
 Raf. J. of Comp. &  Math’s. , Vol. 10, No. 4, 2013 
 

 
 

61 

Smarandache Rings and Smarandache Elements 

Parween A. Hummadi 

College of Education 

University of Salahaddin, Iraq 

Shadan A. Osman 

College of Science 

University of Salahaddin, Iraq 
 

Received on: 21/06/2012                                                         Accepted on: 18/09/2012  

ABSTRACT 

In this paper, we study some Smarandache (S) notions in some types of   rings. 

Conditions are given under which  ℤn is a Smarandache ring. We study Smarandache 

ideals, Smarandache subrings and Smarandache weakly Boolean   rings. We discuss 

some types of Smarandache elements in rings. Moreover, we get some other results. 
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 الملخص

في هذا البحث ندرس بعض المفاهيم السمرنداشية فى بعض انواع  الحلقات. لقد أعطينا الشروط التى تجعل 
ℤ𝑛   حلقة سمرنداشية. و ندرس المثاليات السمرنداشية و الحلقات الجزئية السمرنداشية و الحلقات البوليانية

 الضعيفة السمرنداشية. كما نناقش بعض العناصر السمرنداشية فى االحلقات. وقد حصلنا على بعض النتائج.
ئية سمرنداشية، حلقات بوليانية ضعيفة مثاليات سمرنداشية، حلقات جز  حلقات سمرنداشية،الكلمات المفتاحية: 
 سمرنداشية، عناصر القوى سمرنداشية، شبه القوى سمرنداشية.  SS-سمرنداشية، عناصر

1. Introduction 

Smarandache ring (S-ring) is introduced by F. Smarandache [1], it is defined to be 

a ring   ℛ (not necessary commutative), such that a proper subset of  ℛ  is a field with 

respect to the operations induced. In [2] Vasantha Kandasamy introduced many 

Smarandache concepts such as; S-ideal (A Smarandache ideal is defined  as  an  ideal  

𝒥,  such that a proper subset of  𝒥  is a field with respect with the  same operations  

induced), S- subring( Let  ℛ   be  a  ring. A  proper  subset  𝒮   of   ℛ   is  said  to  be  a 

Smarandache subring of   ℛ  if  𝒮  has a proper subset  𝐹 which  is  a  field  and  𝒮  is a 

subring of  ℛ), weakly Boolean rings (Let ℛ be a ring. We say ℛ is a weakly 

Boolean ring  if  xn(𝑥) = x for all  𝑥 ∈ ℛ  and some natural number n(𝑥) > 1), 

Smarandache weakly  Boolean   rings (Let ℛ be a ring. We say ℛ is Smarandache 

weakly Boolean ring, if  we have a  S-subring  𝒮  of  ℛ  such that  𝒮  is  a weakly  

Boolean ring). In section one  of this  paper  we  give  conditions under  which  ℤn,  is   
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a Smarandache ring and we study Smarandache  ideals, Smarandache  subrings   and   

Smarandache   weakly  Boolean   rings. In section two, we discuss some types of 

Smarandache elements in rings such as Smarandache SS-element, S-super idempotent 

and S-semi   idempotent elements. 

2.  Substructures in Smarandache rings 

In  this  section  we  give  conditions under  which  ℤn is a Smarandache ring  and  

which answer  an open problem given   by  W. B. Vasantha  Kandasamy  [2]  and we  

get some  other  results. 

Theorem 2.1 

If  n  has the prime factorization   n = p1
α1  p2

α2 …  pm
αm  q ( pi , q  are  distinct 

primes), αi ≥ 1(1 ≤ i ≤ m), then  ℤn  is an S-ring.  
Proof: Let ℋ be the principal ideal of  ℤn  generated by = p1

α1 p2
α2 … pm

αm. This 

means that  ℋ = {0,  γ, 2 γ,…, (q−1) γ}. We claim that  ℋ  is a field. Suppose there 

exist a, b ∈ ℋ such  that    a ≠ 0,   b ≠ 0   and  ab ≡ 0 (mod n).   Since   a, b ∈ ℋ  
then a = r1 p1

α1 p2
α2 … pm

αm and b = r2   p1
α1 p2

α2 …  pm
αm for some  r1, r2 ∈

{1, 2, … , q − 1}. Thus 

   r1 r2  p1
2α1p2

2α2 …  pm
2αm ≡ 0  (mod  n),  so  

   r1 r2  p1
2α1p2

2α2 …  pm
2αm = k    p1

α1 p2
α2 …  pm

αm  q, 

for some  integer  k,  thus 

r1 r2  p1
α1p2

α2 …  pm
αm = k q,  so 

q | r1 r2  p1
α1 p2

α2  …  pm
αm.  But   q ∤ pi  (1 ≤ i ≤ m), since each pi  is a prime  

number.  Hence   either     q | r1    or    q | r2,    which  is  a  contradiction. Therefore  ℋ  

has no divisors of zero. Since   (γ, q) = 1,   the linear congruence   γx ≡ 1  (mod  q), 

has a unique solution  modulo q  say  x0 [3]. Now,  γx0 ∈ ℋ and  γx0 =1+k q  

for some integer k.  Hence for each γ ∈ ℋ (1 ≤ i ≤ q − 1),  

iγγx0 = iγ (1+qk) = iγ + ikγq ≡ iγ  (mod γq). 

Therefore   γx0  is an identity element of  ℋ,  therefore ℋ  is an integral domain. 

Consequently it is a field 

Example 2.1 

Consider ℤn , n = 180 = 22 325. Using the notations in Theorem 2.1, ℋ =
〈22 32〉, q = 5,  thus  ℋ = { 0, 36, 72, 108, 144 } is a field.  Since 5 |(36−1), hence 36 

acts as the identity element. This implies that ℤ180  is an S-ring.    

We remark that ℤp is not an S-ring where p is prime, since it has no non-trivial ideals.  

Theorem 2.2 

 If n = p1
α1 p2

α2 … pm
αm, αi ≥ 2, pi are distinct prime numbers (1 ≤ i ≤ m), then 

ℤn is not an S-ring.  

Proof: Since ℤn is a principal ideal ring, every ideal of ℤn is of the form  

〈𝑝1
𝛽1 𝑝2

𝛽2 …  𝑝𝑚
𝛽𝑚〉 where (0 ≤ βi ≤ αi) and (1 ≤ 𝑖 ≤ 𝑚). If 𝒥 is an ideal of  ℤn, then 

𝒥 contains an element 𝑥  of the form 𝑥 = 𝑝1 𝑝2 … 𝑝𝑛. Put 𝑟 = max {α1, α2, … , αn}. Hence  

𝑥r = (𝑝1 𝑝2 … 𝑝𝑛)𝑟 = 𝑘 𝑝1
𝛼1 … 𝑝𝑚

𝛼𝑚 ,  for some positive integer  𝑘,  which implies that  

𝑥r  ≡  0 (mod 𝑛), hence each ideal 𝒥 contains a non zero nilpotent element, therefore 

no ideal of ℤn is a field 

Proposition 2.3 

If ℛ  is a Boolean ring different from ℤ2, then  ℛ is an S-ring. 

Proof: Suppose ℛ is finite. Since ℛ ≇ ℤ2, then ℛ ≅ ℤ2⨁ ℤ2 ⨁ … ⨁ ℤ2 [4]. Consider  

ℱ = ℤ2 ⨁ {0} ⨁ … ⨁ {0}. ℱ is a subring of  ℛ which is isomorphic to ℤ2. Thus ℱ is a 

subfield of ℛ, hence ℛ is an S-ring. 
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Now, suppose  ℛ is an infinite Boolean ring and let 0 ≠ 𝑎 ∈ ℛ. Consider ℱ= {0, a}. 

Then 𝑎 + 𝑎 = 0 and 𝑎2 = 𝑎,  hence a acts as the identity element, this implies that ℱ is 

a subfield of ℛ. 

Lemma 2.4 

Let m and n be positive integers. If m divides  n, then there exists a ring 

homomorphism from ℤn  onto ℤm .  

Proof: Define ϕ: (ℤn , +,∙) ⟶ (ℤm , +,∙) by ϕ(x) = x(mod m). It is easy to show that ϕ 

is an onto ring homomorphism [5]. 

Proposition 2.5 

 If 𝑛 = 𝑝𝑞 or 𝑛 = 𝑝𝑚 (p and q are distinct primes), 𝑚 ≥ 2, then there exists an 

ideal I of ℤn such that ℤn I⁄  is not an S-ring.  

Proof: If 𝑛 = 𝑝𝑞, then ℤn ≅ 〈𝑝〉⨁〈𝑞〉.Consequently, ℤn 〈𝑝〉 ≅ 〈𝑞〉⁄  and ℤn 〈𝑞〉⁄ ≅ 〈𝑝〉. 
Clearly |〈𝑝〉| = q and |〈𝑞〉| = p, which implies that 〈𝑝〉 ≅ ℤq and 〈𝑞〉 ≅ ℤp. Therefore, 

Zn I⁄  is not an S-ring. If 𝑛 = 𝑝𝑚,  let 𝑟 = 𝑝𝑖 (1 ≤ 𝑖 ≤ 𝑚). Then by Lemma 2.4 there 

exists an onto ring homomorphism 𝜙: (ℤn , +,∙) ⟶ (ℤr , +,∙). Hence ℤn ker 𝜙⁄ ≃
ℤpi  (by fundamental theorem on ring homomorphism) . Therefore ℤn ker 𝜙⁄   is not an 

S-ring.                 

Proposition 2.6 

If  𝑛 = 𝑝1
𝛼1  𝑝2

𝛼2 …  𝑝𝑚
𝛼𝑚  , 𝛼𝑖 ≥ 1, 𝑚 > 1 and  𝑝𝑖 are distinct primes and 𝑛 is not 

of the form 𝑝𝑞, then  Zn I⁄  is an S-ring for some ideal I of ℤn. 

Proof: By Lemma 2.4,  there  exists an onto ring  homomorphism               

𝜙: (ℤn , +,∙) ⟶ (ℤp1 p2… pm , +,∙). Hence ℤn ker 𝜙⁄ ≃ ℤp1… pm , consequently,  is an S-

ring.                                                                                                      

Lemma 2.7 

The number of ideals of the ring ℤn, where 𝑛 = 𝑝1
𝛼1 𝑝2

𝛼2 …  𝑝𝑚
𝛼𝑚  is the prime 

factorization of  𝑛, is equal to (α1 + 1)(α2 + 1) … (αm + 1).  

Proof: (ℤn , +) is a cyclic group of order 𝑛,  hence by [5] for each divisor 𝑘 of  𝑛,  ℤn 

contains exactly one subgroup of order  𝑘  and  by [3] the  number of positive divisors 

of 𝑛 is (α1 + 1)(α2 + 1) … (αm + 1). But each subgroup of  ℤn  is an ideal of the ring 

ℤn , therefore the number of ideals is (α1 + 1)(α2 + 1) … (αm + 1).                                        

Theorem 2.8 

The number of S-ideals of the ring  ℤn, where 𝑛 = 𝑝1 𝑝2  … 𝑝𝑟 , 𝑟 ≥ 2  and 

(𝑝1 < 𝑝2 < ⋯  < 𝑝𝑟 ) equal to ∑ (𝑟
𝑖
) − 𝑟𝑟

𝑖=1 . 

Proof: By Theorem 1.1 the number of ideals of  ℤn which are fields is  𝑟, namely  
〈 𝑝1 𝑝2  … 𝑝𝑟−1 〉 , 〈 𝑝1 𝑝2  …  𝑝𝑟−2 𝑝𝑟 〉 , . . . , 〈 𝑝2 𝑝3 … 𝑝𝑟 〉. Clearly no ideal of  them is S-

ideal. The ideal 〈p1〉 generated by  p1 is  of  order   p2 p3  … pr ,  so it  contains the 

element   𝑝1 𝑝2 … 𝑝𝑟−1 .  Hence 〈𝑝1 𝑝2  … 𝑝𝑟−1〉 ⊂ 〈𝑝1〉 , but  〈p1 p2  … pr−1〉  is a field,  

therefore 〈p1〉 is a S-ideal. A similar argument shows that all 〈𝑝𝑖〉, (2 ≤ 𝑖 ≤ 𝑟) are S-

ideals. 

Now, consider 〈𝑝1𝑝2〉, the ideal generated by 𝑝1𝑝2, its order is 𝑝3 𝑝4 … 𝑝𝑟 , so it also 

contains 𝑝1 𝑝2 … 𝑝𝑟−1, hence 〈𝑝1 𝑝2 … 𝑝𝑟−1〉 ⊂ 〈𝑝1𝑝2〉. Therefore 〈𝑝1𝑝2〉 is  S-ideal. By 

similar way if we choose any two distinct primes 𝑝𝑖, 𝑝𝑗 from {𝑝1, 𝑝2, … , 𝑝𝑟}, then 〈𝑝𝑖𝑝𝑗〉 

is a S-ideal for (1 ≤ 𝑖, 𝑗 ≤ 𝑟, 𝑖 ≠ 𝑗). Continuing in this manner the ideal generated  by 

multiple of  𝑟 − 2 primes from {𝑝1,  𝑝2, … , 𝑝𝑟}  is S-ideal.  Consequently we get that the 

number of S-ideals is ∑ (𝑟
𝑖
) − 𝑟𝑟

𝑖=1 .                                                        

Note that, by Lemma 2.7, the number of non zero ideals of ℤn is  2𝑟 − 1 = ∑ (𝑟
𝑖
)𝑟

𝑖=1 .  

Theorem 2.9 
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Let ℛ = F1 ⨁ F2 ⨁ … ⨁ Fn where n ≥ 2 and Fi is a non prime field. Then every 

non-trivial ideal of ℛ is an S-ideal. 

Proof: Let 𝒥 be a non zero proper ideal of the ring ℛ. Then by [6] 𝒥 is of the form 𝒥 =
I1 ⨁ I2 ⨁ … ⨁ In, where Ii is an ideal of Fi (1 ≤ i ≤ n). Hence at least one of  Ii say  

Ik ≠ {0}, then Ik = Fk , but  Fk is not a prime field. If Fk  is of characteristic 0 then by 

[7] Fk contains a  proper subfield which is isomorphic to ℚ , hence 
{0} ⨁ … ⨁  {0} ⨁  ℚ ⨁ {0} ⨁ … ⨁ {0} can be considered as a subfield of 𝒥. If  Fk has a 

prime characteristic p, then by [7] Fk contains a proper subfield which is isomorphic to 

ℤp, hence {0} ⨁ … ⨁{0} ⨁ ℤp ⨁ {0} ⨁ … ⨁{0} is a subfield of  𝒥. Consequently, 𝒥 is 

an S-ideal.  

Theorem 2.10 

Let ℛ = F1 ⨁ F2 , where F1 and F2 are prime fields. Then no ideal of ℛ is an S-

ideal. 

Proof: Since each Fi is a prime field, ℛ has only  two nonzero  proper ideals, namely 

𝒥1 = F1 ⨁ {0}  and 𝒥2 = {0} ⨁ F2 , and clearly 𝒥i , i = 1, 2 never contains a subfield, 

hence  𝒥i , i = 1, 2 is not an S-ideal 

Theorem 2.11 

Let 𝑛 = 𝑝𝑚 𝑞 𝑟  (𝑚 ≥ 2) ,  𝑝, 𝑞 and  𝑟  are distinct primes (𝑝 < 𝑞 < 𝑟). If 𝑞 −
1|𝑟 − 1, then  ℤn  is an S-weakly Boolean ring. 

Proof: By Theorem 2.1  ℤn is an S-ring and 𝐹 = 〈𝑝𝑚 𝑞〉 is a subfield of ℤn. It is clear 

that the subring  ℋ = 〈𝑝𝑚〉 generated by  𝑝𝑚  is a S-subring. We claim that 

 (𝑖𝑝𝑚)𝑟 ≡ 𝑖𝑝𝑚 (mod 𝑛), (1 ≤ 𝑖 ≤ 𝑞𝑟),  

Case1: (i , qr) = 1 consequently (i𝑝𝑚 , qr) = 1. Then by [3] (𝑖𝑝𝑚)𝑟−1  ≡ 1 (mod 𝑞𝑟),   

which implies  that (𝑖𝑝𝑚)𝑟−1 = 1 + 𝑘𝑞𝑟,  for some integer  k , hence    

(𝑖𝑝𝑚)𝑟 = 𝑖𝑝𝑚  + 𝑖𝑘𝑝𝑚 𝑞𝑟 , therefore (𝑖𝑝𝑚)𝑟 ≡ 𝑖𝑝𝑚 (mod 𝑛) . 

Case 2: (𝑖 , 𝑞𝑟) ≠ 1,  in this case either   (𝑖 , 𝑞)  ≠ 1  or   (𝑖 , 𝑟)  ≠ 1, 

if (𝑖 , 𝑟)  ≠ 1, then  𝑖 = 𝑙𝑟, for some integer  𝑙 < 𝑞. 

Now,  
𝑖𝑟(𝑝𝑚)𝑟−𝑖𝑝𝑚

𝑝𝑚𝑞𝑟
=

𝑖𝑟(𝑝𝑚)𝑟−1−𝑖

𝑞𝑟
  =

(𝑙𝑟)𝑟(𝑝𝑚)𝑟−1−𝑙𝑟

𝑞𝑟
  =

𝑙((𝑙𝑟𝑝𝑚)𝑟−1−1)

𝑞
       … (1). 

Since q ∤ 𝑙𝑟𝑝𝑚  hence by [3] 

   (𝑙𝑟𝑝𝑚)𝑞−1  ≡ 1 (mod 𝑞), then  (𝑙𝑟𝑝𝑚)𝑞−1 − 1 = 𝑘1 𝑞,          

for some integer 𝑘1, substituting in equation (1) we get    
𝑖𝑟(𝑝𝑚)𝑟−𝑖𝑝𝑚

𝑝𝑚𝑞𝑟
=

𝑘1𝑙((𝑙𝑟𝑝𝑚)𝑟−1−1)

((𝑙𝑟𝑝𝑚)𝑞−1−1)
 . 

But by hypothesis  𝑞 − 1|𝑟 − 1, we obtain    
𝑖𝑟(𝑝𝑚)𝑟−𝑖𝑝𝑚

𝑝𝑚𝑞𝑟
= 𝑘2 , 

for some integer 𝑘2 , therefore (𝑖𝑝𝑚)𝑟 ≡ 𝑖𝑝𝑚 (mod 𝑛) . 

If (𝑖 , 𝑞)  ≠ 1, then  𝑖 = 𝑡𝑞, for some positive  t < 𝑟. By the same way, we get 

  
𝑖𝑟(𝑝𝑚)𝑟−𝑖𝑝𝑚

𝑝𝑚𝑞𝑟
=

𝑡 𝑘3((𝑡𝑞𝑝𝑚)𝑟−1−1)

((𝑡𝑞𝑝𝑚)𝑟−1−1)
= 𝑡 𝑘3 .for some integer k3, which implies that  

(𝑖𝑝𝑚)𝑟 ≡ 𝑖𝑝𝑚 (mod 𝑛). This completes the proof.                                                                                         

Theorem 2.12 

The group ring  ℤ2G , where 𝐺 = 〈g | gm = 1 〉 is a cyclic group of an odd order  

𝑚 >1  is an S-weakly Boolean ring .  

Proof: Let  𝒮 = {0 , 1 , g + g2 + ⋯ +  gm−1 , 1 +  g + g2 + ⋯ + gm−1} . It is clear that 

(𝒮, +) is an additive group, we must prove that 𝒮 is closed under multiplication, 

(g + g2 + ⋯ + gm−1)(1 + g + g2 + ⋯ + gm−1)  = 

1 + g + ⋯ + gm−1 + g + g2 + ⋯ +gm−1 + 1 + ⋯ + g + g2 + ⋯ + gm−1 + 1 

= (𝑚 − 1) + (𝑚 − 1)g + (𝑚 − 1)g2 + ⋯ + (𝑚 − 1)gm−1 = 0,  



Smarandache Rings and Smarandache Elements 

 

 65 

since 𝑚 − 1 ≡ 0 (mod 2). Hence 𝒮 is a subring of  ℤ2G, but {0, 1} ⊂ 𝒮, thus 𝒮 is a S-

subring. Now 

     (g + g2 + ⋯ + gm−1 )2  = g2 + g4 + ⋯ + (g
m−1

2 )
2

+ (g
m−1

2
+1)

2

+ ⋯ + (gm−1)2 

                                            = g2 + g4 + ⋯ + gm−1 + g + ⋯ + gm−2  and also  
(1 + g + g2 + ⋯ + gm−1 )2 = 1 + g + g2 + ⋯ + gm−1. 

Therefore  ℤ2G  is an S-weakly Boolean ring.                       

3. Smarandache elements in rings 

In this section we study some types of Smarandache elements in rings such as 

Smarandache SS-element, Smarandache super idempotent  and  Smarandache  semi  

idempotent. Some  results  about them  are obtained in this section. 

Definition 3.1 [2] 

Let ℛ be a ring. An element 𝑥 ∈ ℛ is said to be a Smarandache SS −  element of  

ℛ,  if there  exists 𝑦 ∈ ℛ\{𝑥} with 𝑥𝑦 = 𝑥 + 𝑦. An element a ∈ ℛ\{0,2} is an SS-

element if 𝑎2 = 𝑎 + 𝑎. 

 [Definition 3.2 [2] 

Let ℛ be a ring. If ℛ has at least one nontrivial Smarandache SS-element we call 

ℛ a Smarandache SS − ring. 
Definition 3.3 [2] 

Let  ℛ  be a ring. An element 0 ≠ 𝑥 ∈ ℛ is a Smarandache idempotent (S- 

idempotent) of ℛ if                                      

1) 𝑥2 = 𝑥.  

2) There exists 𝑦 ∈ ℛ\ {0, 1, 𝑥}  

     i) 𝑦2 = 𝑥  and 

     ii) 𝑥𝑦 = 𝑦  (𝑦𝑥 = 𝑦) 𝑜𝑟  𝑦𝑥 = 𝑥 (𝑥𝑦 = 𝑥). 

Definition 3.4 [2] 

Let ℛ be a ring. An element 0 ≠ 𝛼 ∈ ℛ is called a Smarandache super 

idempotent (S- super idempotent) of ℛ, if 𝛼2 − 𝛼 is an S-idempotent of ℛ.  

Proposition 3.5 

If 𝑛 = 𝑝1
𝛼1  𝑝2

𝛼2 … 𝑝𝑚
𝛼𝑚   is the prime factorization of 𝑛, not all 𝛼i =

1, and  𝑛  is  not of the form  2𝛼i, then  ℤn is Smarandache SS- ring. 

Proof: First if  𝛼i ≠ 1 for each(1 ≤ 𝑖 ≤ 𝑚), take 

       𝑥 = 𝑝1
𝛼1−1 𝑝2

𝛼2−1 …  𝑝𝑚
𝛼𝑚−1 ,  𝑦 = 𝑛 − 𝑥. 

Thus   𝑥 + 𝑦 ≡ 0 (mod 𝑛) and 

      𝑥𝑦 = 𝑥 𝑛 − 𝑛 𝑝1
𝛼1−2 𝑝2

𝛼2−2 …  𝑝𝑚
𝛼𝑚−2 ≡ 0 (mod 𝑛). 

Therefore 𝑥 + 𝑦 = 𝑥𝑦. Hence x is Smarandache SS-element. 

      Second if  𝛼i = 1 for some  (1 ≤ 𝑖 ≤ 𝑚), let  𝒜 = {αj : αj = 1}. 

Take  𝑥 = ∏ 𝑝𝑡
𝛼𝑡−1

𝛼𝑡∉𝒜  ∏ 𝑝𝛼𝑘𝛼𝑘∈𝒜  , 𝑦 = 𝑛 − 𝑥. 

Hence 𝑥 + 𝑦 ≡ 0 (mod 𝑛) and 

      𝑥𝑦 = 𝑥 𝑛 − 𝑘 𝑛 ,  for some integer 𝑘, 

          ≡ 0 (mod 𝑛). 

Hence 𝑥 is a Smarandache SS-element.     

Proposition 3.6 

Let ℤ2 be the ring of integers modulo 2 and 𝐺 = 〈g | gn =  1 〉 be the cyclic group 

of order 𝑛. Then the group ring ℤ2𝐺 is a Smarandache SS-ring. 

Proof: Let 𝑎 = 1 + g  and  𝑏 = 1 + gn−1. Then 𝑎 + 𝑏 = g + gn−1 and 𝑎𝑏 =
(1 + g)(1 + gn−1) = g + gn−1,  this implies that 𝑥 + 𝑦 = 𝑥𝑦. Hence ℤ2G has nontrivial 

Smarandache SS-element, therefore ℤ2G is a Smarandache SS-ring.                                                     
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When we  search for Smarandache SS-elements of  ℤp, we form an opinion that ℤp 

has the maximum number of pairs of Smarandache SS-elements, by using MATLAB 

program for testing many  𝑝. This  program is very important because implementing  

Smarandache SS-element of  ℤp for large 𝑝 is difficult, but due to this program we 

obtain the result in a short period of time. For a prime number of the form 𝑛2 + 𝑛 −
1(𝑛 ≥ 4), we obtain six pairs of Smarandache SS-elements as it is shown in the 

following theorem. 

Theorem 3.7 

Let 𝑝 be a  prime of the form 𝑛2 + 𝑛 − 1 (𝑛 ≥ 4). Then each of the following 

pairs (
𝑝+1

2
, 𝑝 − 1) , (3,

𝑝+1

2
+ 1),(𝑛 + 1, 𝑛 + 2), (𝑛 + 3, 𝑛2 + 1), (𝑛, 𝑛2 − 2)and (𝑛2 −

1, 𝑛2) is Smarandache SS-elements of ℤp. 

Proof: Let 𝑥 =
𝑝+1

2
  and  𝑦 = 𝑝 − 1. Thus  𝑥𝑦 − 𝑥 − 𝑦 =

𝑝+1

2
(𝑝 − 1) −

𝑝+1

2
− (𝑝 − 1) 

=
𝑝−3

2
 𝑝 ≡ 0 (mod 𝑝), since 

𝑝−3

2
∈ ℤ+.Hence 𝑥𝑦 ≡ 𝑥 + 𝑦 (mod 𝑝). 

Let 𝑥 = 3  and 𝑦 =
𝑝+1

2
+ 1. Then  𝑥𝑦 − 𝑥 − 𝑦 = 3

𝑝+1

2
+ 3 − 3 −

𝑝+1

2
− 1 ≡ 0 (mod 𝑝). 

This implies that  𝑥𝑦 ≡ 𝑥 + 𝑦 (mod 𝑝).Let 𝑥 = 𝑛 + 1 and  𝑦 = 𝑛 + 2. Then 

 𝑥𝑦 − 𝑥 − 𝑦 = 𝑛2 + 3𝑛 + 2 − 2𝑛 − 3 ≡ 0 (mod 𝑝). Therefore,  𝑥𝑦 ≡ 𝑥 + 𝑦 (mod 𝑝). 

Let 𝑥 = 𝑛 + 3 and y = 𝑛2 + 1.Thus  𝑥𝑦 −𝑥 − 𝑦 = 𝑛3 + 3𝑛2 + 𝑛 + 3 − 𝑛 − 3 − 𝑛2 − 1 

 = (𝑛 + 1)𝑝 ≡ 0 (mod 𝑝). Hence  𝑥𝑦 ≡ 𝑥 + 𝑦 (mod 𝑝). 

Let 𝑥 = 𝑛  and  y = 𝑛2 − 2. Thus    𝑥𝑦 −𝑥 − 𝑦 = 𝑛3 − 2𝑛 − 𝑛 − 𝑛2 + 2 =
(𝑛 − 2)𝑝 ≡ 0 (mod 𝑝). Therefore  𝑥𝑦 ≡ 𝑥 + 𝑦 (mod 𝑝).Let  x = 𝑛2 − 1  and  y = 𝑛2. 

Then   𝑥𝑦 − 𝑥 − 𝑦 = 𝑛4 − 𝑛2 − 𝑛2 + 1 − 𝑛2 

                                = 𝑛2 + 𝑛 − 1 + 𝑛4 − 4𝑛2 − 𝑛 + 2 ≡ 0 (mod 𝑝).  
This implies that  𝑥𝑦 ≡ 𝑥 + 𝑦 (mod 𝑝).                                  

      The following example shows the existence of more than six pairs of Smarandache 

SS-elements. 

Example 3.1 

Consider ℤ71. We use the following MATLAB program for evaluating the pairs of 

Smarandache SS-elements, and we plot them. 

MATLAB program 

function g = ss-element(p) 

k=0; 

for i = 3 :p-2 

  for j = i+1:p-1 

    if mod(i +j, p)==mod(i∗j, p) 

      k = k+1; 

      a(k, :)=[i j]; 

    end 

  end 

end 

a 

g1=a(:,1); 

g2=a(:,2); 

plot(g1,g2) 

end 
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In the following figure we plot all Smarandache SS-elements 

Hence we obtain 34 pairs of SS-elements, they are 

(3, 37), (4, 25),(5, 19), (6, 58), (7, 13), (8, 62), (9, 10), (11, 65), (12, 14), (15, 67), (16, 

20), (17, 41), (18, 47), (21, 33), (22, 45), (23, 43), (24, 35), (26, 55), (27, 42), (28, 51), 

(29, 34), (30, 50), (31, 46), (32, 56), (36, 70), (38, 49), (39, 44), (40, 52), (48, 69), (53, 

57), (54, 68), (59, 61), (60, 66) and (63, 64). 

Definition 3.8 [2] 

Let  ℛ  be a ring.  An element  𝛼 ∈  ℛ\ {0}  is  said  to be  a Smarandache semi  

idempotent (S- semi idempotent), if the ideal generated by  (𝛼2 − 𝛼)  that is  ℛ(𝛼2 −
𝛼)ℛ  is  an S-ideal  and  𝛼 ∉ ℛ(𝛼2 − 𝛼)ℛ  or  ℛ = ℛ(𝛼2 − 𝛼)ℛ. 

Example 3.2 

Let  ℤ24 be the ring of integers modulo 24. Take 𝛼 = 5 ∈ ℤ24, and consider  the  

ideal generated by 𝛼2 − 𝛼. Thus 〈𝛼2 − 𝛼〉 = 〈20〉 = { 0 , 20 , 16 , 12 , 4 , 8 } = 𝒥  is an 

S-ideal,  since ℱ ={0, 8, 16} ⊂ 𝒥 is a field. Hence 5 ∈  ℤ24 is an S-semi idempotent 

elements of  ℤ24.  

Theorem 3.9 

If ℛ has S-semi idempotent elements, then ℛ has an S-ideal. 

Proof: The proof is an immediate consequence of  the definition of  S-semi idempotent 

element.                                                                    

The converse of this theorem is not true in general, for example, if we take    ℛ = ℤ18, 

then ℛ has an S-ideal but has no S-semi idempotent element. 

Theorem 3.10 

Let ℤn be the ring of integers modulo 𝑛 and  𝑛 = 𝑝1
𝛼1 … 𝑝𝑚

𝛼𝑚𝑞 be the prime 

factorization of 𝑛 not of the form 𝑝𝑞. If there exists 𝑖 (1 ≤ 𝑖 ≤ 𝑚) such that ( 𝑝𝑖 −
1, 𝑛) = 1, then  ℤn  has an S-semi idempotent element. 

(6, 58) 

(11, 65) 

(26,55) 

(53, 57) 

(40, 52) 
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Proof: Choose  𝑝𝑖 such that  (𝑝𝑖 − 1, 𝑛) = 1 and let  𝛼 = 𝑛 − (𝑝𝑖 − 1).  

Thus      〈𝛼2 − 𝛼〉 = 〈(𝑛 − (𝑝𝑖 − 1))
2

− 𝑛 + (𝑝𝑖 − 1)〉 

                             = 〈𝑝𝑖
2 − 𝑝𝑖〉 = 〈𝑝𝑖(𝑝𝑖 − 1)〉.  

We will show that  〈𝑝𝑖〉 = 〈𝑝𝑖(𝑝𝑖 − 1)〉. By [7] the  ideal 〈𝑝𝑖〉  generated by  𝑝𝑖 contains  

𝑝1
𝛼1  𝑝2

𝛼2 …  𝑝𝑖−1
𝛼𝑖−1 … 𝑝𝑚

𝛼𝑚  q elements. Also the ideal  〈 𝑝𝑖 (𝑝𝑖 − 1)〉  generated  by 

𝑝𝑖 ( 𝑝𝑖 − 1 ) likewise  contains 𝑝1
𝛼1 … 𝑝𝑖−1

𝛼𝑖−1 … 𝑝𝑚
𝛼𝑚  q   elements, hence 𝑜(〈𝑝𝑖〉) =

𝑜(〈𝑝𝑖(𝑝𝑖 − 1)〉). Then by [5], 〈𝑝𝑖〉 = 〈𝑝𝑖(𝑝𝑖 − 1)〉. Clearly  𝛼 ∉ 〈𝑝𝑖〉   and 
〈𝑝1

𝛼1  𝑝2
𝛼2 …  𝑝𝑚

𝛼𝑚〉 ⊂ 〈𝑝𝑖〉, hence  〈𝑝𝑖〉  is an S-ideal, therefore  ℤn  has S-semi 

idempotent.                      

Remark 3.11 

A Boolean ring has no S-semi idempotent elements, since 〈𝛼2 − 𝛼〉 = 〈0〉 is not an 

S-ideal. 

Theorem 3.12  

If ℤn has an S-idempotent element which is the product of  two consecutive 

numbers, then ℤn has super idempotent.    

Proof: Let k = 𝑙(𝑙 + 1) be an S-idempotent. Thus 𝑘2 = 𝑙(𝑙 + 1). Since 

       (𝑙 + 1)2 − (𝑙 + 1) = 𝑙2 + 𝑙 = 𝑘, then 𝑙 + 1 is super idempotent which is a S-

idempotent, also n − 𝑙  is super idempotent since 

      (𝑛 − 𝑙 )2 − (𝑛 − 𝑙 ) = 𝑛2 − 2𝑛𝑙 +  𝑙2 − 𝑛 + 𝑙 = 𝑙(𝑙 + 1) = 𝑘.   

Theorem 3.13 

If  𝛼  is an  S- super idempotent of  ℤn, then  1 − 𝛼   is super idempotent. 

Proof: Suppose 𝛼 is an S-super idempotent, then 𝛼2 − 𝛼 is an S-idempotent  

hence (𝛼2 − 𝛼 ) 2 = 𝛼2 − 𝛼. 

Now,  ((1 − 𝛼)2 − (1 − 𝛼) ) 2 =  (1 − 2𝛼 + 𝛼2 − 1 + 𝛼 ) 2 =  (𝛼2 − 𝛼 ) 2 = 𝛼2 − 𝛼. 

Therefore  1 − 𝛼  is super idempotent.                            

       Finally, we have the following result. 

Theorem 3.14 

The group ring  ℤ2G , where 𝐺 = 〈g | gm  =  1〉 is a cyclic group of an odd order 

𝑚 >1  has no S-super idempotent element. 

Proof: The proof is an immediate consequence of [8].  
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