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 An element is considered as a strong SITN, if it is the sum of idempotent, tripotent and 

nilpotent, that commute with one another. A ring ℛ  is referred to be SITN ring if each 
member of ℛ is a strongly SITN. In this paper additional properties of a strongly SITN – ring 
is given. We prove that if ℛis a strongly SITN – ring, then 𝑎𝑎5 − 5𝑎𝑎3 + 4𝑎𝑎 is a nilpotent for 
every 𝑎𝑎 in ℛ, we also give a necessary and sufficient condition for a strongly SITN ring to be 
a strongly nil clean ring. Among other results, we show that the Jacobson radical of a 
strongly SITN is a nil ideal. Finally, we are considering a special SITN-ring. 

   
  

Keywords:  
Nilpotent, idempotent, tripotent, strongly nil clean. 
 

 

Correspondence: 
Author: Rafal R Dhanoon 
Email: rafal.23csp31@student.uomosul.edu.iq 
 

 

 

I. Introduction  
Each ring is associated with an identity. The set of units, 

idempotent, tripotent, nilpotent elements and the Jacobson 
radical represented by the corresponding, symbols 𝑈𝑈(ℛ), 
𝐼𝐼𝐼𝐼(ℛ), 𝑇𝑇𝑇𝑇𝑇𝑇 (ℛ), 𝑁𝑁𝑁𝑁𝑁𝑁 (ℛ), and 𝐽𝐽(ℛ). 
 A clean ring, as defined by W. K. Nicholson [1]in 1997, is 
one in which each member of ℛ is a sum of an idempotent 
and a unit. Later in 1999 Nicholson [2] defined the strongly 
clean ring when the idempotent and the unit commute. Many 
authors worked in this kind of ring see for example [3], 
[4],and [5].  In 2013, Disel [6] presented the idea of a nil 
clean, which is a ring whose members are the sum of an 
idempotent and a nilpotent.  

A strongly nil clean ring was presented by T. kozan [7] 
in 2016. This type of ring is one in which each member may 
be expressed as the sum of an idempotent and nilpotent that 
commute.  Many authors, including [8], [9] and [10], have 
examined these concepts. In 2017, Chen and Sheibani [11], 
presented  a strongly 2 – nil clean ring, which  is a ring  in  
which each member of ℛ is the sum of two idempotents and a 
nilpotent that commute, many authors worked in this kind of 
rings see for example [12] and [13]. 

 
 

II. Preliminaries 
We shall provide certain definitions, examples and 

theorems in this part we might need in the sequel. 
 
Definition 2.1 [14] 
       If  𝜗𝜗 in ℛ, and if 𝜗𝜗2 = 𝜗𝜗 , then 𝜗𝜗 is an idempotent element 
of ℛ. Clearly if  𝜗𝜗 is an idempotent element then (1 − 𝜗𝜗) is  
also idempotent, since (1 − 𝜗𝜗)2 = 1 − 2𝜗𝜗 + 𝜗𝜗2 = 1 − 𝜗𝜗 
 
Definition 2.2 [15] 
         An element  𝜏𝜏 in a ring ℛ is called tripotent if 𝜏𝜏3 = 𝜏𝜏. If 
each member of a ring ℛ is tripotent ℛ is refered to be a 
tripotent. 
 
Lemma 2.3 [16] 
     If  𝜏𝜏 = 𝜏𝜏3 then ⒈ 𝜏𝜏2 is a idempotent. 
                             ⒉ 𝜏𝜏2 + 𝜏𝜏 − 1 is a unit of order two. 
 
Definition 2.4 [17] 
A given element a is nilpotent if there exists a positive integer 
ℓ such that 𝑎𝑎ℓ = 0. 
 
Lemma 2.5 
          If 𝜗𝜗 is idempotent, then 2𝜗𝜗 − 1 is of order two unit.  
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Theorem 2.6 [6] 
A ring ℛ  is  clean and  𝑐𝑐2 − 𝑐𝑐 is nilpotent if and only if   ℛ is 
a strongly nil clean.  
Example (1) 
In the ring 𝒵𝒵8, note that 𝐼𝐼𝐼𝐼 (𝒵𝒵8) = {0,1} and 𝑁𝑁𝑁𝑁𝑁𝑁 (𝒵𝒵8) =
{0,2,4,6}. Clearly, 𝒵𝒵8 is a nil clean ring. 
 
Definition 2.7  
A ring with any 𝑎𝑎 in ℛ is called a strongly 2 – nil clean or 
briefly strongly 2 - NC if    𝑎𝑎 =  𝜗𝜗1 + 𝜗𝜗2 + 𝑛𝑛 where 𝜗𝜗1, 𝜗𝜗2 ∈
𝐼𝐼𝐼𝐼(ℛ) and 𝑛𝑛 ∈  𝑁𝑁𝑁𝑁𝑁𝑁 (ℛ)  that commute with each other. 
 
Example (2) 
In the ring 𝒵𝒵12, note that  𝐼𝐼𝐼𝐼 (𝒵𝒵12) = {0,1,4,9} and 
𝑁𝑁𝑁𝑁𝑁𝑁 (𝒵𝒵12) = {0,6}, so 𝒵𝒵12 is strongly  
2 - NC. 
Theorem 2.8 [11] 
Suppose ℛ is a ring, and let 𝑐𝑐 ∈ ℛ then 𝑐𝑐3 − 𝑐𝑐 is nilpotent if 
and only if  ℛ is a strongly  
2 – NC. 
 
Lemma 2.9 [18] 
          If 𝑚𝑚  is nilpotent, 𝑣𝑣 is a unit and  𝑣𝑣 𝑚𝑚 = 𝑚𝑚 𝑣𝑣  
                 ⒈   1 ± 𝑚𝑚  is a unit. 
                  ⒉  𝑣𝑣 + 𝑚𝑚 is a unit. 
 
Definition 2.10 [19] 
A ring ℛ  is referred as a 𝑚𝑚 – good ring if all elements 𝑐𝑐 =
𝒰𝒰1 + 𝒰𝒰2 + ⋯+ 𝒰𝒰𝑚𝑚 where 𝒰𝒰𝑖𝑖 , 𝑖𝑖 = 1,2,3, …𝑚𝑚 are unit 
elements. 
 
Lemma 2.11 
          If 𝜗𝜗 ∈ 𝐼𝐼𝐼𝐼(ℛ)  and 2 ∈  𝑈𝑈(ℛ), then 1 + 𝜗𝜗 is a unit. 
Proof: Consider  (1 + 𝜗𝜗)(2 − 𝜗𝜗) = 2 − 𝜗𝜗 + 2𝜗𝜗 − 𝜗𝜗 
                                                    = 2 − 2𝜗𝜗 + 2𝜗𝜗 

= 2. 
Since 2 ∈  𝑈𝑈(ℛ), then 1 + 𝜗𝜗 ∈ 𝑈𝑈(ℛ). 
 
Lemma 2.12 
          If 𝜗𝜗1 and 𝜗𝜗2 ∈ 𝐼𝐼𝐼𝐼(ℛ)  and if  𝜗𝜗1𝜗𝜗2 = 𝜗𝜗2𝜗𝜗1, then 𝜗𝜗1 −
𝜗𝜗2  is a tripotent. 
 
 
III. Basic Properties of A Strongly Sitn – Rings 

In this part, we give an overview of the strongly SITN-  
rings, highlighting some of its basic properties and offering 
some examples. 
 
Definition 3.1 
Let ℛ be a ring, then ℛ  is considered to be a strongly SITN-  
ring if for every 𝑎𝑎 in ℛ, 𝑎𝑎 =  𝜗𝜗 + 𝜏𝜏 + 𝑛𝑛, where 𝜗𝜗  is 
idempotent, 𝜏𝜏 is a tripotent and 𝑛𝑛 is a nilpotent that commutes 
with one another. 
  
Example (1) 

The ring 𝒵𝒵16 is an SITN- ring. Clearly 𝐼𝐼𝐼𝐼 (𝒵𝒵16) = {0,1} and 
𝑇𝑇𝑇𝑇𝑇𝑇 (𝒵𝒵16) = {0,1,7,9,15} and 𝑁𝑁𝑁𝑁𝑁𝑁 (𝒵𝒵16) =
{0,2,4,6,8,10,12,14}.  Evidently, every member of 𝒵𝒵16 is the a 
sum of an element in 𝐼𝐼𝐼𝐼 (ℛ) and an element in 𝑇𝑇𝑇𝑇𝑇𝑇(ℛ) and an 
element in 𝑁𝑁𝑁𝑁𝑁𝑁 (ℛ). So 𝒵𝒵16 is a strongly SITN- ring. 
 
Proposition 3.2 
If ℛ ring a strongly SITN- ring. Then for every  𝑎𝑎 ∈ ℛ, 𝑎𝑎 =
𝜗𝜗 − 𝜏𝜏 + 𝑛𝑛, for every 𝑎𝑎 in ℛ. 
Proof: Suppose 1 − 𝑎𝑎 ∈ ℛ, then  1 − 𝑎𝑎 = 𝜗𝜗 + 𝜏𝜏 + 𝑛𝑛, where 𝜗𝜗 
is idempotent, 𝜏𝜏 is tripotent and 𝑛𝑛 is nilpotent that commute 
with one another, then 1 − 𝜗𝜗 − 𝜏𝜏 − 𝑛𝑛 = 𝑎𝑎, since (1 − 𝜗𝜗) is 
idempotent then 𝑎𝑎 = (1 − 𝜗𝜗) − 𝜏𝜏 + (−𝑛𝑛), and −𝑛𝑛 is a 
nilpotent.∎ 
 
Proposition 3.3 
If ℛ is a strongly SITN – ring, then  𝑎𝑎5 − 5𝑎𝑎3 + 4𝑎𝑎 ∈
𝑁𝑁𝑁𝑁𝑁𝑁(ℛ).   
Proof:  Take 𝑎𝑎 ∈ ℛ,  then 𝑎𝑎 =  𝜗𝜗 − 𝜏𝜏 + 𝑛𝑛, where 𝜗𝜗 is 
idempotent, 𝜏𝜏 is tripotent and 𝑛𝑛 is nilpotent that commute with 
one another. Thus  
𝑎𝑎3 = (𝜗𝜗 − 𝜏𝜏)3 + 3(𝜗𝜗 − 𝜏𝜏)2𝑛𝑛 + 3(𝜗𝜗 − 𝜏𝜏)𝑛𝑛2 + 𝑛𝑛3 
𝑎𝑎3 = (𝜗𝜗 − 𝜏𝜏)3 + 𝑛𝑛′, where  
𝑛𝑛′ = 3(𝜗𝜗 − 𝜏𝜏)2𝑛𝑛 + 3(𝜗𝜗 − 𝜏𝜏)𝑛𝑛2 + 𝑛𝑛3. Observe that 
𝑎𝑎3 = 𝜗𝜗3 − 3𝜗𝜗𝜗𝜗 + 3𝜗𝜗𝜏𝜏2 − 𝜏𝜏3 + 𝑛𝑛′ 
𝑎𝑎3 = 𝜗𝜗 − 3𝜗𝜗𝜗𝜗 + 3𝜗𝜗𝜏𝜏2 − 𝜏𝜏 + 𝑛𝑛′,  
 𝑎𝑎5  = (𝜗𝜗 − 𝜏𝜏)5 + 5(𝜗𝜗 − 𝜏𝜏)4𝑛𝑛 + 10(𝜗𝜗 − 𝜏𝜏)3𝑛𝑛2 +
10(𝜗𝜗 − 𝜏𝜏)2𝑛𝑛3 + 5(𝜗𝜗 − 𝜏𝜏)𝑛𝑛4 + 𝑛𝑛5 
   𝑎𝑎5  = (𝜗𝜗 − 𝜏𝜏)5 + 𝑛𝑛1, where  
𝑛𝑛1 = 5(𝜗𝜗 − 𝜏𝜏)4𝑛𝑛 + 10(𝜗𝜗 − 𝜏𝜏)3𝑛𝑛2 + 10(𝜗𝜗 − 𝜏𝜏)2𝑛𝑛3 
+5(𝜗𝜗 − 𝜏𝜏)𝑛𝑛4 + 𝑛𝑛5, 
 𝑎𝑎5 = 𝜗𝜗5 − 5𝜗𝜗4𝜏𝜏 + 10𝜗𝜗3𝜏𝜏2 − 10𝜗𝜗2𝜏𝜏3 + 5𝜗𝜗𝜏𝜏4 − 𝜏𝜏5 + 𝑛𝑛1,  
𝑎𝑎5 = 𝜗𝜗 − 5𝜗𝜗𝜗𝜗 + 10𝜗𝜗𝜏𝜏2 − 10𝜗𝜗𝜗𝜗 + 5𝜗𝜗𝜏𝜏2 − 𝜏𝜏 + 𝑛𝑛1,  
𝑎𝑎5 = 𝜗𝜗 − 15𝜗𝜗𝜗𝜗 + 15𝜗𝜗𝜏𝜏2 − 𝜏𝜏 + 𝑛𝑛1,   
𝑎𝑎5 − 5𝑎𝑎3 + 4𝑎𝑎 = 𝜗𝜗 − 15𝜗𝜗𝜗𝜗 + 15𝜗𝜗𝜏𝜏2 − 𝜏𝜏 + 𝑛𝑛1 − 5𝜗𝜗 

+15𝜗𝜗𝜗𝜗 − 15𝜗𝜗𝜏𝜏2 + 5𝜏𝜏 − 5𝑛𝑛′ + 4𝜗𝜗 − 4𝜏𝜏 + 4𝑛𝑛 
     = 𝑛𝑛1 − 5𝑛𝑛′ + 4𝑛𝑛 ∈ 𝑁𝑁𝑁𝑁𝑁𝑁(ℛ).   
 
 
Corollary 3.4 
If ℛ is a strongly SITN- ring, then  120 ∈ 𝑁𝑁𝑁𝑁𝑁𝑁(ℛ). 
Proof: Take 𝑎𝑎 in ℛ, then by Proposition 3.3  𝑎𝑎5 − 5𝑎𝑎3 +
4𝑎𝑎 ∈ 𝑁𝑁𝑁𝑁𝑁𝑁(ℛ).  Observe that, 35 − 5. 33 + 4.3 = 120.  Then  
120 ∈ 𝑁𝑁𝑁𝑁𝑁𝑁(ℛ). 
 
Proposition 3.5 
If ℛ is a strongly SITN- ring if 2 ∈ 𝑁𝑁𝑁𝑁𝑁𝑁(ℛ), every element of 
ℛ  is a sum of two idempotents and two units. 
Proof: Take 𝑎𝑎 ∈ ℛ, then 𝑎𝑎 − 1 =  𝜗𝜗 + 𝜏𝜏 + 𝑛𝑛, where 𝜗𝜗 is 
idempotent, 𝜏𝜏 is tripotent and 𝑛𝑛 is nilpotent, that commute 
with one another then 𝑎𝑎 − 1 = 𝜗𝜗 + (1 − 𝜏𝜏2) + (𝜏𝜏2 + 𝜏𝜏 −
1) + 𝑛𝑛, so 𝑎𝑎 = 𝜗𝜗 + (1 − 𝜏𝜏2) + (𝜏𝜏2 + 𝜏𝜏 − 1) + 1 + 𝑛𝑛. Clearly 
1 + 𝑛𝑛 is unit, 1 − 𝜏𝜏2 is idempotent and 𝜏𝜏2 + 𝜏𝜏 − 1 is unit, 
gives 𝑎𝑎 = 𝜗𝜗1 + 𝜗𝜗2 + 𝒰𝒰1 + 𝒰𝒰2 where 𝜗𝜗2 = 1 − 𝜏𝜏2,𝒰𝒰1 = 𝜏𝜏2 +
𝜏𝜏 − 1, 𝒰𝒰2 = 1 + 𝑛𝑛.∎ 
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Proposition 3.5 
If  2 ∈ 𝑁𝑁𝑁𝑁𝑁𝑁(ℛ), then ℛ is SITN- ring, if and only if ℛ is a 
strongly nil clean.   
Proof: Suppose  𝑎𝑎 ∈ ℛ, 𝑎𝑎 =  𝜗𝜗 + 𝜏𝜏 + 𝑛𝑛, where 𝜗𝜗 is 
idempotent, 𝜏𝜏 is tripotent and 𝑛𝑛 is nilpotent, that commute 
with one another, we may write 𝑎𝑎 = 𝜗𝜗 + 𝜏𝜏 − 𝜏𝜏2 + 𝜏𝜏2 + 𝑛𝑛, so 
𝑎𝑎 = 𝜗𝜗 + 𝜏𝜏2 + 𝜏𝜏 − 𝜏𝜏2 + 𝑛𝑛, note that (𝜏𝜏 − 𝜏𝜏2)2 = 𝜏𝜏2 − 2𝜏𝜏 +
𝜏𝜏2 = 2(𝜏𝜏2 − 𝜏𝜏), as 2 ∈ 𝑁𝑁𝑁𝑁𝑁𝑁(ℛ) then 𝜏𝜏 − 𝜏𝜏2 ∈ 𝑁𝑁𝑁𝑁𝑁𝑁(ℛ) then 
𝑎𝑎 = 𝜗𝜗 + 𝜏𝜏2 + 𝑛𝑛′ + 𝑛𝑛, where 𝜏𝜏 − 𝜏𝜏2 = 𝑛𝑛′,  we may write 
as  𝑎𝑎 = (𝜗𝜗 − 𝜏𝜏2)2 + 2𝜗𝜗𝜏𝜏2 + 𝑛𝑛. Observe that (𝜗𝜗 − 𝜏𝜏2)2 is 
idempotent, and 2𝜗𝜗𝜏𝜏2 + 𝑛𝑛 ∈ 𝑁𝑁𝑁𝑁𝑁𝑁(ℛ), say 𝑛𝑛1. Therefore  𝑎𝑎 =
(𝜗𝜗 − 𝜏𝜏2)2  + 𝑛𝑛1. 
 
Conversely, let ℛ is a strongly nil clean. Take 𝑎𝑎 ∈ ℛ, then 
𝑎𝑎 =  𝜗𝜗 + 𝑛𝑛, where 𝜗𝜗 is idempotent and 𝑛𝑛 is nilpotent. Since 
0 ∈  𝑇𝑇𝑇𝑇𝑇𝑇(ℛ), so 𝑎𝑎 =  𝜗𝜗 + 0 + 𝑛𝑛. Therefore ℛ is a strongly 
SITN- ring.∎ 
 
Proposition 3.6 
If ℛ ring a strongly SITN- ring with  2 ∈ 𝑈𝑈(ℛ). Then ℛ  is 5 
– good ring.   
Proof: Let  𝑎𝑎 ∈ ℛ, 𝑎𝑎 =  𝜗𝜗 + 𝜏𝜏 + 𝑛𝑛, where 𝜗𝜗 is idempotent , 
𝜏𝜏 is tripotent and 𝑛𝑛 is nilpotent, that commute with one 
another, we may write 𝑎𝑎 = (1 − 𝜗𝜗) + (1 − 𝜏𝜏2) + 2𝜗𝜗 − 1 +
𝜏𝜏2 + 𝜏𝜏 − 1 + 𝑛𝑛, clearly 1 − 𝜗𝜗 is idempotent, 2𝜗𝜗 − 1 is unit, 
1 − 𝜏𝜏2 is idempotent and 𝜏𝜏2 + 𝜏𝜏 − 1 is unit, gives 
𝑎𝑎 = 𝜗𝜗1 + 𝜗𝜗2 + 𝒰𝒰1 + 𝒰𝒰2 + 𝑛𝑛, we may write 𝑎𝑎 = (𝜗𝜗1 + 1) +
(𝜗𝜗2 + 1) + 𝒰𝒰1 + 𝒰𝒰2 + (𝑛𝑛 − 2), Now 𝑎𝑎 = 𝒰𝒰3 + 𝒰𝒰4 + 𝒰𝒰1 +
𝒰𝒰2 + 𝒰𝒰5, since 1 + 𝜗𝜗1, 1 + 𝜗𝜗2  ∈ 𝑈𝑈(ℛ) and 𝑛𝑛 − 2 ∈ 𝑈𝑈(ℛ), 
since 2 ∈ 𝑈𝑈(ℛ). Therefore ℛ  is 5 – good ring.∎ 
  
Proposition 3.7 
If  ℛ is a strongly SITN – ring and  2 ∈ 𝑈𝑈(ℛ), then every 
element of  ℛ can be written as a sum of a tripotent and a 
unit. 
Proof: Give 𝑎𝑎 ∈ ℛ , then 𝑎𝑎 − 1 =  𝜗𝜗 + 𝜏𝜏 + 𝑛𝑛, where 𝜗𝜗 is 
idempotent, 𝜏𝜏 is tripotent and 𝑛𝑛 is nilpotent that commute 
with one another, so 𝑎𝑎 = 𝜗𝜗 + 1 + 𝜏𝜏 + 𝑛𝑛, since 𝜗𝜗 + 1 by 
(Lemma 2.11), is unit then 𝑎𝑎 = 𝒰𝒰 + 𝜏𝜏 + 𝑛𝑛, since 𝒰𝒰 + 𝑛𝑛 is 
unit by Lemma (2.9). So 𝑎𝑎 = 𝑡𝑡 + (𝒰𝒰 + 𝑛𝑛) Therefore  ℛ  is a 
sum of a tripotent and unit.∎ 
 
Proposition 3.8 
         If ℛ is a strongly SITN- ring and  2 ∈ 𝑁𝑁𝑁𝑁𝑁𝑁(ℛ), then 
𝐽𝐽(ℛ)  is a nil ideal. 
Proof: Let  ℛ be a strongly SITN- ring  and let 2 ∈ 𝑁𝑁𝑁𝑁𝑁𝑁(ℛ). 
Then by Proposition 3.5 ℛ is a strongly nil clean ring. Take 
𝑎𝑎 ∈ 𝐽𝐽(ℛ), then 𝑎𝑎 =  𝜗𝜗 + 𝑛𝑛, where 𝜗𝜗 ∈ 𝐼𝐼𝐼𝐼(ℛ) , 𝑛𝑛 ∈ 𝑁𝑁𝑁𝑁𝑁𝑁(ℛ)  
and  𝜗𝜗𝜗𝜗 = 𝑛𝑛 𝜗𝜗 . Thus 1 − 𝑎𝑎   is a unit. So 1 − 𝑎𝑎 = 1 − 𝜗𝜗 − 𝑛𝑛, 
the gives (1 − 𝑎𝑎) + 𝑛𝑛 = 1 − 𝜗𝜗.  Since 1 − 𝑎𝑎  is a unit, then 
(1 − 𝑎𝑎) + 𝑛𝑛 ∈ 𝑈𝑈(ℛ).  So −𝜗𝜗 ∈ 𝑈𝑈(ℛ),  since 1 − 𝜗𝜗  is 
idempotent then  1 − 𝜗𝜗 = 1, gives 𝜗𝜗 = 0. Hence 𝑎𝑎 = 0 + 𝑛𝑛 ∈
𝑁𝑁𝑁𝑁𝑁𝑁(ℛ). Therefore 𝐽𝐽(ℛ)  is a nil ideal of  ℛ .∎ 
 
IV. Special Strongly Sitn Rings 

In this section, we consider a special type of strongly 

SITN ring, we give some of its properties. 
 
Definition 4.1 
A ring ℛ is called a special strongly SITN-  ring if for all 𝑏𝑏 ∈
ℛ, 𝑏𝑏 =  𝜗𝜗 − 𝜏𝜏 + 𝑛𝑛 and  (𝜗𝜗𝜗𝜗) =  (𝜗𝜗𝜗𝜗)2, for every 𝑏𝑏 in 𝑅𝑅. 
 
Example (1) 
Consider the ring 𝒵𝒵4. So 𝐼𝐼𝐼𝐼 (𝒵𝒵4) = {0,1}, 𝑇𝑇𝑇𝑇𝑇𝑇(𝒵𝒵4) =
{0,1,3}and 𝑁𝑁𝑁𝑁𝑁𝑁 (𝒵𝒵4) = {0,2}. Then 𝒵𝒵4 is a special strongly 
SITN-ring, since 0 = 0 + 0 + 0,(0 ∙ 0) = (0 ∙ 0)2, 1 = 1 +
0 + 0,(1 ∙ 0) = (1 ∙ 0)2, 2 = 1 + 1 + 0,(1 ∙ 1) =
(1 ∙ 1)2, 3 = 1 + 0 + 2,(1 ∙ 0) = (1 ∙ 0)2. 
Proposition 4.2 
If ℛ is a special strongly SITN – ring, then  𝑏𝑏3 − 𝑏𝑏 is 
nilpotent, for every 𝑏𝑏 ∈ ℛ. 
Proof:  Let  𝑏𝑏 ∈ ℛ,  so 𝑏𝑏 =  𝜗𝜗 − 𝜏𝜏 + 𝑛𝑛, where 𝜗𝜗 is 
idempotent, 𝜏𝜏 is tripotent and 𝑛𝑛 is nilpotent that commute with 
one another. So 𝑏𝑏3 = (𝜗𝜗 − 𝜏𝜏)3 + 3(𝜗𝜗 − 𝜏𝜏)2𝑛𝑛 + 3(𝜗𝜗 − 𝜏𝜏)𝑛𝑛2 +
𝑛𝑛3, 𝑏𝑏3 = (𝜗𝜗 − 𝜏𝜏)3 + 𝑛𝑛′ where 𝑛𝑛′ = 3(𝜗𝜗 − 𝜏𝜏)2𝑛𝑛 +
3(𝜗𝜗 − 𝜏𝜏)𝑛𝑛2 + 𝑛𝑛3, 𝑏𝑏3 = 𝜗𝜗 − 3𝜗𝜗𝜗𝜗 + 3𝜗𝜗𝜏𝜏2 − 𝜏𝜏 + 𝑛𝑛′, 𝑏𝑏3 = 𝜗𝜗 −
𝜏𝜏 + 3(𝜗𝜗𝜏𝜏2 − 𝜗𝜗𝜗𝜗) + 𝑛𝑛′, since 𝜗𝜗𝜗𝜗 =  (𝜗𝜗𝜗𝜗)2then 𝜗𝜗𝜗𝜗 = 𝜗𝜗𝜏𝜏2 ,then 
𝑏𝑏3 =  𝜗𝜗 − 𝜏𝜏 + 𝑛𝑛′, given 𝑏𝑏3 − 𝑏𝑏 =  𝜗𝜗 − 𝜏𝜏 + 𝑛𝑛′ − 𝜗𝜗 + 𝜏𝜏 − 𝑛𝑛, 
𝑏𝑏3 − 𝑏𝑏 =  𝑛𝑛′ − 𝑛𝑛 ∈ 𝑁𝑁𝑁𝑁𝑁𝑁(ℛ).Therefore 𝑏𝑏3 − 𝑏𝑏 ∈ 𝑁𝑁𝑁𝑁𝑁𝑁(ℛ).∎  
 
Proposition 4.3 
If ℛ is a special SITN – ring, then every nonzero divisor is a 
unit. 
Proof:  Take  𝑏𝑏 ∈ ℛ,  then 𝑏𝑏 =  𝜗𝜗 − 𝜏𝜏 + 𝑛𝑛, where 𝜗𝜗 is 
idempotent, 𝜏𝜏 is tripotent and 𝑛𝑛 is nilpotent that commute with 
one another by Proposition (4.2). So (𝑏𝑏3 − 𝑏𝑏)𝑠𝑠 = 0, 𝑏𝑏𝑠𝑠(𝑏𝑏2 −
1)𝑠𝑠 = 0, since 𝑏𝑏 is a non - zero divisor, then 𝑏𝑏𝑠𝑠 is a non - zero 
divisor. (𝑏𝑏2 − 1)𝑠𝑠 = 0, gives 𝑏𝑏2 − 1 ∈ 𝑁𝑁𝑁𝑁𝑁𝑁(ℛ), say, 𝑛𝑛 , 
thus 𝑏𝑏2 = 𝑛𝑛 + 1 by Lemma (2.9), then 𝑏𝑏2 = 𝒰𝒰 ∈ 𝑈𝑈(ℛ), gives 
𝑏𝑏 ∈ 𝑈𝑈(ℛ). Therefore 𝑏𝑏 is unit.∎ 
 
Proposition 4.4 
Suppose  ℛ is a special strongly SITN – ring and if 2 is 
nilpotent, then ℛ  is a strongly nil clean ring.  
Proof:  Let  ℛ be a special strongly SITN – ring, then by 
Proposition (4.2) ℛ  is a strongly 2-nil clean ring. Hence for 
any 𝑏𝑏 ∈ ℛ,  then 𝑏𝑏 =  𝜗𝜗1 − 𝜗𝜗2 + 𝑛𝑛,  where 𝜗𝜗1,𝜗𝜗2 are 
idempotent, and 𝑛𝑛 is a nilpotent that commute with one 
another. We may write 𝑏𝑏 as 𝑏𝑏 = (𝜗𝜗1 − 𝜗𝜗2)2 + 2𝜗𝜗1𝜗𝜗2 + 𝑛𝑛. 
Clearly (𝜗𝜗1 − 𝜗𝜗2)2 is idempotent, since  

(𝜗𝜗1 − 𝜗𝜗2)4 = 𝜗𝜗14 − 4𝜗𝜗13𝜗𝜗2 + 6𝜗𝜗12𝜗𝜗22 − 4𝜗𝜗1𝜗𝜗23 + 𝜗𝜗24 
                      = 𝜗𝜗1 − 4𝜗𝜗1𝜗𝜗2 + 6𝜗𝜗1𝜗𝜗2 − 4𝜗𝜗1𝜗𝜗2 + 𝜗𝜗2 
                       = 𝜗𝜗1 − 2𝜗𝜗1𝜗𝜗2 + 𝜗𝜗2                         
                        = (𝜗𝜗1 − 𝜗𝜗2)2 . 
And since 2𝜗𝜗1𝜗𝜗2 ∈ 𝑁𝑁𝑁𝑁𝑁𝑁(ℛ), then 2𝜗𝜗1𝜗𝜗2 + 𝑛𝑛 ∈ 𝑁𝑁𝑁𝑁𝑁𝑁(ℛ), say 
𝑛𝑛1. Thus 𝑏𝑏 = (𝜗𝜗1 − 𝜗𝜗2) + 𝑛𝑛1. Therefore ℛ is a strongly nil 
clean.∎ 
 
Proposition 4.5 
If  ℛ is a special strongly SITN – ring. Then  𝐽𝐽(ℛ)  is a nil 
ideal.  
Proof: Take  𝑏𝑏 ∈ 𝐽𝐽(ℛ).  Then Proposition (4.2), 𝑏𝑏3 − 𝑏𝑏 ∈
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𝑁𝑁𝑁𝑁𝑁𝑁(ℛ). Thus there exist a positive integer ℓ, such that 
(𝑏𝑏3 − 𝑏𝑏)ℓ = 0. So 𝑏𝑏ℓ(𝑏𝑏2 − 1)ℓ = 0. Since 𝑏𝑏 ∈ 𝐽𝐽(ℛ), then 
𝑏𝑏2  ∈ 𝐽𝐽(ℛ), thus 𝑏𝑏2 − 1 is a unit . Hence 𝑏𝑏ℓ = 0, this means 
that 𝑏𝑏 is nilpotent. Therefore 𝐽𝐽(ℛ) is a nil ideal.∎ 

V. Conclusion
In this work, further properties of a strongly SITN- rings

are given, we conclude that the Jacobson radical of a strongly 
SITN- ring is a nil ideal with every  𝑑𝑑 ∈ J(ℛ),𝑑𝑑3 = 0. In 
addition, consider a strongly SITN- rings with 2 units, and 2 
is nilpotent. 
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