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ABSTRACT

e The importance of optimizing Bell
membership function designs for FPGA
implementations was highligted.

o Seven approaches are proposed to reduce the
hardware required for Bell function
implementation on FPGA devices.

e Resource use, performance, and power are
analyzed for Bell function designs on a
Spartan-3A DSP FPGA Kkit.

e The polynomial curve fitting method is
segmented to lower equation order and
reduce hardware needed for Bell function.
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The complexity of hardware realization for the Bell function forces most
researchers to replace it with trapezoidal, negatively affecting accuracy. The
implementation complexity of the Bell function on FPGA comes from bundling
the division operator by FPGA. This requires large hardware resources due to the
limited number of logic elements in FPGA devices, such as Lock-Up Tables
(LUTS), slices, and DSP48 units, specifically when utilizing the Spartan-3A DSP
sc3sd3400a Xilinx FPGA kit. This work investigates hardware resource
minimization of Bell Membership Functions (MFs) based on FPGA
implementation. A comparative analysis of seven proposed designs with a
predesigned system is studied, focusing on resource utilization and performance
evaluation. Approach 1 uses the highest number of DSP48 blocks (10).
Conversely, Approach 7 achieves the highest area minimization, using the least
number of slices (79) and LUTSs (144) with zero DSP48 blocks with a reduction
rate equal to (97.7%) for slices and (96.7%) LUTS regarding previous work. The
absence of multiplication blocks for implementing Approach 7 comes from
modifying the precomputation method using half memory size. Performance
evaluation indicates varying error rates of 1.06%, 1.14%, and 1.16% for
Approaches 1, 2, and 3, respectively. Approaches 6 and 7 exhibit the lowest error

rates (0.17%), suggesting superior accuracy, including the previous work. To sum
up, the modification in Approach 7 is a very useful method that reduces the
hardware platform area and enhances the performance. Thus, this approach is
adopted as the best method for designing the Bell function by FPGA.

1. Introduction

In the contemporary landscape of intelligent systems, converging neural networks and fuzzy logic into an Adaptive Neuro-
Fuzzy Inference System (ANFIS) has proven to be a groundbreaking approach for modeling and controlling complex, nonlinear
systems. ANFIS benefits from the learning capabilities of neural networks and the interpretability of fuzzy logic, making it
particularly suitable for applications requiring precision and adaptability [1]. The ANFIS model consists of five basic layers:
Membership Layer, Fuzzification Layer, Normalization Layer, Defuzzification Layer, and Output Layer [2]. The Membership
Layer contains many membership functions that return the membership degree of how a crisp value is mapped to an input space
called the universe of discourse. The performance of ANFIS depends on the selection of the number and shape of membership
functions, as these two factors influence the computational complexity and accuracy of the designed ANFIS-based model [3].

The most commonly shaped memberships are Triangular, Trapezoidal, Gaussian, and Bell [4]. Hence, Researchers have
widely used these shapes of membership functions for the ANFIS-based model applications [5]. Using the Gaussian shape to
design the ANFIS model that monitors the healthcare medicinal Internet of things. In Naderkhani et al., work [6], the ANFIS is
employed to analyze and predict a honparametric fuzzy regression function with non-fuzzy inputs and symmetric trapezoidal
fuzzy outputs. The Triangular membership function is used in many ANFIS applications such as the FPGA-based ANFIS model
to linearize the natural non-linear characteristics of NTC thermistors [7], the ANFIS model based on FPGA for the fitness
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function approximation method to reduce the execution latency of complex fitness functions [8], FPGA-based a neuro-fuzzy
logic controller used to exhibit good control for tracking the angle of the limb’s movement and provide an accurate amount of
charge according to the desired reference angle [9,10], which implement the adaptive neuro-fuzzy model by FPGA to enhance
PID performances within VCA for grid-connected wind system under nonlinear behaviors. Whereas the Bell-shape function
employs different ANFIS applications such as an FPGA-based intelligent neuro-fuzzy sensor for driving style recognition [11],
designing a classifier to detect the seizure signals from non-seizure signals automatically depending on the optimized adaptive
neuro-fuzzy inference system based on FPGA [12], and using the FPGA-based ANFIS and Multi-Layer Perceptron (MLP) to
build the ink drop spread instead of the active learning method which imposes high memory requirements and computational
costs [13]. In Karatas et al., work [14], the triangular, trapezoidal, gaussian, and generalized Bell-shaped membership function
units using FPGA for real-time Fuzzy Logic applications have been designed for further comparison. This research will be
adopted for comparison purposes in this work because it builds the membership functions alone only.

Based on the previous literature survey, most of these works adopt the Triangular membership function because this function
is easily constructed in hardware using the FPGA and does not need a large area from the hardware platform. The importance of
the platform area is because each FPGA device contains a limited number of logic elements, such as Look-Up Tables (LUTS),
slices, and DSP48 units, which makes it impossible to design any function that consumes a large number of these elements [15-
17]. Additionally, due to the complexity of realizing the Bell function in hardware, most researchers have replaced it with
Trapezoidal, as in [10]. Thus, the performance of the ANFIS will be inaccurate. The complexity of implementing the Bell
function on FPGA is due to this function requiring bundling the division operator by FPGA, which is more difficult.

Based on all the mentioned drawbacks, optimization approaches are important to minimize the hardware resources required
to implement the ANFIS membership functions on the FPGA platform. Therefore, this work proposes a different methodology
to build the Bell membership function by the FPGA with high-performance and low device resources.

The rest of the paper is structured as follows: The subsequent section briefly discusses the Bell membership function. Section
3 explains the proposed approaches to designing and optimizing the Bell function based on FPGA, followed by experimental
results and a discussion Section 4. Section 5 concludes this study.

2. Generalized Bell-Shaped Membership Function

Bell-shaped membership functions are also quite common when defining fuzzy numbers. A generic graph involving three
parameters is shown in Figure 1 a, b , and ¢ (a —responsible for its width, ¢ —responsible for its center, and b —responsible for its
slopes). This function is presented by the formula [18]:
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Figure 1: Bell-shaped fuzzy set [19]

3. Proposed design of generalized Bell membership function based on FPGA

Bell MF does not have a pre-designed block in the FPGA library, so utilizing some approaches to build this function is
indispensable. These approaches are employed to optimize the implementation of the Bell MF in an FPGA device to minimize
the number of slices and LUTs and reduce power dissipation with low latency. Hence, this section will present seven proposed
Bell membership function designs with different optimization techniques and hardware implementation.
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3.1 FPGA design of Bell MF based on hard FPGA blocks method (Approach 1)

The design of the Bell membership function in this method depends on the basic equation of Bell MF that is mentioned in
Section 2. In this approach, hard FPGA blocks of the Xilinx System Generator are used to realize this equation in addition to the
reciprocal function. According to Equation (1), there are three constants, which are (a = 0.2,b = 2,and c = 0.5,), and these
values are chosen to correspond to the work desired.

Figure 2 shows the implementation of this function depending on Equation (1). Whereas the hardware realization of the term

(145
represent the term (X — ¢) and then multiply the output with G = i = 5) using CMultl block. Secondly, the Absolute block
will take the absolute value to represent the term (|%|) Thirdly, the power (2b) is performed by the Mult and Multl blocks to

2b
) can be designed in many steps. Firstly, the input X will be subtracted from the ¢ = 0.5 using the AddSub block to

define the terms (|%

2 _~12b
) and (|¥| ) respectively. Finally, the denominator will be represented by summing (1) with

_~12b
(|¥| ) using the AddSubl block. Since the range of denominator value is relatively small (corresponding to the desired

parameters) and can represented by a limited number of bits (10-bit), the reciprocal function based on the ROM approach is
adopted in this design. As illustrated in Figure 2, the ROM block saves the precalculated magnitude of the reciprocal with 16-bit
output resolution. The BitBasherl block is used to slice the denominator bits to an appropriate bit number to be applied as an
address to the memory.
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Figure 2: Bell MF based on hard blocks techniques

3.2 FPGA design of Bell MF based on polynomial curve fitting (Approach 2)

Polynomial curve fitting is one of the useful methods for converting any function to an equivalent designable equation. As
shown in Figure 1, the Bell MF is summitry on the center, and the value of this function is unity in duration between (k) and
2(c — k), where k is the first point of x that produces the unity value for the Bell function at the left half of the function. The
value of k can be determined according to function values and the slope. (b) in addition to the coordinate point when the function

is approximately equal to zero (x4, y;) by (k = (1_y1) +x, = 0.45). Hence, this method is used to produce the equation of the

b
Bell function for the duration between x, and k only. Therefore, the value of this function for all durations can be calculated
according to the following Equation (2):

f(x;0,¢) if x;,<x<k
f(x;0,¢0) = 1 if k<x<2(c—-k) (2)
f(2c —x;0,0) if x=22(c—-k)

The curve fitting equation is obtained using the MATLAB package and the curve fitting tool by taking different points as
samples and orders to reach the typical representation for the desired duration of the bell membership function. Figure 3 shows
the convergence of curve fitting approximation, denoted by the blue line, with the original MATLAB function of the bell, denoted
by red circles. The Equation (3) can represent the desired duration of the bell.

F(x) = —170.9x* + 138.4x3 — 27.36x2 + 2.068x + 0.004226 3)
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Figure 3: Polynomial Curve Fitting Plot for the desired duration of Bell MF

As shown in Figure 4, the multiplexer (Mux) detects the input in any two halves of the bell MF. The Relational block drives
the multiplexer to select passing the input to be applied to the first half equation when the input (x) is less than c. Otherwise, the
true signal will be produced from the Relational block to the multiplexer to choose the manipulation of the right half duration.
This manipulation is required to prepare the input value to be able to apply in the polynomial equation by subtracting the x from
double ¢ which is represented by a shift left to perform (2¢ — x).
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Figure 4: Bell MF based on Polynomial Curve Fitting Approach

After the input location e is achieved by Mux1 in the left or right half, Mux2 will be responsible for picking the unity part
in the selected half. When the Relational2 block indicates the x is greater than k the Mux2 will select the unity value to represent
the output of the Bell function. The first one is when x is equal to or smaller than (k). Else, the output of the polynomial equation
will be chosen.

The polynomial equation consists of five terms of summation represented by (AddSubl to AddSub4), as shown in Figure 4.
In addition, four gain operations are defined by CMult, CMult1, CMult2, and CMult3 gain blocks to multiply the coefficient
values (2.07, —27.36,138.4, and —170.9) with ( x, x2,x3, and x*), respectively.

Furthermore, the Mult blocks are used to achieve the order value of x. Where Mult, Multl, and Mult2 are used to produce
x%, x3, and x*, respectively. The final result of Equation (3) can be obtained at AddSub4, where the Display block produces the
bell MF outcome.
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3.3 FPGA design of gaussian MF based on shift-add approach (Approach 3)

In this approach, the same polynomial equation used in the previous design is adopted with a slight modification. This

modification uses the shift-add operations instead of the gain operation to reduce the hardware resource consumption by the gain
block (CMult). Figure 5 shows the suggested design based on the shift-add approach, represented by the Subsysteml to
Subsystem4 blocks.
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Figure 5: Bell MF based on Shift-Add Approach
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Each block contains shift right and left blocks and AddSub components to represent the gain operation. The essential concept

of this design is to convert the gain of the (x) by coefficients to a binary representation by shift-add operation. The number of
shits blocks used to represent the gain operation is chosen carefully according to the value of the coefficient, where the number
of right shift blocks depends on the integer magnitude of the coefficient, and the left shift blocks will be chosen corresponding
to the coefficient fraction. For instance, Figure 6 illustrates the procedure of the Subsyteml block for this technique that
represents the (2.068x) term. The one-time left shift operation represents the value of integer (2), whereas each right shift
operation represents the active bit position after the binary point, which is in this case the right shift of (00.0001000101), equal

t0 (0.068),,.
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Figure 6: The Construction of Subsystem1 block that represents the Shift-Add operation

3.4 FPGA design of Bell MF based on decomposition of polynomial curve fitting technique (Approach 4)

The Bell function design in Approach 2 required a large area when implemented in the FPGA platform because it has three

Mult blocks to construct the order of the polynomial equation. These blocks consume many DSP48 units. Hence, in this approach,
the decomposition technique is used to reduce the order of the polynomial equation by dividing the desired duration of Bell MF
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into two regions. The first region is (0) to (0.2), as shown in Figure 7. Red circles denote the curve fitting approximation, and
the blue line denotes the original MATLAB function of the bell. The following equation can represent the first (region) part:

y, =3.613x% — 0.0661x — 0.0288 4)

016 O Proposed Polynomial Part1 {0-0.2) 7

= MATLAB Function

0.14

0.12
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0.08
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0.04

002 1 I 1 1 1 I 1 I | 1 —
0 0.02 0.04 0.06 0.08 0.1 012 0.14 0.16 0.18 0.2
x1

Figure 7: 1%t Part of desired Bell MF duration

Finally, the second part of the Bell desired duration is from (0.2) to (0.45), as illustrated in Figure 8, and the second equation
can be expressed as below:

y, = —113.4x3 + 107x2 — 28.61x + 2.5234 (5)

O Proposed Polynomial Parrt 2 (0.2-0.45)
— MATTLAB Function

0.9

02 0.25 0.3 0.35 04 0.45
x2

Figure 8: 2" Part of desired Bell MF duration

Figure 9 shows the hardware implementation of the two equations for the proposed design. The essential idea behind dividing
the desired duration of the Bell function into two parts is to reduce the number of multipliers from 3, as in the previous design,
to only two.

The hardware implementation of the first part is represented by multiplying the input (x)(which is the output of the Mux
block) by the coefficient (-0.0661) using the CMult3 and adding to the coefficient (0.0288) using the constant (c2) block. The
output of the AddSub4 block is added with the term (3.613x2), which is represented by the CMult4 block. All these will construct
Equation (4). Whereas the second part of this suggested design can be illustrated in Figure 9, the output of the Mult block is used
to form x2 which is multiplied by the coefficient (107) through the CMult block to perform the second term (107x2). The first
term (—113.4x3) of the Equation (5) is achieved by the Multl and CMult1 blocks.
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The selection of the two parts depends on the Relationall block, which has two conditions. The first condition is choosing
the first part when the input x is equal to or smaller than (0.2); therefore, the multiplexer (Mux1) will select the (d1) port. Whereas
the second part can be selected when the input x is greater than (0.2), the multiplexer (Mux1) will choose the (d0).
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Figure 9: Bell MF based on decomposition technique

3.5 FPGA design of Bell MF based on decomposition and shift-add techniques (Approach 5)

Another modification can be used to modify the design of Bell MF by replacing each CMult block found in the previous
approach with a shift-add block to represent the gain operation and reduce the number of slices and LUTSs required to implement
this function. Figure 10 shows the suggested design based on the shift add approach represented by Subsysteml to Subsystem5
blocks. Each Subsystem block contains shift and AddSub block components to perform the gain operation with less hardware
device area. This replacement is built in the same manner used in Approach 3.
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Figure 10: Bell MF based on decomposition and shift-add techniques
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3.6 FPGA design of Bell MF based on precomputation technique (Approach 6)

The easy method to designing any function is pre-saving all expected output in ROM. Consequently, in this method, the
input range of the Bell function is calculated and converted to binary representation. Therefore, evaluate the Bell function result
for each input value and store them in ROM according to the input address. Corresponding to the input value range, the size of
ROM, which is 256 locations, is chosen in this approach. Thus, the address will be 8 bits. The number of bits in each location of
ROM is limited by the output resolution, where 16 bits of signed fixed point are adopted with 14 bits as a fraction. The BitBrasher
block shown in Figure 11 is used to extract the least 8 significant bits from the input to be connected to the address of ROM.

&

System
Generator

To Workspace

A 4

addr

[ s T B R

X

Gateway Out

Constant BitBasher Display

ROM

Figure 11: Bell MF based on precomputation technique

3.7 FPGA design of Bell MF based on modified precomputation technique (Approach 7)

Due to the Bell membership function being symmetrical across the center (c), the precomputation method can be
reconstructed to minimize the device area needed to realize this approach in hardware. The reconstruction is accomplished by
pre-saving the left half duration of the Bell MF in the ROM (k to c), so the memory size will be reduced to half, which will be
equal to 128 words. However, to obtain the value of this function for the other half, it should be adopted this formela
(f(x; o,¢) =f(2c—x;0, c)). This equation is designed at the first stage of this approach, as demonstrated in Figure 12, where
the Mux block is used to pass x if the input is less than or equal ¢. Otherwise, the value of (2¢ — x) will appear at the output of
the multiplexer. The decision of the multiplexer depends on the result of the Relational block that is used to compare the input
with ¢. The Shift and AddSub blocks are employed to achieve the (2¢ — x) term by doubling the value of ¢ through the shift left
operation, therefore, applying the subtraction operation. The output resolution of memory is 16-bit with a 14-bit fraction. This
memory strobes the address from the BitBasher block used to pluck 7-bit from the multiplexer output.
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Figure 12: Bell MF based on modified precomputation technique

4. Experimental results and discussion of the proposed Bell membership functions

This section will discuss the results of the resource utilization, performance evaluation, and power consumption for the
proposed designs of the Bell membership functions. All the suggested system designs are synthesized utilizing Spartan-3A DSP
sc3sd3400a of the Xilinx FPGA Kit.

4.1 Resource utilization of the proposed Bell MF designs

The hardware device utilization report analyzes the usage of resources in the proposed system architecture. It is included in
Table 1 alongside the utilization report of [14]. As is clear from this table, the system suggested in [14], consumes a lot of
hardware resources compared with the seven approaches proposed to realize the Bell MF. The large consumption of logic
elements in [14], is due to using the basic representation of this function by writing the VHDL code, including a more complex
design for the reciprocal function used to achieve the Bell equation. On the other hand, the proposed function based on approach
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1 has the highest number of DSP48s equal to 10, because this method contains the highest number of multipliers that consume a
lot of areas. After all, the Spartan-3A DSP platform has only (126) DSP48 units. In contrast, Approaches (2 and 3) and
Approaches (4 and 5) have only (3 and 2), respectively, of the DSP48s, which can be considered a low consumption of multipliers
compared to Approach 1.

Comparing the occupied slices and LUTSs, the highest number of occupied slices and LUTSs can be found in Approaches 1,
2, 3,4,5, and 6, which are as follows: (198, 129), (213, 391), (168, 279), (236, 394), (190, 311), and (101, 197), respectively.
On the other hand, Approaches 6 and 7 have zero DSP48 blocks, which means there is no use for any multiplier in these two
designs. However, Approach 7 has the lowest number (79) of occupied slices and (144) of LUTs with zero DSP48 block.
Therefore, Approach 7 has the highest area minimization compared to the six proposed designs.

As a result, all suggested approaches have fewer hardware elements than those used in [14], to build the Bell function.
Additionally, Approach 7 has the highest area minimization compared to the six proposed designs and [14], where this approach
has 97.7% slice reduction and 96.7% LUTs reduction with respect to [14].

Table 1: Resource Utilization of the Proposed Bell MF Designs

Bell MF No. of Slices No. of LUTs DSP48As
[14] 3544 4399 0
Approach 1 98 129 10
Approach 2 213 391 3
Approach 3 168 279 3
Approach 4 236 394 2
Approach 5 190 311 2
Approach 6 101 197 0
Approach 7 79 144 0

4.2 Performance evaluation and power consumption of the proposed Bell MF designs

In this section, two comparisons will be presented; the first is about the error rate, and the second is regarding power. To
evaluate the performance error rate percentages for all functions and models that will be built in this work, the following equation
will be adopted [20]:

|Estimated Value — True Value|

E Rate P tage = 1009 6
rror Rate Percentage True Valie * %o (6)

where the estimated value represents the resulting value for the proposed system, while the true value represents the actual value
of the Bell function in MATLAB.

Approaches 1, 2, and 3 have the highest error rate percentages (1.06%, 1.14%, and 1.16%), respectively, compared to the
other four proposed designs, as shown in Table 2. In contrast, a slightly lower error percentage (0.49% and 0.61%) can be found
in Approaches 4 and 5, respectively. The lowest error rate can be obtained by Approaches 6 and 7, with (0.17%) for each
compared with the error rate of [14], which is 0.64%, and other approaches, as clear in the performance of the suggested
approaches in Figure 13 (a-g). Besides, all the suggested approaches require one clock cycle to execute with a high speed equal
to0 791.766 MHz.

Table 2: Error Rate Percentage of the proposed Bell MF

Bell MF Error Rate Percentage
[14] 0.64%
Approach 1 1.06%
Approach 2 1.14%
Approach 3 1.16%
Approach 4 0.49%
Approach 5 0.61%
Approach 6 0.17%
Approach 7 0.17%

The power consumption of the seven suggested designs for the Bell function is shown in Figure 14. It is obtained from the
power consumption report summary produced by the Xilinx system generator after implementing the proposed design. The
overall dissipating power can be defined based on the information provided in the figure. The proposed architecture based on
techniques 2, 3, 4, and 5 has a power output of 183 mW, while Approaches 1 and 6 yield output power of 178 mW. The design
employing method 7 can achieve a power consumption of 180 mW. Hence, the lowest power consumption is found in
Approaches 1 and 6 because they depend on the basic FPGA blocks that consume a small amount of power. However, Approach
7 consumption of power is acceptable.
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Figure 13: Performance of Bell membership functions based on: (a) hard FPGA block method, (b) polynomial curve
fitting, (c) shift-add, (d) decomposition of polynomial curve fitting, (¢) decomposition and shift-add, (f)
precomputation, (g) modified precomputation
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Figure 14: Power dissipation of the proposed Bell MF designs

5. Conclusion

This study highlights the importance of design selection and optimization of the Bell membership function for FPGA
implementations. The proposed Bell membership functions were synthesized and implemented on the Spartan-3A DSP
sc3sd3400a Xilinx FPGA kit. The proposed designs demonstrate significant improvements in resource utilization compared to
the system described in previous works, which consumes a substantial amount of hardware resources. Additionally, the modified
precomputation technique (Approach 7) emerged as the most resource-efficient design, utilizing the least number of slices (79)
and LUTSs (144) with zero DSP48 blocks. The absence of multiplication blocks for implementing this approach and using half
the memory locations made it the best for designing Bell MF by FPGA. This indicates its superior area minimization capability.
In contrast, the hard FPGA block method (Approach 1) showed the highest utilization of DSP48 blocks (10), which indicates a
high multiplier consumption impacting area utilization adversely despite achieving certain performance benchmarks. Moreover,
there is a clear trade-off between resource utilization, error rate, and power consumption. Designs like Approach 7 provide
optimal resource usage and minimal error rates but may require further evaluation to ensure they meet all performance
requirements. Higher resource-consuming designs, like Approach 1, may offer certain performance advantages but at the cost of
increased hardware usage and potentially higher error rates. Designers must balance these factors based on the specific
requirements of their application, prioritizing either minimal resource usage, low error rates, or acceptable power consumption.
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