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ABSTRACT
In this paper, we define ii-open set in bitopological space as follows: Let (X, 7, , 75)
be a bitopological space, a subset A of X is said to be (z;t, — ii- open set ) if there
exist UV#@,X and UV €1, UT, suchthat:
1. A=int{(U) or A=int? (V)
2. AC CLY(ANnU) or ACCL*(ANV)

We study some characterizations and properties of this class. Also, we explain the
relation between ii- open sets and open sets, i-open sets and a-open sets in bitopological
space. Furthermore, we define ii- continuous mapping on bitopological spaces with
some properties.
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Introduction

The concept of bitopological space was introduced by Kelly [5] in 1963. A set
equipped with two topologies is called a bitopological space and is denoted by (X, 7, ,
7,), Where (X, t;), (X, 7,) are two topologicals spaces. Since then many authors have
contributed to the development of various bitopological properties. Mohammed and
Abdullah in 2019 [1], introduced the concept of ii-open sets as follows: A subset A of a
topological space (X, t) is said to be ii-open set if there exists an open set G in the
topology of X, such that: G #0,X , AcC CL(ANG) and int(A)=GC. later, the same
authors in [2] studied topological properties of ii-derived, ii-border, ii-frontier, ii-
exterior of a set by using the concept of ii-open sets. It is shown in [1] that each of
T c ¥ (the family of all ii-open sets) and 7% is a topology on X. Following Mahdi in
[4] and Askandar and Mohammed in [3], we introduce the concept of ii-open set in
bitopological space as follows: Let (X, t; , 7,) be a bitopological space, a subset A of X
is said to be (t,7, — ii- open set ) if there exist U,V #@,X and UV E€ET,UT,
such that:

1. A=int}(U) or A=int? (V)
2. AC CLY(ANU) or ACCL:2(ANV)
The aim of this paper is to study 7,7, — ii- open set with their properties and

characterizations in bitopological space (X, 7, , T, ). Further, we study the comparison
of this class with other classes namely: t,7,— open, 7,7, — i- open and 7,7, — o Open
sets. This work consists of three sections. In the first one, we define ii-open sets in
bitopological spaces and we give many related examples. In the second section, we
discuss the relationship between ii-open sets with open, i-open and a-open sets in
bitopological spaces. In the third section, we define ii-continuous mapping on
bitopological spaces and we study the relation between this type of mapping with

continuous, a- continuous [7] and i- continuous mapping [3] .

1. ii-Open Sets in Bitopological Spaces
In this section, we recall the following definitions, which are useful in the sequel.

Definition 1.1 [3,6,7]: Let (X, 7, , T, ) be a bitopological space, a subset A of X is said
to be
1. (ryt,—openset)[6]if Aet,UT,
2. (ty1p—a-openset)[7]if  AC 1, —int(r, — cl(t; — int(A4))
3. (ry7,—i-o0penset) [3] if there exists T, — openset (G#®,X) such that
AC 1, — CL(A N G) . The complement of (t,7, —i- open set) is called (7,7, —i-
closed set ).

Definition 1.2: Let (X, 7, , T, ) be a bitopological space, a subset A of X is said to be
T,T, —li- open set if thereexists UV#@,X and UV E 1, UTt, suchthat:

1. A=int! (U) or A=int? (V)

2. ACCL'(ANU) or AC CL*(ANYV)
The complement of 1, —ii- open set is called 7,1, — ii- closed set .

Example 1.1: Let X = {a,b,c}, 7, = {(Z),X, {a},{b}, {a,b}}, 7, = {0,X,{a},{c},{a,c}}

1V 1 ={0,X{a},{b}.{c}{a b}.{a ch

T, — closed sets are: {@, {b, c},{a, c}, {c}, X}

T, — closed sets are: {(Z), {b, c}, {a, b}, {b}, X}
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1. A={a} U ={a} V={a,b}

{a} = int'{a} = {a} {a} € L' {a} n{a}) ={a,c}
2. A={b} U ={b} V= {a,b}

{p} = int'{p} = {b} {b} < CL* ({b} n {b}) = {b,c}
3. A={c} U={c} V= {a,c}

{c} =int'{c} = o {c} = int*{c} = {c}

{dect'({3n{) =0
4. A={a,b} U= {a,b} V= {b}

{ab} = int'{a, b} = {a, b} {a,b} c CL' {a,b}n{a,b}) = X
5. A={ac} U ={a,c} V={c}

{ac}=int'{a, c} # {a} {a,c} = int*{a,c} = {a,c}

{a, c} c cL! ({a, c} n {a, c}) = {a, c}

6. A={bc} U={c} V= {b}

{b.c} = int'{b, c} = {b} {b,c} c cL* ({b,c} n{b}) = {b,c}
{b.c} = int*{b,c} = {c}

T, T, — il — opensetsare: {0, X, {a}, {b } {c} {a, b}, {a, c}}

T, T, — il — closed sets are: { @, X, {b, c}, {a, c } {a, b}, {c} {b}}

Example 1.2: Let X = {a, b, c,d},
= {(o.x{a}. {b.c.d}, 7, = (8, X {a}, {c}. {a c}}

u U 1, ={0X{a}{c}{ac}{bcdy
7, — closed sets are: {0, X,{b, c,d},{a}}
T, — closed sets are: { ®,X,{b, c,d},{a, b,d},{b,d}}. By using the definition (1.2) we get

the 7, 7, — ii — open sets are: {0, X,{a},{c},{a, c},{b,c,d}}

2. Some Properties of ii-Open Sets in Bitopological Spaces.

Definition 2.1: Let (X, 7; , T, ) be a bitopological space and let A be a subset of X.
Recall that:
1. The intersection of all ii-closed sets containing A is called ii-closure of A, denoted
by 1, 1, — clii(4).
2. The union of all ii-open sets contained in A is called ii-interior of A, denoted by
T, T, — intii(A).

Theorem 2.2: Let (X, 7, , T, ) be a bitopological space and A< X then, the following are
true:

Lo

1, 1, —intii(A)is 1, 7, — ii — open set.

7, 1, — clii(A) is 7, T, — ii — closed set.

IfAis 1, 7, — ii — closed then, A= 1, 1, — clii(A).

IfAis 7, 1, — ii — openthen, A= 1, 1, — intii(A).
IfAcBthen, 7, 7, — clii(A) c 7, 1, — clii(B).

X- 1, 1,—clii(4) = 7, 1, — intii(X — A4).

X- 1, 1, —intii(A) = 1, 1, — clii(X — A).

X € 11 T, — clii(A) iff forall ii-open set G containing A, A N G# @.
Proof (1), (2), (3), (4) it follows from the definition (1.2).

© N o 0~ WD
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5. Let Ac B . Since 1, t, — clii(A) is the smallest ii-closed set containing A, then A c
7, 1, —clii(A), So Bc 1, 1, —clii(B). Weget 7, 7, — clii(A) c 1, 1, —
clii(B).

6. X € X-1,1,—clii(4) if x¢ X - 1,1, — clii(A), then for all G € 1, T, — iio(X)

containing x, then AN G# @ ifandonly if xeGc X —A ifandonlyif x € 7 7, —

intii(X — A).

In a similar way to proof (6).

8. Letx € 1, T, — clii(A) we shall prove that A N G# @ for all ii-open set G containing

X. Let there exists set G is t, 7, — ii — open containing x suchthat AN G=@ , so A
cGand GCis 1, 1, — ii — closed set, therefore 7,7, — clii(A) < 1,1, — clii(G°).
Sincex € 11 T, — clii(A) this implies that x € 7, 7, — clii(G°) . Since G°is t, 7, —
ii — closed set by theorem(2.2)(3) X€ G° means that x¢ G. Therefore A n G# @ for all
7, T, — open Sets G containing X.

~

Converse: Let AnG# @ forall G is t; T, — ii — open Set containing x, we shall prove
that x € 7, t, — clii(A). Let x & 7, T, — clii(A) by definition (2.1), there exists 7, T, — ii —
closed set F containing A such that x¢ F, so x€ F¢ and F¢ is 1, T, — ii — open Set.
Therefore A N F¢= @. This implies a contradiction. Therefore x € 7, 7, — clii(A).m

Theorem 2.3: Every open set in bitopological space (X, 7, , 7, ) iS 7; 7, — ii — open
Proof: Let G be open set in bitopological space (X, 7, , 7, ):
1. IfG e 7, weshall provethat Gis 7; 1, —ii — open . Put U=G, we get
i. GS CLY(GNG) € CLY(G)
ii. G=int! (G) because Ge 14
2. IfGe€ 1,, put V=G, we get
iii. GSCL*(GNG) S CL*(G)
iv. G=int? (G) because Ge 1,
By using the definition (1.2) we get in both cases G is 7; t, —ii — open set. The
converse of the above theorem is not true in general as shown in the following example:

Example 2.4: Let X ={a,b,c}, 1, = {9,X, {b}{a,c}, 7, = {0, X, {c},{a,b}}
u U 1, = {0,X{b}{c} {a c} {a b}
T, — closed sets are: { 9,X,{a, c},{b}}
T, — closed sets are: { ®,X,{c},{a, b}}. By using the definition (1.2) we getthe 7, T, —
ii — open sets are: {@,X,{a}, {b},{c},{a, c},{a, b}}.
We see that A={a}is 1, T, —ii — open set butAisnot 7, 1, — open set.

Remark 2.5: From the definition (1.2) we get every t; 7, —ii —open set in
bitopological space is t; T, —i — open set. The converse of the above remark is not
true in general as shown in the following example:

Example 2.6: Let X = {a,b,c}, 7; = {0,X,{a}, 7, = {8, X, {a}, {a, b}
U 1, = {0,X {a} {a b}}

T, — closed sets are: {0,X,{b,c}}

T, — closed sets are: { ®,X,{b, c},{c}}
T, T, —i— opensetsare:{@,X,{a},{a, b},{a,c}}

T, T, — ii — open sets are: {0, X, {a},{a, b}}

A={a,c}is 74 T, —i—opensetbutAisnot t; T, — ii — open set.
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Remark 2.7: We see that every 1, 7, —a — open set in bitopological space is not
necessary T, T, — ii — open set , but this relation is true in topological spaces, that is, every
a — open set in topological space is ii — open set Theorem(2.12)[1]. Also, we see that every
T1 T, —ii — open set in bitopological space is not necessary T, T, — @ — open set, it
means that:

Ty T, —a —openset - T4 T, — Ii — open set

As in the following examples:

Example 2.8:

Let X ={a,b,c,d}, 7, = {90,X, {a},{b,c d}, 7, = {0, X, {a},{c}{a c}
1, Ut = {0,X {a} {c} {a c} (bc ap

T, — closed sets are:{0,X,{b,c,d},{a}}

T, — closed sets are: { ®,X,{b,c,d},{a, b,d},{b,d}}

T, T, — ii — open sets are: {(Z), X, {a},{c},{a,c},{b,c d}}

T, T, — a — open sets are: {0, X, {a}, {b,c,d}}

A={c}is 11 T, —ii —opensetbutAisnot 7; T, —a — openset

Example 2.9: Let X = {a,b,c}, 1, = {8, X,{a}}, 7, = {8, X {a},{a, b}}

7, U 1, = (9,X,{a}, {a, b}

T, — closed sets are:{ ®,X,{b,c}}

T, — closed sets are: { ®,X,{b, c},{c}}

T, T, — ii — open sets are: {@,X,{a},{a, b}}

T, T, — a — open sets are: {0, X, {a},{a, b},{a, c}}

A={a,c}is T, T, —a —opensethbutAisnot 7, T, —ii — open set.

Remark 2.10: From the above results we get the following diagram.

3. ii- Continuity on Bitopological Spaces.

In this section, we define ii-continuous mapping from (X, 7, , 7, ) in (Y, §;, &,) by
using the definition of ii-open sets in topological space (X, 7) see[1],[2] . Also, we study
the relation between ii-continuous mapping on bitopological spaces with continuous and
I-continuous mapping [3].

Definition 3.1: A mapping f: (X,7,,t,) = (Y, 81, 8,) is called

1. Continuous if f~(G) is 1, 7, — openset in (X, 7, , T, ) for any open set G in
(Yl 511 52)'

2. i-Continuous if f~%(G) is t; 7, —i—openset in (X, T, , T, ) for any open set
G in (Y,8y, 6,).
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Definition3.2: A mapping f: (X,t,,7,) = (Y, 8;, &,) is called ii-continuous if f~1(G)
is 7, T, — ii —opensetin (X, t,, T, )forany openset G in (Y,68;, &,).

Theorem 3.3: Let f: (X, 7, ,72) = (Y, 6;, 8,) be mapping then:
1. Every continuous mapping is an ii-continuous,
2. Every ii-continuous mapping is an i-continuous.

Proof: (1) Let G be an open set in (Y, 8, 8,). Since f is continuous, it follows that
f~YG) is 1, 7, —openset in (X, T, , T, ). By Theorem (2.3). Hence f~1(G) is
T, T, — il —opensetin (X, ;, T, ). Thus f is ii-continuous.

(2) Let G be open setin (Y, 8y, &,). Since f is ii-continuous, it follows that  f~1(G) is
T, T, —ii—openset in (X, 7, , 7, ). By remark (2.5). Hence f~1(G) is
T, T, —i—opensetin (X, 7;, T, ). Thus f is i-continuous.m

The converse of the above theorem is not true in general as shown in the following
example:

Example3.4:Let X =Y ={a,b,c}, 1, = {&,X,{a}, 7, = (8,X,{a},{a, b}}

51 ={®; Y' {a}l {al C}}’ 62 :{Q; YI {a; C}}

1 U 7, = (0,X,{a}, {a b}}

T, — closed sets are:{ ®,X,{b,c}}

T, — closed sets are: { @, X,{b, c},{c}}

T, T, — ii — open sets are: {@,X,{a},{a, b}}

T, T, —i— opensets are:{@,X,{a},{a, b}, {a,c}}

Let f: (X,7,,7,) = (Y, 8;, 8,) be the identity mapping then f~1({a})={a},f ~*({b})={b},
f~Y{c})={c}. Then f is i-continuous on bitopological spaces but f is not ii-continuous, Since
{a, c} is open set in (Y, 8;,8,) fr({ach)={ac} is not 1, 7, —ii —opensetin
(X, 71, 12).

Conclusion 3.5:

For future, also we can study the concept of 7, t, —ii — open mapping and
T, T, — il — homeomorphisem and other topological concepts between
bitopological spaces (X, ,7,) and (Y, 61, &5).
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