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1. Introduction

The Non-homogeneous Poisson Process (NHPP) analyses and models failure data in repairable systems. This
process is one of the important stochastic processes, which is a generalization of the homogeneous Poisson process.
NHPP assumes that the number of events that occur in a process period is a Poisson distribution with independent
increments. Furthermore, the occurrence of events in NHPP is monotonic over a period, which is a function of time
called the intensity function, and is denoted by A(t) [4,15].

Goel process (GP) is a well-known reliability engineering model used to analyse the failure data of repairable
systems. It is a non-homogeneous Poisson process that assumes that the failure rate of a system decreases over time
due to the presence of some latent failures that are gradually eliminated during the system's operation. This process
was introduced in 1979 by Jitendra Goel and Kiyoshi Okumoto [3], and it has been widely used in the reliability
analysis of complex systems in various fields such as engineering, finance, and healthcare. It depends on the following
assumptions [10]:

e The probability of failures at time ¢t is Poisson distributed with mean rate function m(t).

o If At is approaching O the total count of failures taking place in the interval (t, t + At] is related to the expected
number of non-suspected errors.

e That means for any given finite subset of times (t; < t, < - < t,,) the number of failures that occur in each of
the interval’s t; — t;_, are independent.
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In conclusion, the Goel process is a useful tool to assess the reliability of the complicated systems, and the method is
applied in practice to enhance the reliability and safety of systems in many fields.

2. Material and methods

In this section, the theoretical background of the generalized Goel process (GGP) shall be presented as well as two
parameter estimation methods, namely the Modified Maximum Likelihood Estimation (MMLE) and Particle Swarm
Optimization (PSO) algorithms. Furthermore, a presentation of the proposed algorithms for the assessment of the rate
of occurrence of GGP will be given.

3. Generalized Goel process

This paper will therefore present the Goel distribution as a rate of occurrence for the NHPP to improve on its rate
of occurrence whereby the newly developed process is known as the Generalized Goel process (GGP). As for the
estimation of parameters in this process, a number of methods were discussed, the maximum likelihood estimator
(MLE) was suggested and after that a modification to this method was necessary due to the fact that it was impossible
to find estimators using it. An intelligent algorithm of the likelihood function was added with the parameter and was
known as the Modified Maximum Likelihood Estimator (MMLE). MMLE was then compared with another intelligent
method the Particle Swarm Optimization (PSO) in estimating occurrence rate of the proposed Goel process to
determine the best estimator of the process. Besides, the paper contains the simulation of the mentioned process and
an example of its practical usage.

Supposing the process {N(t),t = 0} represents the NHPP, number of events occurring in a time interval (0, t]
follows a Poisson distribution with a density function [13]:

e MO mo)]"

p[N(t) =n] = — = 1,2,3, 1)
where m(t) represents the process parameter, is the mean occurrence rate, and is defined as follows:
m(®) = E[N()] = [; 2w du ,0 < t < oo )

where A(u) denotes the rate of occurrence of a non-homogeneous stochastic process or intensity function, which is
described by the Generalized Goel distribution as follows:

A(t) = abce ™ttt >0, a,b > 0,c > 1 3
where a, b and c are the parameters for generalized Goel distribution, parameter a is the expected total number of
failures, parameters b and c represent the quality of the testing process. It can be seen that A(t) increases at the

1

beginning of the process and then decreases when a, b > 0 and ¢ > 1, A(t) reaches its maximum at t = (%)E
It is proposed to use a modified maximum likelihood estimator and Particle Swarm Optimization algorithm to
estimate the parameters of this process.

3.1 Modified Maximum Likelihood Estimation (MMLE)

Another common classification of estimators is the maximum likelihood estimator (MLE) which is a common
efficient estimator to estimate the parameters of the distribution given the data. This method also determines the
maximum likelihood estimates of the parameter values, that is, the probability of obtaining the observed data when a
particular set of parameter values are assumed [7]. Nevertheless, it has been reported that MLE may in some
circumstances give non-biased parameter estimates, which could be more realistic should the sample size be small or
the distribution of the population be complicated. It is also noted that in such cases, some changes can be made to the
MLE to try enhance the quality of the estimates [17].

MMLE was intended as an extension of the MLE method for estimating the GGP parameters since the estimators
for this process cannot be easily derived via the MLE method, thus yielding more reliable estimations of the model
parameters.

Allin all, MMLE is a versatile modification of MLE good for its application in improving the relative error of the
estimated parameters when MLE cannot be used.

Suppose that {N(t), t = 0} is a GGP with the occurrences rate defined by the formula (3), then the joint probability
function of the times of occurrence (ty, t,, ..., t,) where (0 <t; <t, < - < t, < t,) defined by [2, 3]:

fn(tlrtZl ...,tn) = ln=1l(ti)e_m(t0) (4)
Therefore, the GGP parameter represents the mean occurrences rate time, as:

m(t) = [, 2(w) du
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= f;(abce‘bucuc‘l) du

= a[l -
e—btc] (5)
Hence, likelihood function of the GGP for the time period (0, t] with the intensity function A(t) is:
L= ?zl(abce‘btctc‘l)e_“[1_e_btc] (6)

To estimate the process parameters using the maximum likelihood method, we start by taking the natural logarithm of
formula (6) to obtain the log-likelihood function given by equation (7):

InL=nlna+ninb+nlnc—bY%, t;+ Y%, Intf~ —a(1 — ebt) @)

To estimate the values of the parameters a, b, and ¢, we derive equation (7) with respect to each parameter and set
the resulting derivative equal to zero. This gives us the following system of equations:

da
a= 1—:&3 ®)
% = % — Yt —ae Pt t§

| L (9)

2?=1ti@+ae‘7’tg t§
Qb _ R_pyn tClnt + X, IntS In(Int;) — ae bt bt In(in t,)
9e —;— i=1ti Nt i=1 Tltl’ n Tlti —ae ton T'lto
¢= - — —— (10)
BY™ tfint;-31, nt;€ In(int;)+ae Pt bel in(in to)
where L, n and t; are respectively the log—likelihood function given by equation (6), the total number of failure and
occurrence times. These equations can be estimated by using iterative techniques like Newton-Raphson or
Expectation- Maximization algorithms to compute a, b and c, which can give maximum likelihood values [8, 12, 14].
We observed that solving the system of equations which is obtained from differentiation of the equation (7) with
respect to ”a”, ’b”, and “’c” is not at all possible using common algebraic solutions because of the fact that the system
is heavily nonlinear. Thus, herein, we suggest the new approach based on the maximum likelihood method modified

by the incorporation of one of the most effective artificial intelligence methods: particle swarm optimization (PSO).

3.2 Particle Swarm Optimization (PSO)

PSO stands for Particle Swarm Optimization and is an optimization technique that was conceptualized to mimic
socially engaging behavior. It was identified by Eberhart and Kennedy in 1995, and has been applied in a number of
disciplines including civil engineering, finance, and computer science to name but a few, to solve optimization. It
begins with a population of candidate solutions called particles and moves in the search space relying on the best
particle discovered so far. It is governed by their current positions, velocities as well as by the acceleration coefficients
and is updated on each iteration of the algorithm [1].

The PSO algorithm works to find the best solution, which is done by modifying the particle’s position and velocity
in the whole swarm. Stopping an algorithm is related to the stopping criteria which include reaching to the maximum
number of iterations as well as getting a satisfactory solution. The main strengths of PSO include the simplicity of the
algorithm, as well as the relative ease with which it can be implemented; also, for PSO, both continuous and discrete
optimization problems can be solved.

The PSO algorithm is a metaheuristic optimization technique that can be used to find the optimal solution to an
optimization problem. The algorithm starts by initializing a population of candidate solutions called particles. Each
particle has a position and a velocity in the search space. The algorithm then evaluates the fitness of each particle
using a fitness function that measures how well the particle satisfies the objective of the optimization problem. It
updates the position and velocity of each particle at each iteration of the algorithm based on its own experience and
the experience of the other particles in the swarm. The updated equations for the position and velocity of a particle
are as follows [9]:

45



Iragi Journal of Statistical Sciences, Vol. 21, No. 2, pp (43-51)

Vit = wVf + o111 (Ppese — XP) + co12( Gpest — XF) (11)
Xit+1 - Xlt + Vit+1 (12)
with Xio ~ UXmin » Xmax)
i.e. le = Xyin + 7 (XMax - XMin) i~ U0,1)

where; Vi*1 is the velocity of particle i at iteration k, w is a positive constant, referred to as inertia weight, ¢, and ¢,
are the acceleration coefficients, Py is the personal best position of the particle i, g,.s; represents the global best
position obtained up. The dimensions of inertia weight determine how much the swarm’s search is focused on
exploitation of a particular part of the search space or how much the swarm is just looking for new areas to explore.
In most cases, it is designed to be defined as reducing from an initial value to a final value in the algorithm.
Acceleration coefficients regulate interaction of the personal and global best positions with movements of the particles.
PSO algorithm keeps on adjusting the position and velocity of each particle until a stopping condition is reached which
may include a maximum number of iterations has elapsed, or a good solution is reached or obtained. Each particle is
consists of 3-vector [5]:

e  X-vector: is a vector for the particle in the search space to show its current position for the particle.

eV vector: this vector defines the velocity of the particle; this velocity decides the path and movement of the
particle in the search space.

e P-vector (Py.s:): Stores the coordinates of the improving position averagely achieved by the particle while in
movement in the space of the search.

In PSO, the fitness function (the objective function) is simultaneously used to assess (evaluated), at the same time
particles are initialized and then computed; after which, a loop is begun to search for an optimum solution, in which
at that time personal best (this is the best value for each particle) and the global best value (this is the best value for
the whole swarm of particles) are determined. When a loop begins the velocities of particles are first updated by the
personal and global best values Then the updating of the position of each particle is done by the current velocity of
the particle. Finally, the loop is terminated by use of a stopping criterion which is predetermined [16].

The fitness is calculated during the initial phase of PSO where a population of particles are randomly generated in
the search space. This position is then used to compute the bead personal best position for each particle and the PSO
global best position of the established swarm. Within the iteration process velocity of each particle is proposed taking
into consideration the personal as well as the global best position and velocity of the particle. This is followed by a
movement of the position of each particle by the steps of its new velocity. This procedure is done for a fixed number
of steps or until a stop criterion is met which may include fitness level achievement or reaching a maximum number
of steps [6,11].

Therefore, the steps of PSO algorithm can be described as follows:
1. Initiation process should commence with position initialization and sometime the particles are randomly
positioned.

Assess the quality of a particular particle based on the measures of its fitness function.

The best position must be updated until you find a new position that is local and better of the previous one.

If the current position is better than the previous best position found so far, then update the global best position.
Use the formula given by equation (11) to determine the velocity of each particle.

To update the position of the particle, we shall use equation (12).
Fill steps (2-6) until the termination criteria is attained.

IS IE SN

3.3 Parameter Estimation for GGP

In this section, we will describe two algorithms to estimate the parameters of the GGP using two different methods.
The first method is the MMLE, which incorporates the PSO algorithm with the maximum likelihood method, and the
second method is the PSO algorithm directly for estimation. The algorithms are described as follows:

Algorithm (1): MMLE (MLE-PSO) method

1) For the GGP, we also have the data likelihood function given data set D.
2) Take the natural logarithm of the likelihood function of GGP.
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3) Substituting the resulting equations obtained by differentiating of equation (7) with respect to a, b, and ¢ with
PSO algorithm.

4) Initialize PSO parameters, including the population size (N = 50), maximum number of iterations (i,,q, =
100), PSO constants, the acceleration coefficients C;, = C, = 1, (r; = r, = 0.1); note that the maximum and
minimum values for inertial weight is: Different with equation (3), the maximum value of transfer entropy is
Omax = 0.9, Omin = 0.4.

5) Randomly position and integrate the particle’s velocities at the start of evolution, or generate the first population
of particles.

6) For each particle in the population, calculate the fitness value which is the negative log-likelihood function.

7) Replace personal best positions and velocities of each particle by the result of the fitness function.

8) Update the global best position of the population along with the global best velocity of the population.

9) Then, apply the PSO algorithm in updating the positions and the velocities of each particle.

10) Calculate the health of all the new position in the landscape in terms of the fitness function.

Algorithm (2): PSO method

1) Initialize PSO parameters, including the population size (N = 50), maximum number of iterations (i,qx =
100), PSO constants, the acceleration coefficients C; = C, = 1, (r; = r, = 0.1); note that the maximum and
minimum values for inertial weight is: 6. = 0.9, O,in = 0.4.

2) Propose an initial state and, in particular, randomly place and assign velocities to particles.

3) Evaluate the fitness function for each particle in the population, which is maximum percentage error (MPE),
according to the formula below:

MPE = ymax_ [—|si;.5j|] (49
where S; = Z§'=1Xj;§i = 5:1&‘-

4) Update the personal best positions and velocities of each particle according to the fitness function of the used
problem.

5) Record the global best position and velocity of the population according to an individual’s personal best of
position and velocity.

6) The PSO algorithm has to be used to update the positions and velocities of each particle present in the
environment.

7) Assessing the new positions means that the fitness of such positions must be evaluated to determine the possibility
of accepting those new positions.

8) Ifit is however reached then return the best solution found in the process of carrying out the search. If not go to
the next step 4.

4, Results and Discussion
4.1 Simulation

In this section, a comprehensive simulation study is conducted to compare two estimation methods in order to
arrive at the best estimate of the required parameter. The five stages that follow are an explication of the design
simulation experiments.

Stage 1 for the simulation is all about generating data. In the course of this work, a simulated data values are
created with the use of GGP distribution with known parameters. The obtained data will be employed to assess the
degree of the correspondence between the methods of estimation used in the study. The number of observations and
values which are employed in the process of simulation can be defined referring to the features of the studied process.
Itis advised to target an n sufficiently high so as to have good estimation of the parameters which is largely determined
by the computations in the case of a large data sample.

MMLE (MLE-PSO) Algorithm on Stage 2: Estimating Parameters. However, in this stage, no matter how wide
the sense is, the authors propose the MMLE method with PSO algorithm to estimate the parameters of the GGP
distribution. This is done several times and the final parameter estimates are recorded after the run of the algorithm.
The MPE and RMSE are computed for the estimates of all sets of parameters.
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Stage 3: Estimation of parameters using PSO algorithm directly. Finally in this stage, we use PSO right on the
model to estimate the parameters of the GGP distribution. The algorithm is operated many times, and the parameter

estimates that the algorithm produces at each trial run are noted. RMSE values are determined for all kinds of the
parameter estimations.

The fourth stage is the comparing of the estimation methods after the four estimation techniques have been applied
to a specific problem. In this stage, RMSE values obtained from MMLE and PSO algorithm directly are compared to
select the best estimation method, according to the following form:

1 P
RMSE = /; N (@, - 6)? (14)

In general, the simulation study provides researchers with a convenient tool with which they can compare the relative
performance of a number of estimation methods in order to select the method that yields the most accurate parameter
estimates. The above selected method can then be employed to estimate the parameters of the GGP distribution for
real data in organizations, analysis and decision making.

Table 1: RMSE of estimated parameters for simulated GGP using PSO and MMLE methods with sample sizes of n =
50,100.

Sample size parameters Method RMSE (@)  RMSE (b) RMSE (¢)
@=0750=05c=075)  \u'e oo oas0 oo

0 @=075b=075¢=05)  uvie  oowor oo oose
@=0756=075¢=075 \wie oo omm  0osos
a=0755=05c=073 e ‘ooor  ooar ooue

00 @a=0756-075c=08  yu'e  qon  ooe oo
40756075075 \'e oo oo oo

Table 1 reports on a simulation study undertaken to fit random variables to the GGP distribution having different
sample sizes (n = 50,100) and a different set of parameters a, b and c. Two estimation procedures, the PSO algorithm
and the proposed MMLE estimators were compared based on the Root Mean Squared Error (RMSE) of the
parameters’ estimates. The following value of RMSE was obtained where a small value of RMSE indicates better
performance of the estimation method. The table summarizes the results in terms of the RMSE of the estimated
parameters of the model by the different methods under different sample size.

For every combination of the samples size and parameters values the table shows the RMSE of the estimated
parameters a, b and ¢ defined with the PSO ans MMLE. The results demonstrate that, on the whole, MMLE yields
smaller RMSE than PSO and these improvements augmented with the sample size.

4.2 Application for Real Data

In this paragraph, the application was applied to real data that characterized the outage of electric power generation
units within days of Mosul gas station in north Nineveh Governorate for the period from 01/05/2019 to 30/06/2021.
The first test implies confirmation that the data used is suitable for the process being observed. This is done by
analyzing actual data and by using logarithmic scales to construct the number of cumulative days with power outages.
This kind of data distribution configuration means that the majority of these points are arranged in a straight line
Hence, the collection and the details contained therein conform to the rate of occurrence of the GGP. Using
MATLAB\R2017b language, the following figure was obtained:
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Figure 1: The graph for testing the suitability of the power outage data under study for the GGP.

Figure 1 shows cumulative number of outages in days with times of occurrence on a logarithmic scale for the data
under study. It is noted that the scatterplot shows that there is a linear behaviour of the data, and then the possibility
of modelling such data with GGP.

To evaluate the performance of the proposed GGP estimation methods, the daily outage rate of the electrical power
generation units during the study period was estimated using MATLAB/R2017b language. The expected number of
downtimes for the electrical unit was obtained and we calculated the RMSE between the real and estimated values.
The results of this analysis are shown in the table below.

Table 2: RMSE values obtained from different methods used to estimate the time rate of occurrence of GGP.

Method RMSE
MMLE 0.5958*
PSO 0.7454

This has shown in table 2, that of all the two methods that was used in estimating the occurrence rate time for the
GGP process that the MMLE method has a lower RMSE value than the PSO method. This implies that the proposed
MMLE method is more efficient in estimating the parameters of GGP process than the other methods. The figure
below shows the estimated time rate functions of GGP using both MMLE and PSO methods, compared to the
cumulative real data values representing the power outage of the electric generation units at the Mosul gas station in
northern Nineveh Governorate:

60

Real data
MMLE
50 L PSO
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o

Rate of occuerence
w
o
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Figure 2: Estimates of the cumulative time rate of power outages for generation units compared to real data.
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The evidence shown in figure 2 uses the time rate functions of the GGP where the MMLE outperforms the PSO in
the estimation of the time rate functions by being nearer to the actual data.

5. Conclusion

The objective of the study is to evaluate the GGP process parameters using the new MMLE method which
integrates the PSO and MLE procedures together with the direct PSO procedure. The two methods were also analyzed
with respect to its accuracy through simulation using root mean square error (RMSE). The simulation studies also
revealed that use of MMLE approach yielded higher accuracy as compared to the PSO algorithm for most of the
sample size under investigation especially for the larger sample size values. Furthermore, the proposed method was
also applied on the real cumulative data of power outages of the electricity generation units in Mosul gas station in
the north of Nineveh Governorate. From the results in the table, we observed that the results from the applied method
which employed the MMLE are also similarly good as the simulated results and therefore we conclude that MMLE
gave a relatively better estimation of the GGP parameters when compared to the employed PSO algorithm.
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