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Abstract :
in this paper we applied the bipoler theorem on L (Q,F, u) space, 0 <P <1 jf
we have CC LE (Q, F, ,U) we define  the p-polar of C
p-C° :{ gel’:E[f.g]°"<1iVvfeC } and we proved it closed, p-solid,  p-convex
set in LE . Also we define the p-bipolar of C
p—C™~ ={ fel’:E[f.g]"<1lVgep-C }and we proved it the smallest closed,
p-solid, p-convex set in Lljr (Q, F, ,U) containing C 0<P<1

1. Introduction :
let (Q, F,,Ll) be a probability space and denote by L’ (Q, F,/l) or L (Q)
,0 < P <1the set of all real — valued F measurable functions X(Q) defined £ —a.€ on

Q) such that ‘X(Q)‘P is 4 —integrable over (2 [1] . By Lli (QQ,F, £1) we denote the
positive part of L (Q, F,,U) i.e

L (QF, u)={f eL"(QF, ), f >0}.In  this paper if we have
cc L' (QF, ) 0<P<1 we define the p- polar of C denoted by (P—C")and

define the p-bipolar of C denoted by (P—C"). then we applied bipoler theorem for C and
named it p—bipoler theorem.

2. Elementary definitions and concepts :
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2.1 Definition [2]. A collection F of subsets of a non-empty set €2 is called o —field or

o — algebra on Q if
1. QekF.

2.if AcF then A° e F .

Q0
3.if {A }isasequence of setsin Fthen U A, € F .
n=1

A measurable space is a pair (Q, F) where €Q is a non-empty set and F is a o —field
on Q .

2.2 Definition [2]. any member of o —field F is called a measurable set or (measurable
with respect to the o — field F).

2.3 Definition [3] . A measure on a 0 —field F is a non-negative extended real valued
function £¢ on F such that whenever Al, A2, A3, ... Form a finite or countably infinite

collection of disjoint sets in F, We have u(U, A)) = Zu(Aq) .

If ,U(Q) =1, M is called a probability measure .a measure space is a triple (Q, F,,U)
Where Q isaset, Fisa o — field of subsets of €2, and p is a measure on F. if p is a
probability measure on F then the triple (Q, F, ,U) is called probability space.

2.4 Definition [3]. let (Ql, Fl) and (Qz, Fz) be two measureable spaces a function
f: Q) —>Q, is said to be measureable function (relative to F1 and F2) if

f1(B)eF VBeF,.

we say f is Borel measureable function on (Ql, Fl) if F2 is the set of all open set on

Q,.

2.5 Definition [4]. A random variable X on a probability space (€2, F,P) is a Borel
measurable function from €2 to IR . i.e. X:Q—->IR is random variable iff
Vae lIR{X <a}eF.

2.6 Definition [4] . A sequence {X,}of random variables is said to be converge Almost every

where(surely) to a random variable X, written X, —2 53X or X, —22 > Xif
P{limx, =x}=1

Nn—oo
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2.7 Definition [1]. L (Q F, 1) or L' (Q) ,0< P <1

if (Q, F,,U) is a measure space then L (Q, F,,U) is the set of all Borel measurable

functions X(Q2) defined ££—a.e on Q2 such that‘X(Q)‘p is U -

integrable over €2 .

L’ (Q): L’ (Q, F,,U) :{f Q—>IR, f measurable  function } such

thatﬂf‘pd/l<00
Q

2.8 theorem [5].

P
1. L (Q, F,,U) , 0<P<1 is not locally convex space i.e it hasn't a neighborhood base at 0
consisting of convex sets.

2. L’ (Q, F,,U) , p=1 is locally convex space.

2.9 proposition [6].

1.the dual of L’ (Q, F,,U) space, O<P<1 is zeroi.e (LP)* 2{0}.
5 (Ll)* — Loo

2.10 Definition [3]. Let (Q, F,/J) be a probability space an f-measurable function f
defined on €2 is said to be essentially bounded if there exists a constant ¢ such that

| f < t-aenow L"(Q,F, £1) orinshort, L™ (Q) is the set of all f -measurable ,
essentially bounded functions defined £ -a.e on 2 .

3. main Result ;

P
Bipolar theorem is applied on L (Q, F,,U) space, when p=1 because there is not problem

P
in this manner,also its applied on L (Q, F, ,U) space ,when 0<P<1

3.1 Definition let C QLE we define the p- polar denoted by (P—C°) of C
byp—-C’ :{ gell:E[f.g]°<1Vf eC } and the p-bipolar denoed by p—C* of C by
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p-C-={ fel’:E[f.g]"<lvVgep-C |

3.2 Definition we call a subset C < LY p-solid , if f €Cand 0< g < f implies that

ge C . the set C is said to be closed in measure or simply closed , if it is closed with
respect to the topology of convergence in measure .

3.3 Definition Aset D <L is p-convex if
Afi+@A-4)f, eDV 1, f, eDand 0< A <1. or D is convex if
AD+(1—-A)DcD foral 0< A <1 foralfuf, € D.

3.4 Definition [5]. for A€ F, where F isa o —field , we denote by C\A the restriction of

CtoA,ie {7}(A, Vs C} with ¥ a =1 on A and 0 other wise . We denote similarly
P\A the restriction of P to A.

3.5 Definition A subset C = L (€, F, P)is bounded in measure if , for all € > 0, there
is M > 0 such that ,U[HfH> M]<efor f eC.

3.6 Definition we say thatC = L! (€, F, P) is hereditarily unbounded on a set B € F
if , for every AC B with p(A)>0 , the restriction of C to A fails to be bounded subset of
L! (Q,F,P).

3.7 Lemma Let C be p-convex and p-solid subset of L. (€, F, £2) . There exists a partition

of O in to disjoint sets €2, Qb € F such that The partition {Qa,Qb} is the unique
partition of €2 satisfying (1) and (2) .

proof :
Denote by ,3 the family of sets BeF , p(B)>0,verifying for >0 there is feC, s.t.

o[BN{f <€} <e
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Note thatﬂ is closed under countable unions : for (B,) na is ,B and >0 find elements

(f,) .in C such that p[B, N{f, <2" €'} <2™" e then since C convex and solid

N
Fy=>.2" flisin Cand for N large enough P[B{F, <€} <€ hence there is a set

n=1
of maximal measure in ,3 , Which we denote by Q, and which is unique up to null- sets . let
Q, =Q\Q, . From this we conclude

1.C is hereditarily unbounded in probability on Qa .
2.the restriction C \Qa of Cto Qa is bounded in probability

3.8 theorem let C be a p-convex setin L. (Q, F, /') suchthat  4'= p\Q, |
If P(€2,) > Othen there exists probability measure Q equivalent to £’ such that

C is bounded in L'(Q, F,Q) .

Let D be a smallest closed, p-convex and p-solid set containing C then
D=D\Q, ®L*(QF, )\ Q, .

Proof :

let C be solid convex set in Lli (Q, F,,u') andlet K=CI L (Q, F,,U') then
k convex, solid set in Ll+ (Q, F,,u') then there exists probability measure Q= ,Ll'such
that k is bounded in Ll+ (Q, F,,u') k is dense in C then CC IZ and since k bounded then

K is bounded hence C is boundedin L' (©, F, Q).
P
. obviously Dc D\Qb @l—+ (Q, F,,U) \Qa to show the reverse inclusion let f =

v+w with veE D\Qb and w € Li \Qa to show f€ D .for every N € N \we find an

f, eC such that u [{f, <n* 3N} <1\nsince
h. =L-@\n))v+@\n)(f, A(nw)) e D

and hn —>V+W= T in measure, it follows that f € D

3.9. P-Bipolar theorem

foraset C< LE(Q, F, ,U) then

139



1. The p-polar of C p—C’ ={ gell:E[f.g]°<1VfeC }is a closed, p-solid, p-
convex subset of LP(Q, F, 1) .
2. The p-bipolar of C p—C™ ={ fel’:E[f.g]"<1lVgep-C }

is the smallest closed , p-convex ,p-solid set in LE(Q, F,,Ll) containing C .
proof :

1. To prove P —C” is closed subset of LE let {hn} be a sequence in p—C° such that

h,—>h h EI—E then there exists subsequence {h.}in P—C° such that
h,.,—>hae.

Hence f hnm — fh a.e then E[f hnm]p —> E[ fh]p a.€ since {hnm} inP —C° then
E[th_]° <1 Vf eC

hence E[f h]? <1 V f €Cthenweget he p—C° . hence P—C is p-closed .

Now to prove P —C” is p-convex subset of L” let f,ge p—C and 0< A <1 .

Since f € p—C~then E[f h]” <1 VheCand g€ p—C then
E[gh]®’ <1 vheC
E[h(A f +(1-4)g)]° = E[Ahf + (- 2)hg]® < APE[hf]® + (1-A)" E[hg]"

<A +(1-2)<1VheC0<p<l.
E[h(Af +(1-2)9]°* <1 VheC——Af +(1-1)ge p—-C hence P—C’is

p-convex set.

Now to prove p —C° IS p-solid subset of LE let
gep-C =E[f.g]°<1VfeCand 0<h<Q nence

0<E[h.f]" <E[f.g]" <1 VfeC

< E[h.f]’ <lvf eC=he p-C°

Hence P —C” p- solid subset of L°(Q, F, 1) .

2. Let D be the smallest closed, p-convex, p-solid set in LE(Q, F,,u) containing C then by
theorem(3.8)
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D=D\Q, C_DI—E(Q' F,u)\Q, o prove P—C”=Das p—C™is closed, p-
convex and p-solid and contains C one has D c p—C Suppose first
that P(€2,) = 0 then we get

p—C*cD=L"(Q,F,u)since Dcp—C” one has the desired resultWe now
consider the case P(€2,) >0 so that we can find aprobability measure £' equivalent
to 42 such that D is bounded in L' (€2, F, ££) et us prove that D = p—C™ we can find
some T, e p—C” \Danddenote f, = f.\ Q.

define D, ={f \Q,: f €D}we get Dy = D, Dy closed , bounded and p-convex set in
LP(Q,F, 1),

let D, ={KeL(QQ,F,u):3geD, st K<g g—astwe gt
|5b cD, |5b closed, p-convex in LE(Q, F, 1) toprove f, € D let

f el (QF, 1) but f, & 5b since |Sb closed, p-convex in L1(Q, F, 4) then we get

| eL®(Q,F, 1) with E[f,.11°>1 but E[N.I]° <1 VheD,,C < D, infact
et feCgsince CcD=feD than f/Q,eD,, now since

fo/Qb:>f€6b then E[hl]pgl‘v’hec, hence I Ep—coand

E[ fb-l ]p >1 this implies fb Z P—C" then fo & P —C" and this contradiction

References :

1. A. E.Taylor (1961) "introduction to functional analysis", new York and

2. C.Goffman and G. pedrick (1993)" first course in functional analysis",
published by prentice-hall new Delhi.

3. K. Yosida (1980 ) " functional analysis " sixth edition. Berlin Heidelberg, new
York .

4. R. B.Ash (1972) " Real analysis and probability ", new York and London .

5. S.Farhan (2005 ) " Bipolar theorem in non-locally convex Space™

M.SC.Thesis.Al-Kufa university-Iraq .
6. W.Rudin (1974) "functional analysis" published by company,new Delhi.

141



L™ (O F, ) slcadl) o culadl) Ayl Aa e aukas
O<P<1

sha fla b plasd
a1 anid - cilaadall g cibadaly ) gl A0 Apstal) daals

—sdadAY)
ie gene Ciegead csil 0< P <1, L7 (O F, 2) cloaill e bl 2,005 iayse Ui inl 134 3

JC AL CAcsmndl ol e Wil el aae L (QF, ) el ai g
P —tne e poadia Al ie semaail a3 p—C°={ gel”:E[f.g]P <1V f eC }
JC Sl Cic geadl L p S V- B S TR PSP Li(Q,F,lu)
s (Hilie Lo sana yial 450 Uy Lay p—C°°:{ fel’:E[f.g]"<1lVgep-C }

Cosas L (QF, p1) ip—ismacp-

142



