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HIGHLIGHTS ABSTRACT

e Closed form solutions are derived for the
buckling of thick beams under in-plane
loading.

o The buckling peoblem is derived using cubic
polynomial shear deformation theory.

This paper presents analytical solutions for the buckling of thick beams. The
Bernoulli-Euler beam theory (BEBT) overestimates their critical buckling load.
This paper has derived a cubic polynomial shear deformation beam buckling
theory (CPSDBBT) from first principles using the Euler-Lagrange differential
equation (ELDE). It develops closed-form solutions to differential equations using

* For thin beams (h// =0.01,), Nxx or has a the finite sine transform method. The formulation considers transverse shear
negligible difference from the BEBT results. deformation and satisfies the transverse shear stress-free boundary conditions. The
e Forh/l =0.25 (thick beam), Nx o governing equation is developed from the energy functional, [, by applying the
obtained is 13.44% lower than the value ELDE. The domain equation is obtained as an ordinary differential equation
predicted by BEBT. (ODE). The finite sine transformation of the ODE transforms the thick beam,

which is considered an algebraic eigenvalue problem. The solution gives the
buckling load Nxx at any buckling mode n. The critical buckling load Nxx cr occurs
at the first buckling mode and is presented in depth ratios to span (h/1). It is found
that and agrees with previous solutions using shear deformable theories. For
Handling editor: Ayad M. M. Jubori h/I = 0.10, (a moderately thick beam), the Nxx cr is 2.50% lower than the value
Keywords: predicted using BEBT, confirming the overestimation by BEBT. The Nxx o
h/I = 0.10, agrees with previous solutions, implying the shear deformation has
been adequately accounted for, and the BEBT overestimates the Nxx or. The value
of Nxx or found agrees with previous values in the literature.

ARTICLE INFO
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1. Introduction

Beams are structures or structural members usually subjected to point or distributed transverse forces and moments that
produce transverse deflections and rotations. They are commonly found in bridges, buildings, airplanes, and machines. They are
classified based on the ratios of their depth, h to length (span) | as thin when and as moderately thick or thick when

Beams with circular cross-sections are classified as thin when their diameter ratio, d, to span, 1, is less than 0.05 and as thick
when the ratio of diameter to span is greater than 0.05.

Figures 1a and b show thick and thin beams with rectangular cross-sections based on their depth-to-span ratios. Figures 2a
and b show thin and thick beams with circular cross-sections based on their diameter ratios, d, to span, l. Single-span beams can
be subject to different kinds of supports at the ends. Common ways of supporting beams at the ends are illustrated in Figures
3(a-d) and are listed as simple supports (in Figure 3a), clamped fixed supports (in Figure 3b), clamped-simple supports (in Figure
3c¢), and clamped-free supports (in Figure 3d).

Several theories have been proposed to describe the structural behaviors of beams under bending, dynamic, and buckling
forces. The well-known Bernoulli-Euler beam theory (BEBT) is called the classical thin beam theory (CTBT). The theory is
based on the plane cross-section deformation hypothesis, which states that plane cross-sections originally orthogonal to the
beams' neutral axis before deformation remain plane and orthogonal to the neutral axis after deformation. Consequently, shear
strains that produce non-planar deformations are ignored. Strictly, the BEBT fails for most practical considerations as shear
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deformation is always present alongside flexural deformations. However, BEBT has been found to give excellent results for thin
beams where shear deformations are insignificant compared to flexural deformation.

Nevertheless, structures such as thick beams, laminated composite, and sandwich beams have significant shear deformation
that should be accounted for in their behavior. Timoshenko [1] pioneered the research on shear deformation, and his Timoshenko
beam theory (TBT) has been extensively applied to flexural, buckling, and vibration problems. Elastic stability theory of various
beam types and plates is presented by Timoshenko and Gere [2]. TBT, a first-order shear deformation theory (FSDT), considers
the deformation to be the sum of flexural deformations wb and shear deformations ws Ike [3].

The TBT mited in producing constant shear strain across the thickness, thus violating the free shear strain requirement at the
beam surfaces, Cowper [4]. Attempts to overcome the limitations of the TBT have led researchers to develop shear deformation
beam theories that satisfy the transverse shear stress-free boundary conditions at the surfaces.
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Figure 1: (a)Thin beam (h/l < 0.05) with rectangular cross-section, (b) Thick beam with rectangular cross-section (h/1 > 0.05)
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Figure 2: (a)Thin beam with circular cross-section (d/1 < 0.05),(b) Thick beam with circular cross-section (d// > 0.05)

H_)x —

(2) (b)

© (d)

Figure 3: (a) Simply supported beam (at x = 0, x = 1), (b) Beam with clamped supports at x = 0, (c)x =1, Beam clamped
at x = 0, simply supported at x =1, (d) Beam fixed at x =0, free at x =1
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Previous Studies

The foundations of the elastic stability theory of beams and plates are lucidly presented by Timoshenko and Gere [2]. Ghugal
[5] developed a single variable parabolic shear deformation beam theory (PSDBT) for thick isotropic beams' static bending and
dynamic bending vibrations. The formulation satisfied the transverse shear stress-free conditions at the plate surfaces and yielded
stresses and displacements consistent with previous solutions from the literature. The formulation, however, did not consider
beam buckling, which is the focus of this study.

Ghugal and Sharma [6] developed a hyperbolic shear deformation beam formulation for thick isotropic beams' static bending
and dynamic bending. Their equations were variationally consistent and satisfied shear stress-free boundary conditions. They
had stresses and displacement solutions that agreed with previously obtained solutions. Sayyad and Ghugal [7] also investigated
the bending behavior of thick isotropic beams made of homogeneous materials using hyperbolic shear deformation beam theory
(HSDBT). Their obtained solutions for stresses and displacements were in line with previous solutions in the literature. Ike [8]
used the Fourier series method to determine analytical solutions for displacements and stress fields in thick beams whose
governing equations were derived from first principles. The formulation yielded a hyperbolic shear deformable beam that
satisfies the shear stress-free boundary conditions. The governing differential equations were obtained using the Euler-Lagrange
equation on the total potential energy functional []. The study was validated by considering different transverse loadings, and
the results agreed with previous literature. The work did not, however, consider the buckling of the thick beam. Ghugal and
Shimpi [9] have presented a trigonometric shear deformation beam theory (TSDBT) for thick isotropic beams' flexural and
natural vibration analysis. The TSDBT equations were formulated using the principle of virtual work as a set of differential
equations in terms of displacements. The formulation satisfies the shear stress-free boundary conditions and is variationally
consistent. Their solutions were in agreement with previous solutions. Krisha Murty [10] presented variationally consistent beam
formulation using the principle of virtual work. Levinson [11] have presented a third-order shear deformation beam bending
theory for rectangular thick beam. Ghugal [12], Sayyad [13], Ghugal and Shimpi [14], and Shimpi et al. [15] have studied refined
beam theories for shear deformable rectangular beams made of isotropic, homogeneous materials. Their formulations were
variationally consistent and satisfied shear stress-free conditions but failed to consider beam buckling. Sayyad and Ghugal [16]
have presented a simple variable refined beam theory for thick beams' bending, natural vibrations, and stability analysis. Their
equations were derived using the principle of virtual work and were variationally consistent satisfied the transverse shear stress-
free conditions, and gave acceptable results.

Oguaghamba et al. [17] used the finite Fourier sine transformation method to solve the buckling problem of bisymmetric
thin-walled beams with Dirichlet boundary conditions. In similar research, Oguaghamba et al. [ 18] used Ritz variational method
to obtain buckling solutions to thin-walled beams with doubly symmetric cross-sections.

Onabh et al. [19] and Mama et al. [20] have obtained closed-form analytical solutions to the buckling problem of moderately
thick beams. The governing equation was solved using mathematical methods for solving differential equations, and exact
buckling load solutions were obtained for beams with different boundary conditions. Heyliger and Reddy [21] used higher-order
beam theories to obtain beam buckling solutions. Karama et al. [22] presented beam buckling solutions using exponential shear
deformation beam buckling theory (ESDBBT).

Literature shows few studies have been done on buckling moderately thick and thick beams. This paper intends to fill this
gap by formulating from first principles consideration the equations for the buckling of thick beams that consider a third-order
polynomial transverse shear stress distribution across the thickness that also satisfies the transverse shear stress-free boundary
conditions at the top and bottom surfaces of the beam. Literature also shows that the integral transform method has not been used
to solve thick beam buckling problems. This paper applies the single finite sine transform method, an integral transformation
technique, to develop buckling load solutions to the resulting governing equations of thick beam buckling.

2. Variational formulation

2.1 Considered thick beam buckling problem

EERERERRRRR L b
Ny 1
I
”’I” b4

fe ! >

Figure 4: Simply supported thick rectangular beam

This paper considers the in-plane buckling of a simply supported thick beam of rectangular cross-section made of
homogeneous, isotropic material, as shown in Figure 4. The beam cross-section has a depth of %, a width of b, and the beam has
a span of /, as illustrated in Figure 4. The beam is defined: 0 < x </, —b/2 < y<b/2, —h/2 < z< h/2, where x, y, and z are

the three-dimensional Cartesian coordinate axes.
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2.2 Basic assumptions

The assumptions are:

1) The x component of displacement is decomposed into two parts:
a. A part is due to the x component of the analogous displacement of the classical Euler-Bernoulli beam bending
theory.
b. Another part is due to the transverse shear deformation, which varies across the thickness following the third-
degree polynomial function.
2) The z component of the displacement uz depends on the x coordinate alone.
3) The materials stress—strain relationship follows the one-dimensional model and is linearly elastic, isotropic, and
homogeneous.

2.3 Displacement field

The displacement field expressions are Ghugal [5]:

_ (0 (144 g PU(X)
Uy(x2) = -2 dx ( 4 )hB(z) ax® (1)
u,(x2=0 )

u,(x,2) = u,(x,z=0) = u, (x)

(3)

where L is Poisson’s ratio, uy, u,, u-, are the x, y, z components of the displacement, u, is the transverse displacement field

component at the neutral surface z= 0. B(z) describes the distribution of transverse shear across the thickness. In Equation (1).

4(zV 47
=135 -5 @

2.4 Strain field expressions

From the small displacement linear elastic theory, the strain—displacement relations are used to find the strain field
expressions:

d’u d*u
e O
dx ax* 4 dx (5)
du
g
Y (6)
du,
€, = =0
az (7)

du, d d* d’u
dUX dUZ _ uzo 4 uzo _(1+|J.)h2B,(Z) duazo :_(1+u)h2Br(z) 2
X

Ye=" T =

dz  dx dx  dx 4 4 o’ (8)
~ au, du, 0o
e =" dy ©)
au
Yoodx o dy

(10)

where &y, €,y, and &.. are normal strains Y, V)=, Y- are shear strains.
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az (11)

2.5 Strains fields

The normal stress G, Gy, G- and shear stress Ty, T, T,- are obtained by using the one-dimensional stress-strain relations as
follows:

B - (_zdzuZO —(1+M)h2B(z) d‘u, )

ax’ 4 dx* (12)
c,=Eg, =0 (13)
O, = Egzz =0 (14)
1+p ‘u
Tz = Gsz = G( )hZB'( ) 320

4 ax (15)
Ty, = Gsz =0 (16)
Ty =Gy, =0 (17)

where E is Young’s modulus, and G is the shear modulus.

2.6 Total potential energy functional [|
The total potential energy functional, [] is expressed by:

L st | P W CCACA
H:U_V:EJ.J:[(GXXSXX+ny8yy+czzgzz+T)Q/YXy+ T¥ et Tye¥ ye) XyZ—J.UzO(X)Q(X) X — ) Vo T X
v 0 0

(18)

where U is the strain energy.
V is the potential energy of the beam due to external loads. The volume integration is carried out over the beam's three-
dimensional (R?) region. Substitution of the stress-strain laws gives.

1/ bl2 hi2 I 1/ du, (%)
M= —j j j (Ec, + Gyfa)dxdydz—juzO ()q(x) dx— —J-NXX (3;) ax
2 0 —b/2-hi2 0 2 0 X (19)
Hence, substituting expressions for &, from Equation (5) and y,. from Equation (8), Equation (19) becomes:
I bl2 hl2 2 4
1 a’u, (X) (1+p d*u, (x)
== E[—z o Hp(z2)—= dedydz+
0 7;!‘/2 77!./2 dXZ ( 4 ) , dX4
I b2 hi2 3 ! y du, Y
1 1+ M 20, d uzo l _ZO
= G(—(—)h B (z)—}dxdydz— u, (X)q(x)dx— .[NXX( j ax
2 I j,J/ 4 o I i 2o L K (20)
Expanding gives:
I b2 b2 )
1 d*u 1 d*u, d‘u 2 d*u, Y
=3[ [ o {z{—"] - ot (L ey (Lo h“(B(Z))Z( Z"j '
0-b2 b2 ax 4 d  dx 4 ax
I b2 hI2 s ) I I du. \2
lGJ‘ j- dy J. {(1+ P')Z h4(B!(Z))2 [d uZ0 j }dZdX— J.UZO (X)Q(X)dX—lJ.NXX (_Zoj ax
2 3 2 ax
o-b2 -h2\ 4 ax 0 0 (21)
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Further simplification gives:

lh/z
1= - {J‘zzdz

0 (-h/2

d’u j 1+ d*u, d‘u
% | dx+ ZhZ( “) I 2)dz |—2— 2 dx+
o I
2
) ax—

|
Bap H (B2 d]

-h/2

SR

—hl2

!UZO( X) (x)dx——IN (dsx jzdx

(22)
h/2
= J- Zdz
Let  -m (23)
hi/2
I, =(1J:T”)h2 j B(2)dz
2 (24)
, 2
L= (25 [ ey e
n (25)
o= (28] [
~h2 (26)

Using Equations (23-26), [] is expressed as:

/ ) 2 ) . 4 2 / WE 2 / 2
Eb d’u J d*u, d'u (du JJ Gb [ u, j
=2 —2 | 421 % 2, il d —II adx Iu X dx——IN ax
fl 2!(1[# T Tl o X+204 dx® ) a(x)

27)
were, G = E (28)
2(1+p)
Substituting for G using Equation (28) gives [] as:
! 2 2 4 4 2
T REANEOENEN
23 S ¢ dx ax*
3 2
I, [d uZOJ _2q(x)ug, ERN (du ) }dx
2(1+p)\ o Eb Eb ax (29)
Equation (29) is of the general form:
1 I
anEb.[F(X Uy, Uy Uy Uy Zo)dx
° (30)

where,
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. , 2g(x)u,, N, (U, )
F=1y(uy ) +20u, uy +15(uy )? bta (ug ) = G0, N ()
2(1+p) Eb Eb (31)
2.7 Euler-lagrange differential equation (ELDE)
The ELDE is given by:
OF d(oF\, d(oF\ & (oF) d'(aoF)_ .
ou, dxlouy ) douy ) olouy ) ax* | ou) (32)
where:
oF _ 2q(x)
E
ou,, b (33)
oF __NXX-ZU'ZO __ZNXXU’ZO
ouy, Eb Eb (34)
aa—,: =20} |y +21,uy
e (35)
oF I, ”
our 201 %
oF " iv
7:212% +21,uy
% (37)
Substitution gives the Euler-Lagrange equation as:
ZQ(X) d (_ZNXXU’ZO) 2 " iv d3 ( I4 wj d4 " iv
- - +—Qul . +2LuY) - — u;, |+—QLu, +2l,u;)=0
Eb dx\ Eb dxz( o2l d\1+p ® dX4( 2ty *25t%,) (38)
Hence,
2q(x) 2Ny iv vi 4 i
—+—2u, +2lu; +2L,u; ———u, + vi vii
Eb Ep % L 277 1+p ® 2/2u20+zl3u20 =0 (39)
u d°u d‘u d’u
20, —2 +(2/2+212— ly j %42l 2 2Ny Tl _ 29(%)
ax® 1+p) ox dx Eb dx Eb 40
(40)
Simplifying by dividing by 2 gives:
d®u d°u du d’u
l,—2 +(2/2— z j 2], —2 ¢ N T _ ()
ax 2(1+p) ) dx ax Eb dx? Eb (41)

When no transverse distributed load is placed on the beam, g(x) vanishes, and a homogeneous ordinary differential equation
(ODE) results as follows:

8 6 4 2
,dUZO ot _ l, duzOHd”zOlexduzO:O
> P 21+p)) o T k' Eb dd (42)
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3. Finite sine transform method
Applying the finite sine transformation to Equation (42) gives:

/ 8 6 4
J.(Is e +(212 e jd UGZO +1 ’ U:O + &—dzuz" sn™ gx =0
2 ax® 2(1+p) ) dx ax’ Eb dx |

(43)
By the linearity properties of the finite sine transformation, Equation (43) simplifies to:
I 2
/ du, nmx N, 99U, . nnx
/I X e+ 21, —— J' DX o+ I_[ sin == d + j' sn ™ dx =0
o SN +( 2~ (1+p)j0 o EbJ o ]
(44)
By integration by parts and simplification using Dirichlet boundary conditions:
I 48 /
d°u 8
I ZOsin—dx ( ] J.u smﬂdx =
dx® % U, (n)
0 0 i (45)
d°u 61
I 2 g ﬂdx——(ﬂ) ju sin X ax Y\
dX6 / | % - T 7 ( )
° (46)
) d4u 4l
I %snmdx_(ﬂj Iu sn™ax _(m J
ax’* / ! 2T T =) Ys ()
° (47)
/ dzu 2
J. % snﬂdx——(ﬂ) Iu sin X ax Y 5
% 1) TR T = ) Uy ()
0 0 (48)

Hence,

Simplifying further,

nm)? (nn)s / (I’ITC)4 mV2 N )=
Ll—] | =] |21, -—2 Ry L -
[3( / ) / ( 2 2(1+H)j+ / ! (/ j Ebjuz‘)(n) 0 (50)
4. Results and discussion

4.1 Results

For non-trivial solutions
U, (n)=0

Hence, the characteristic buckling equation becomes:

() (i () - B () 61

Solving for Ny,
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() (e ()

) Elb(nlnj2 (52)

Simplifying Equation (52) gives:

2 8 6 4
PO R eI
Further simplification of Equation (53) gives:
6 4 2
Nxszb[/3(ﬂj —(ﬂ) (z/z— z )+(ﬂ) Ilj
/ / 2(1+p) / (54)
Substituting the expressions for the integrals gives:
- a{Z () (o (gt ) ()
“ 315\ 4 I / 60 2x30(1+p) I ) 12 (55)
Further simplification of Equation (55) gives:

e ] (2 20 e (0 5001

/ 315 16 30 60 / 12 (56)
Further simplification of Equation (56) gives:
N, = Ebir (nm)? (17(1 )’ (nm)* (£)4— (nm)? (—1 * H)(ﬁ)z+ i)
oo 5040 ! 60 \I/) 12 (57)
Ni is critical when 1=1.
Hence,
VIR - e Y ) T ESTTV Y
= e 5040 ! 60 \IJ 12 (58)
. . . h 1 h 1 h 1 . . . .
Nxx cr is calculated using Equation (58) for —=—, —=—, —=——, and presented in Table 1 in the dimensionless
/| 4 | 10 |/ 100
form:
Ebh?
Ny = —chr
/ (59)
where
K _ n2(17(1+H)2“4 (gj B (1+M)nz(ﬂ)2 +ij
* 5040 \/ 60 1) 12 (60)
N 2
Then ——— =K, (61)

Ebh’

K., is a simply supported thick beam's dimensionless critical buckling load coefficient.
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Values of K., for A/l ranging from 0.01 to h// =0.25 are presented in Table 1 and compared with values of K, obtained

from previous research studies using exponential shear deformation beam theory (ESDT), higher-order shear deformation theory
(HSDT) and Timoshenko [1] beam theory (FSDT).

Table 1: Comparative study of Kcr for simply supported thick beam

KC]"
h/l =0.25 (Thick beam) h/l =0.10 (Moderately h/1 =0.010 (thin beam) Ref.
(/h=4) thick beam) (I/h = 10) (I/h =100)
0.71196631 0.80190976 0.822256035 Present
0.8225 0.8225 0.8225 CBT [2]
- - - Exact [4]
0.7088 0.8019 0.8222 FSDT [1]
0.7090 0.8019 0.8220 HSDBT [21]
0.7116 0.8020 0.8223 ESDBT [22]
0.7112 0.8018 0.8223 PSDT [16]

Ko = Tcz(

For n=0.30

1u13fn4(£)4_1§£i(

5040 / 60

th 1)
—_— +_
/ 12

Using Equation (62), Table 2 is presented for the variation of K., as I/ values.

Table 2: Table of values for Kcr (when p = 0.30) for various values of 1/h ranging
from 4 to 100 for cubic polynomial shear deformation beams

I/h

Kcr ( to 4 decimal places)

4
6

8
10
15
20
40
50
60
80
100

0.7120
0.7681
0.7908
0.8019
0.8132
0.8172
0.8212
0.8216
0.8219
0.8221
0.8223

(62)

Figure 5 shows the graph of Kcr vs. I/h for the cubic polynomial shear deformation beam solved in this paper. Figure 5 is
drawn using the table of values shown in Tables 1 and 2 and also shows the graph of Kcr vs I/h using Table 1 for results obtained
by Timoshenko [1], Timoshenko and Gere [2], Cowper [4], Heyliger and Reddy [21], Karama et al. [22] and Sayyad and Ghugal
[16]. Figure 5 illustrates the very close agreement between the present finite transform results and those obtained in the literature.
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Figure 5: Graph of Kcr vs I/h
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4.2 Discussion

This paper has presented the finite sine transform method for solving the buckling of thick, homogeneous, isotropic
rectangular beams for the first time. The governing domain equations were formulated from the first principles using variational
calculus. Transverse shear deformation was considered in the thick beam formulation by assuming that the x component of the
displacement field comprises a component due to bending deformation and another complement due to shear deformation. The
distribution of transverse shear stress across the thickness is constructed to ensure that shear stress-free boundary conditions at
the top and bottom surfaces are satisfied, thus preventing the need for shear correction factors of the first-order shear deformation
theories (FSDTs).

The total potential energy functional ] is found as a functional dependent upon the transverse deflection of the neutral

surface U, of the beam, and derivatives of U, . Euler-Lagrange differential equations are applied to the integrand in [T to find

the differential equations of stability of the thick beam problem as an eight order linear ordinary differential equation which in
non-homogeneous when ¢(x) is present, and homogeneous when there is no transverse load g(x).

For buckling problems in the absence of transverse load, the finite sine transformation of the eight-order ODE results in a
transformation of the problem to the algebraic eigenvalue problem represented in Equation (51). The solution of Equation (51)
for the buckling loads at any arbitrary buckling mode, 7, is found in Equation (57). The critical buckling load Ny - is the least
buckling load that occurs at the first mode n=1, and is found in Equation (58), which is presented in terms of dimensionless
critical buckling load coefficients K. as Equations (59) and (60).

Values of K. for h/l =0.25, h/l =0.10 and h// =0.010are presented in Table 1, together with previously published
values of K., for FSDT, HSDT, ESDT, PSDT, and CBT. Table 1 shows that for h// = 0.01, which is for thin beams, K., obtained
in the present study agrees exactly with the results obtained by Sayyad and Ghugal [16], who used a polynomial shear
deformation theory PSDT to solve the candidate problem. The results are also identical to results obtained using CBT (or BEBT),
indicating that the contribution of shear deformation to the buckling behavior is insignificant when h// = 0.01. The results
generally agree with results by Cowper [4], Timoshenko [1], Heyliger, and Reddy [21] and the ESDT.

Table 1 further shows that at h// =0.10, (//h=10) which is a moderately thick beam K, =0.80191 obtained by this

present method is 2.50% smaller than the value from the BEBT. This shows that at h// = 0.10, the shear deformation has some

effect in reducing the load-carrying capacity of the moderately thick beam. The implication is that the BEBT (CBT) overestimates
the critical buckling load of moderately thick beams and cannot be safely used in their analysis and design. The value obtained
for K. when h/l = 0.10, agrees with the K., values obtained using ESDBT, HSDBT, ESDBT, and PSDBT.

Similarly, for h// =0.25, (//h=4) which correspond to thick beams, the K, =0.71196631 ~ 0.7120 value obtained by
this formulation is 13.44% lower than the K. for BEBT. This implies that the shear deformation has greatly contributed to
considerably reducing the critical load-carrying capacity of thick beams. The values of K. for h/l = 0.25 in this study agree
with previous values for K. found by Cowper [4], Timoshenko [1], Heyliger and Reddy [21], and Sayyad and Ghugal [16].

5. Conclusion

This study has presented a rigorous first-principles formulation and derivation of the governing equation of stability of a
thick beam. The formulation is variationally constant and considers transverse shear stress variation through the thickness in a
cubic function such that transverse shear stress-free boundary conditions are satisfied at the top and bottom surfaces. The equation
of buckling is an eight-order ODE, which is non-homogeneous when g(x) # 0, and homogeneous when q(x) = 0.

e The finite sine transformation of the governing ODE (q(x) =0) simplifies the problem to an algebraic eigenvalue
problem.

e The solution of the algebraic problem gives the buckling loads at any buckling mode, 7.

e The critical buckling load N .- occurs at the first buckling mode n=1, and is found as an analytical closed-form
expression dependent upon A/L.

e N is generally expressed in terms of K., the critical buckling load coefficient, which depends upon #4/!.

e For h/l =0.01, (thin beam), K., found was identical to K., for BEBT, indicating that shear deformation effects have a
negligible contribution to the critical buckling load, Ny

e For h/l =0.10, (moderately thick beams), K. was found to be 2.50% lower than the K., for BEBT, indicating that the
transverse shear deformation effect significantly lowers the critical buckling load for moderately thick beams.

e For h/l =0.25, (thick beams), K. was found to be 13.44% lower than the K, for BEBT, indicating the huge risks
involved in using BEBT to analyze and design thick beams and the attendant overestimate of critical buckling load
capacities associated with BEBT.

Notation/Nomenclature

X axial/longitudinal coordinate of the beam, y coordinate of the beam along the width
z transverse coordinate of beam
d diameter of beam cross-section
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h thickness of the beam

b width of the beam

/ length (span) of beam

n buckling node number

I1 total potential energy functional

Nyxor critical buckling load

q(x) transverse load distribution

n Poisson’s ratio

Uy displacement component in x direction
uy y component of displacement

Uu: z component of displacement

B(z) distribution of transverse shear stress across the thickness
U, transverse displacement of the neutral surface (z= 0) of the beam

Exx normal strain in x direction
€y normal strain in y direction

€2 normal strain in z direction

Yy shear strain in xy plane

Yxz shear strain in xz plane

Yyz shear strain in yz plane

E Young’s modulus of elasticity

G shear modulus

U strain energy of flexural deformation

14 potential energy of beam due to external loads
Vg three-dimensional region of integration

L, b, I, 14 integrals expressed in terms of z, B(z) and B'(z)
F integrand in the functional []
0

—— partial U, derivative concerning

ou,,

dl‘

- rth ordinary derivative concerning x

dx

% percent

CPSDBBT cubic polynomial shear deformation beam buckling theory
ELDE Euler-Lagrange differential equation

CTBT classical thin beam theory

BEBT Bernoulli-Euler beam theory

TSDBT trigonometric shear deformation beam theory
ESDBT exponential shear deformation beam theory

HSDBT higher order shear deformation beam theory

PSDT polynomial shear deformation theory

PSDBT polynomial shear deformation beam theory

ODE ordinary differential equation

[( )dxintegrationconcerningo x; integral

U, (n) finite Fourier sine transform of U, (x)

Ker critical buckling load coefficient

ESDBBT exponential shear deformation beam buckling theory.
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