11) + b(ba)n+ld (X0, Yo) + bSOCZ (ba)n_rd (X, TX,) +
r=0

n
b? > (be)" ",
r=0

2) Further, If Tz is singleton then lim y,, = zif andonlyif lim &, =0.
N—00 N—o0

When SandT are a single-valued maps we obtain the corollary (3.3.3).

Corollary (3.3): z=_Su=Tuforany X, € X let the

sequence {Sx enerated b
Let (X,d) be b-metric space. | 5%} 0 Y

Sx.., =Tx,converge to Z, let
Suppose that SX orTX is a complete n+l T N J

subspace of X and let {Sy,} < X be an arbitrary sequence

S:X > Xand T:X = Xand and define

:d S sT y 20,1,2,...,.K :b 1
suppose that the hybrid pairs (T, S) is &0 =d(SYns1, TYn)N q<

g-singlevalued quasi-contraction let z and q < .Then:

b2 +b
be a coincidence point of Tand S i.e.

n
1) d(z,SYp1) <bd(z,S%,,1) +b(0a)"™d (xg, Vo) + 0% D (be)" " (Sx,, TX,) +
r=0
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If TZ is singleton then limy =z if andonlyif

lime, =0.

n—o

If S =1 (the identity map) we obtain the corollary (3.4) as follows

Corollary (3.4):

Let (X ,d) be b-metric space.
Suppose that TX isacomplete
subspace of X and let T:X — X and
suppose Tis g-singlevalued quasi-
contraction let z be a fixed point of T

i.e.z =Tz forany x, e X letthe

1)

d(z,y,,)<bd(z,x,,,)+blOa)"d(x,, y0)+b3a2(ba)""d (x,,Tx, )+b?
r=0

sequence {x ,} generated by

X,.,=Tx, convergeto Z,let {y }=X

be an arbitrary sequence and define

g, =d(y,.,Ty,)n=012.., K =bq <1

and g < .Then

b®+b

3 ),

r=0

n
b? > (be)" ",
r=0

2) If Tz is singleton then lim y,, = zif and onlyif lim &, =0.

N—0o0

Remark (3.5)

Theorem  (3.1) and
extension of theorem (3.2)Hashim
(2011), and theorem of S.L singh et.al.

(1995). It is also a generalization and

generalized

extension of theorem (4.3) of Singh
et.al(2008). Indeed theorem (3.3.1) isa
generalization and extension of a
multivalued of results in the literature
and

pertaining to  single-valued

multivalued cases .

N—o0

2) Corollary (3.4) with b =1 generalized
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Ostrowski's stability theorem (1967)

single-valued map.
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