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Abstract :  

 in this paper we applied the bipoler theorem on ),,( FL 
space, 10  . if 

we have C ),,( FL  

   we  define the p-polar of C 

 CfgfELgCp pp   1].[:
 and we proved it closed, p-solid,      p-convex 

set in


L . Also we define the p-bipolar of C 

  cpggfELfCp pp   1].[: and we proved it the smallest closed, 

p-solid, p-convex set in  ),,( FL 

 containing C 10,  . 

 

 

1. Introduction :  

 let ),,( F  be a probability space and denote by ),,( FL 
or )(L  

10,  the set of all real – valued  F  measurable functions )(  defined ea. on 

  such that 


 )( is  integrable over [1] . By ),,( FL 

  we denote the 

positive part of ),,( FL 
  i.e 

),,( FL 

 = }.0),,,({   fFLf  In this paper if we have 

C ),,( FL  

  10,   we  define the p- polar of C denoted by )( C and 

define the p-bipolar of C denoted  by )( C . then we applied bipoler theorem for C and 

named it p–bipoler theorem. 

 

 

2. Elementary definitions and concepts :  
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2.1 Definition [2]. A collection F of subsets of a non–empty set   is called  field or 

  algebra on   if  

1. F .  

2. if FA  then FAc   .  

3. if }{ nA is a sequence of sets in F then FAU n
n




1
 . 

 A measurable space is a pair  ),( F  where   is a non-empty set and F is a  field 

on   . 

  

2.2 Definition [2]. any member of  field F is called a measurable set  or (measurable 

with respect to the   field F ).  

 

2.3 Definition [3] . A measure on a  field F is a non-negative extended real valued 

function   on F such that whenever A1, A2 , A3 , … Form a finite or countably infinite 

collection of disjoint sets in F , We have   )()( nnn AA   . 

If  1)(  ,  is called a probability measure .a measure space is a triple ),,( F  

Where   is a set , F is a   field of subsets of  , and µ is a  measure on F. if µ is a 

probability measure on F then the triple ),,( F is called probability space. 

 

2.4 Definition [3]. let  ),( 11 F  and  ),( 22 F be two measureable spaces a function 

21: f  is said to be measureable function (relative to F1 and F2) if  

.)( 21
1 FBFBf 

 

 we say f  is Borel measureable function on  ),( 11 F  if F2  is  the set of all open set on 

2 .  

 

2.5 Definition [4]. A random variable X on a probability space ),,( PF  is a Borel 

measurable function from   to IR .   i.e. IR :  is random variable iff 

FaXIRa  }{, . 

 

2.6 Definition [4] . A sequence }{ nx of random variables is said to be converge Almost every 

where(surely) to a random variable x , written xx sa

n  .
 or xx ea

n  .
if 

1}lim{ 


xxP n
n

. 
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2.7 Definition [1]. ),,( FL 
or )(L 10,   

 if ),,( F is a measure space then ),,( FL 
 is the set of all Borel measurable 

functions )(  defined ea.  on  such that
p

)( is  - 

 

integrable over   . 

)(L = ),,( FL 
= fIRf ,:{   measurable function } such 

that 


df
p

                                    

 

2.8 theorem [5]. 

1. ),,( FL 
, 0<P<1 is not locally convex space i.e it hasn't a neighborhood base at 0 

consisting of convex sets. 

2. ),,( FL 
, p=1 is locally convex space. 

 

2.9 proposition [6]. 

1.the dual of ),,( FL 
 space, 0<P<1  is zero i.e }{)( oL 

. 

2. 
  LL )( 1

 

 

2.10 Definition [3]. Let ),,( F be a probability space an f-measurable function f 

defined on   is said to be essentially bounded if there exists a constant  such that 

|| f   -a.e now ),,( FL 
, or in short , )(L  is the set of all f -measurable , 

essentially bounded functions defined -a.e on   .  

 

 

3. main Result :  

Bipolar theorem is applied on ),,( FL 
space, when p=1 because there is not problem 

in this manner,also its applied on ),,( FL 
 space ,when 0<P<1 

 

3.1 Definition let 
pLC   we define the p- polar denoted by )( Cp   of C 

by  CfgfELgCp pp   1].[:
 and the p-bipolar denoed by Cp  of C by  
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  cpggfELfCp pp   1].[:   

 

3.2 Definition we call a subset 
pLC   p-solid , if Cf  and fg 0  implies that 

Cg . the set C is said to be closed in measure or simply closed , if it is closed with 

respect to the topology of convergence in measure .  

 

 

3.3 Definition  A set 
pLD   is p-convex if 

 .10,)1( 2121   andDffDff  or D is convex if  

10)1(   forallDDD . for all f1,f2  D. 

 

 

3.4 Definition [5]. for FA , where F  is a  field , we denote by C\A the restriction of 

C to A , i.e },{ CA   with 1A   on A and 0 other wise . We denote similarly 

P\A the restriction of P to A.  

 

3.5 Definition   A subset ),,( PFLC p  is bounded in measure if , for all 0 , there 

is M > 0 such that  ][ Mf  for Cf   .  

 

3.6 Definition  we say that ),,( PFLC p    is hereditarily unbounded on a set FB   

if , for every AB with p(A)>0 , the restriction of C to A  fails to be bounded subset of 

),,( PFLp  . 

 

3.7 Lemma Let C be p-convex and p-solid subset of ),,( 

 FL . There exists a partition 

of   in to disjoint sets a , Fb  such that  The partition },{ ba   is the unique 

partition of   satisfying (1) and (2) .                

 

 

 proof :  

Denote by   the family of sets  F , 0)( Bp ,verifying for  0 there is f C , s.t. 

p   }]{[ 1f   



 2010سنة  4العدد 15لقادسية للعلوم الصرفة المجلد مجلة املحق بحوث 

ISSN 1997-2490)) 

139 

Note that   is closed under countable unions : for 1)( 
 nn  is   and 0  find  elements 

(f
1

)




nn in C such that p   nn

nn fB 2}]2{[ 1  then since C convex and solid 

F n

N

n

n

N f



1

2 is in C and for N  large  enough   }]{[ 1

NFB  hence there is a set 

of maximal measure in  , which we denote by a  and which is unique up to null- sets . let 

ab  \ . From this  we conclude 

1.C is hereditarily unbounded in probability on a .  

           2.the restriction aC \ of C to a is bounded in probability  

 

3.8 theorem let C be a p-convex set in ),,( 

 FL such that     b \'  . 

1. If 0)( bp then there exists probability measure Q equivalent to   such that 

C is bounded in ),,(' QFL   .  

2. Let D be a smallest closed, p-convex and p-solid set containing C then 

ab FLDD  

 \),,(\   .  

Proof : 

1. let C be solid convex set in ),,( 

 FL and let   Ck  ),,(1  FL  then 

k convex, solid set  in ),,(1  FL  then there exists probability measure Q such 

that k is bounded in ),,(1  FL  k is dense in C  then C k and since k bounded then 

k  is bounded hence C is bounded in ),,(1 QFL  . 

2. obviously ab FLDD  

 \),,(\   to show the reverse inclusion let f = 

v+w with  v bD  \ and w  aL 

 \  to show f D  .for every n ,we find an 

nf C  such that  nnf an \1}]}[{ 2   since                  

Dnwfnnh nn  ))()(\1())\1(1(   

    and fwvhn  in  measure, it follows that   f  D . 

 

. 

 

3.9.  P-Bipolar theorem 

 for a set ),,( FLC p   then  
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1. The p-polar of C  CfgfELgCp pp   1].[:
is a closed, p-solid, p-

convex subset of ),,( FL p  . 

2. The  p-bipolar of C   cpggfELfCp pp   1].[:                                     

  is the smallest closed , p-convex ,p-solid set in   ),,( FL p      containing C . 

 proof :  

1. To prove 
Cp   is closed subset of 

pL   let  }{ nh  be a      sequence in
Cp   such that  

hhn  ,
pLh   then there exists subsequence }{ nmh in 

Cp   such that  

eahhnm .  .  

Hence eafhhf nm .  then eafhEhfE pp

nm .][][  since }{ nmh  in
Cp   then  

CffhE p

nm 1][  

 

 

 hence  CfhfE p 1][ then we get 
Cph  . hence 

Cp  is  p-closed .  

Now to prove 
Cp   is p-convex subset of 

pL  let 
Cpgf , and 10   .  

Since 
Cpf  then ChhfE p 1][ and 

Cpg  then 

ChhgE p 1][  


.10,1)1(

][)1(][])1([)])1(([





pCh

hgEhfEhghfEgfhE

pp

pppppp






CpgfChgfhE p  )1(1])1(([  hence 
Cp  is 

p-convex set. 

Now to prove 
Cp   is p-solid subset of 

pL   let  

CfgfECpg p  1].[
 and gh 0  hence 

CphCffhE

CfgfEfhE

p

pp





1].[

1].[].[0
 

Hence 
Cp   p- solid subset of  ),,( FL p  . 

  

2. Let D be the smallest closed, p-convex, p-solid set in    ),,( FL p  containing C then by 

theorem(3.8) 
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 ab FLDD  

 \),,(\  to prove DCp  
,as 

Cp  is closed, p-

convex and p-solid and contains C one has 
CpD  .Suppose first 

that 0)( bp then we get 

),,( FLDCp p  
since 

CpD  ,one has the desired result.We now 

consider the case 0)( bp ,so that we can find aprobability measure  equivalent 

to such that D is bounded in ),,('  FL let us prove that
CpD  we can find 

some DCpf \
  and denote bb ff  \ .              

define }:\{ DffD bb  we get Db   D , Db closed , bounded and p-convex set in 

),,( FL p  . 

let }..:),,({
~ 1 sagKtsDgFLKD bb    we get 

bb DDD
~

,
~
  closed, p-convex in ),,(1 FL  to prove Dfb  let  

),,(1 FLfb   but bb Df
~

 since bD
~

 closed, p-convex in ),,(1 FL       then we get 

),,( FLI  
  with 1].[ p

b IfE  but b

p DhIhE
~

1].[  , bDC
~

 Infact: 

let Cf  ,since DfDC   than bb Df / , now since 

bb Dfff
~

/   then 1].[ pIhE Ch , hence 
CpI  and 

1].[ p

b IfE , this implies 
Cpfb   then 

Cpf 0 and this contradiction 

. 
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),,(تطبيق مبرهنة ثنائية القطب على الفضاء  FL 
 

10  

 
 شيماء فرحان مطر

 ياتقسم الرياض -لية علوم الرياضيات والحاسبات ك -جامعة القادسية 

 

 -:الخلاصة

),,(في هذا البحث طبقنا مبرهنة ثنائية القطب  لىبا الاءبا  FL 
10و  لبكن  الجمجعلبة .C   ممجعلبة

),,(جزئيبببببببة مببببببب  الاءبببببببا  FL 

  قجنبببببببا اكقربببببببب  القطببببببب ,-p  لىبببببببا الجمجعلبببببببةC   االشبببببببن

 CfgfELgCp pp   1].[:
فبي  p –, محدابة  p –مغىقبة , لبىب   ممجعلبةةم ارهنا انب  ث 

),,( FL 

   ثببببببببببببم لرفنببببببببببببا ثنببببببببببببائي القطبببببببببببب .- p   لىببببببببببببا الجمجعلببببببببببببةC   االشببببببببببببن

  cpggfELfCp pp   وابءاً ارهنا انب  صلبغر ممجعلبة مغىقبة, لبىب   :].[1

– p  محداة ,– p  في),,( FL 

  تحكعيC . 


