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ABSTRACT
Our aim in this search is to find the values of separation constant (1)for the

complete solution without using any initial and boundary conditions for some
classified of the linear second order partial differential equations for all cases

2
which contains the case g — A since that is not easy to find the values (1)without
4

using any initial and boundary conditions for an application homogenous linear
partial differential equations(LPDES) which is solving by separation of variables
method, by this method we found other complete solutions for some classified of
the linear second order partial differential equations.

1.INTRODUCTION

One of the power full methods of generating asset of solutions for a given
homogeneous (LPDES) is the method of separation variables.

The dependent variable in separation variable is assumed to be a product of
functions and by finding the partial derivatives in the original (PDES) by this
method we obtain ordinary differential equations are independent of each other,
and each ordinary differential equation must be affixed to constant(separation of
constant) which is supposed to be (}L)and by substituting initial and boundary

conditions we obtain the values of separation constant (4).

we could find in [4] the complete solution of second order (LPDES) by using the
u(x)dx+'|.v

assumption Z(x,y)= ej )% \vhich is converted (LPDES) of second order to

linear ordinary differential equations (LODEs) of first order, and classified
(LPDEsSs) to many cases.

2
In this rsearch we take all cases which is concerned the case g - A for finding
4

()t)without using any initial and boundary conditions and finding other complete

solutions for some classified of the linear second order partial differential
equations.

2.BASIC DEFINITIONS

Definition 2.1,[3],[1]:- A partial differential equation is an equation that contains
partial derivatives. In contrast to ordinary differential equation, where unknown
function depends only on one variable, in partial differential equations; the
unknown function depends on several variables.
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Definition 2.2,[3].[5]:-A linear partial differential equation of second order in the
independent variable xand y is an equation of the form

AXY)Z+ AKY)Z + AKY)Z, + AKXYZ+AKXYZ, + AZ =RXY)
.
where A (x,y),i=12,...,6are functions of X and y or constants. If R(x,y)=0

then the equation (1) is said to be homogenous and non-homogenous if

R(x,y)#0.1f A.(x y)i=L..6are constant functions then the equation (1) is
called with constant coefficient, and if at least one of A (x,y), i=12,..6are

non-constants then the equation (1) is called with variable coefficients. And if
A. = A= A, =0,then the equation(1) is said to be linear partial differential

equation with homogenous terms.

3.EXTENSION OF LINEAR SECOND ORDER PARTIAL DIFFERENTIAL
EQUATIONS [4].[2]

The linear second order partial differential equations, which have the general
form:

A Z.+ AKYZ, + AKYZ,+ AKYZ+ Ak Z+ AZ =0... 2

In order to find the complete solution of the equation (2),in [4] search new
functions u(x)and v(y)such that the assumption

(3 Z(X, y) _ eJ.u(x)dHJ.v(y)dy
represent the complete solution of it, this assumption will transform the equation
(2) to (ODEs) of first order by finding ZX,Zy,ZXy,ZXX and Zyy

from the equation (3)and substitution the above partial derivatives in the
equation (2) we get:

2
Al +u) Auy + A(V’+V2 j+ Al +Ayv + A =04
In order to find the complete solution of the equation (4), take a special cases,
which depend on the values of A (x, y),i=12,...,6 there fore in [4] classified the
equation (2) to many cases.
Note:- In [4] classified the equation(2) because the equation(4) cannot separate
the variables u(x)and v(y).

4.CLASSIFIED AND THE COMPLETE SOLUTION (C.S) OF SECOND
ORDER (LPDEs)[4].[3]

Case(1):
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8) AZ, =0 Z(x,y)=B¥(yNx—c)
b) A,Z,,=0—=0Zxy)=B,¥,(y)

iZ(xy)=B, ¥, ()
iii)Z(x,y)= B,
) AZ, =0 Z(x.y)=B, ¥, xNy-c)
where B, B, B, . B,. B and ¢ arbitrary constants, and 4 represent the

separation of constant.

Case(2):

2

) AZt AZy=0— Zxy)= A%Y(Bl +sz

Al e
b)A22xy+A32yy:OA) Z(X’y):eAZl (Blel +Bz)
c) AZ.+AZ,=0—>

Z(x, y)—[dzcos\/gftx+bzsin\/Xﬂx][dacosh\/gly+bgsinh\/K}Lyj

d) AZXX+AZZ +A32 =0 If

i)B = A D_C5 ,7(xy)= {dlcos, B- —x+bls|n, B- ]

2

ii)Bzé—)Z(x y) De 2 ’“( C)
whereA =1 7 and 843" and B, B,.d,.d b.b. D . and

A arbitrary constants.

Case(3):
) AZ+AZAAZ,+AZ =0~ If
A

A —&557(x,y)=

g el 5

ii)B=%2L>Z(x, y)=D eij (x C)

;/

2

WhereA:% and B :%, and d,b,.D .c and ] arbitrary constants.

AX(AAA +A5]y
D) AZ+ AZot AZ,+ AZ =0— Z(X y)= A" [ ArAL
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where A and j arbitrary constants.

©) A32W+A42x+AEZy+ABZ =0 If

i)B % '3‘2—>Z(x y)=g [d cos,/B y+b sm,/B ]

2

ii)B = %—>Z(X y)=Deg Al > (y—c)

whereA:% and B =/1E,and d.b.,D .c and ;] arbitrary constants.
Case(4):
) AZut ALyt AZAAZ+AZ =01

2 -A ) 2 2
B = %L)Z(X, y)=g 2 4 y[dlcoswa%xwLblsin,fB%x]

ii)B :éZL)Z(x, y)=D e’ﬁ_A (X—C )

where A =

At AM‘Z ,B= ABJX‘I‘J'Z andd.b,,D .c and J arbitrary

A
constants.

) AZut AZ, +A42 +A;Z +ABZ =0 If

i)B¢%2&D¢ (512—>Z (xy)=gz 2 [d cos, /B - x+als|n, B- ][d cosFy+a25|n, D—— ]
2 2 ,A C 2 2
ii)Bia‘&D=(':’1L>Z(x, y):ezx2y(y—c)(dlcos,/B—'j‘x+blsin,/B—'i‘x]

2 2 _A C 2 2
iii)B :'ﬁ‘ &D ¢(‘:1L>Z(x, y)ezxzy(xc){dlcos\/D —C‘:ly+ b,sin/D %y}

2 2 -A C
v)B =%&D :CTA’Z(& y)=ke 2 2'(x-cly-c,)

WhereA:% B_£1C Q and D= AB/;“/I 1d1’d2’b1'a1’a2C1’C2’ and

A arbitrary constants.

) AZyt AZy+ AZANZ,+AZ =01

2 _A ) 2 2
i)B = %L)Z(x, y)= eTy% X[dlcos,/B —%y+blsin,/ B —%y}
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2 2 A
ii)B =%L>Z(x, y)=De*" 2" (y~c)

2
WhereA:% and B :i,dlbl, D .c and /4 arbitrary constants.

A
Case(5):
AZotAZyt AZy+ AZy+ AsZy,+ AsZ =0 If

i)BiézL)Z(x,y) /“[d cos (B — x+bls|n,/B J

ii)B:é—ﬂ(x,y) De 2 X%y(x—c)
AL+A o AL +AL+A
A A

where A =

.d,b,D .c and j arbitrary

constants.

Note:-We take the cases that concerned the case B = % for finding the

separation of constant (ﬁ)without using any initial and boundary conditions.

5.HOW TO FIND THE SEPARATION OF CONSTANT (/'L)WITHOUT USING
ANY (1.C) AND (B.C) FOR (LPDEs) BY USING SEPARATION

METHOD
Case (2):
d) A Z +Azz +AZ, =0

since A, A,» A, # 0 therefore (/1 =0), then the (C.S) becomes

Z(xy)=Dlx—¢ )

where D and c are arbitrary constants.

Case(3):
ALt AZ AL, AL =0

2

If B:A,when B:iz and A:A
4 A A

proof:-
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2 2

since B = ’j‘ hence % A“ =0 therefore j _% ,then the (C.S) becomes

4A
AR )

Z(x,y)=Dg A~ AA
where D and c are arbitrary constants.

) AZ,* AZA+AZA+AZ =0

2 2
If B:A,When A:& and B:L
As As
proof:-
2 2
since B = A hence L A” —Othereforeﬁ A5 then the (C.S) becomes
4 A 4A 4A

A4AA. A

X— oy

Z(x,y)=Dg *AA "2A’(y—c)
where D and c are arbitrary constants.

Case(4):
&) AZutAZy+* AZANZ,*AZ =0

2

IfB:A,whenAzA“Jr—AM“2 and B=A‘3+—A‘J“2
A A
proof:-
2
sinceB = A hence A5+AJ“ (A4+A2ﬂ“)2 = Otherefore
4 A1 4A1
‘4 2A2A4_4A1A5J 2+—A‘2‘_4A1A5=0...(5
A [ xR
et o= 2P AT AA and = A-4AA
A A

then the equation (5) becomes

A va ) +5=0.(6

and by solving the equation (6) we can know the value of (1)

0) AZw* AZy+t AZAAZ,* AZ =0

IfB:AZ&D:g2 A~ ﬂ“zandA A“
4 A A

gt c B
A

when D =

>

proof:-

57



AL-Qadisyah Journal For pure Science .VOL. 14 NO.1 Year 2009

2

2 2 2
since B:% andD:CT hence i— A“ =0 and

A AN
A A._ Asz =0 ,therefore
A 4A
A= AX“ and . = A6—4A&,then the (C.S) becomes

A A
Z(X y) kezA1 ZA\? ( Clxy_C2)

) AZyt AZy+ AZA+AZ,+AZ =0

B A when ac AA A g AL A
A A

proof:-

since B = =0 ,therefore

B e AL A (Aoa?+as) _
A 4 A
[2AATAAA ) e ATCAA
N
2AAAAA g 5 ATAAA
A A

let o = then the equation (7) becomes

A'va ) +p=0.8

and by solving the equation(8) we can know the value of (1).

Case(5):
AZ.tAZyt Az, AZAAZ,+ AZ =0
If B:AZ,When A:M and B = A“/12+A"/1+Aﬁ
A A
proof:-
since B :AZ hence A“AZJF'A“/H A"'—(AzﬁtAll) =0 ,therefore
A 4 A
o (2A2A4 4A1A5J/1 A4AA g
A4 AN A4 AN
let o = 2AAAAA and f=——"7"— A“ tAA then the equation (9) becomes
A4 AA A4 AA

A+a ) +£=0.00

and by solving the equation(10) we can know the value of (1)

6.EXAMPLES
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Example 6.1:- to solve the (PDE):- /7 +27 + Zy +27 =0

by using the (case (3), a) then /12 =1, we get the (C.S) which has the form
Z(x,y)=Dg "’ (x -C )

where Dand care arbitrary constants.

Example 6.2:-to solve the (PDE):- ZW +27 — ZZy +7 =0

by using the (case(3),c)then /12 =1,we get the (C.S) which has the form

Z(xy)=pe’ly-¢)
where Dand care arbitrary constants.

Example 6.3:- to solve the (PDE):- /7 + ny +/ + Zy +7 =0
by using the (case(4),a)then
Ai=3.=-17"-22"-3=0= hencea =2, =-3
If 112 =3, we get the (C.S),which has the form

2(xy)=pg” "x-c )
If jj = -1 ,we get the (C.S),which has the form

z(x y)=De "¢

where Dand care arbitrary constants.
Example 6.4:- to solve the (PDE):- /7 + oyt 27 — ZZy +37 =0
by using the (case(4),b)then ] =1, 1 = 2 we get the (C.S) which has the form

2xy)=ke""(k-cly-c.)
where ¢,,C,and k are arbitrary constants.

Example 6.5:- to solve the (PDE):- Lot Z,t 27 + Z,~7 = 0
by using the (case(4),c)then « =-6, =5
hence 1*-6,°+5=0= jj:S,j’j:l
If ﬁf =5,we get the (C.S) which has the form
Z(x,y)=Dg"™ (y -C )
If /12 =1,we get the (C.S) which has the form
z(x.y)=De"ly-c )
where D and c are arbitrary constants.
Example 6.6:- to solve the (PDE):- 7 +37 +27 +7 +7,+7 =0
by using the (case(5)) thena =2, 4= -3weget }°+2] -3=0= ] =-3,J,=1
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If,we get the (C.S) which has the form j =-3
7(xy)=pg"x-¢
If 4,=1,we getthe (C.S) which has the form

7(x y)=De " (x—c
where D and c are arbitrary constants.
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