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Finite Element Analysis of Non-Prismatic Prestressed

Concrete Double Tee Beams
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Abstract

This research deals with the nonlinear finite element analysis of non-prismatic prestressed
concrete double tee beams under flexure. The numerical analyses have been carried out on beams
chosen from the available experimental studies.

Two different setups were considered. Beams B2 and B3 were experimentally tested by
Mohammed 2003 and meant to represent the case of a non-prismatic prestressed concrete double
tee beam. Beam B3, in particular, represents a beam with a short span. Beam B2, on the other
hand is a sample for a relatively long span beam. These two beams were tested up to failure.

The finite element results are compared with the results of the available experimental tests.
Parametric studies have been carried out throughout this study to investigate the effect of some
important material and solution parameters on the numerical results. Effects of concrete
compressive strength, amount of prestressing steel reinforcement, and initial prestressing forces
are studied. A mathematical model suitable for the nonlinear analysis of prestressed concrete
beams under monotonically increasing load is used. The validity, accuracy, and efficiency of the
computational model are examined by comparing the finite element results with the experimental
results.
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Introduction

Double tees offer beauty and flexibility in design. These precast/prestressed concrete units
are ideal for floor and roof systems requiring long, uninterrupted spans and extra heavy load
carrying capabilities [1]. The remarkable strength of a double tee is the result of a design and
manufacturing system that uses the best attributes of steel and concrete. Double tees are
recommended for consideration for longer spans and heavier loads which exceed the capacity of
hollow core slabs.

In the literature, many researchers consider the double tee section, experimentally and
analytically as In 1974 Wright and Burns [2]studied the general load-deflection characteristics
through ultimate of standard double tee and hollow-cored slab sections. A numerical analysis has
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been carried out for members designed following ACI 318-71. In 1989,Burnley and Aswad
[3]conducted two static load tests on full scale,3.05m wide, double tees. The specimens were typical
production double tees spanning 18.9 m. In 1990,El Shahawy,[4]studied the feasibility of using a
prestressed double tee concrete system in bridge structures with spans up to 24.4m. In 1992 the
Consultant Office of Al-Basra University [5] tested experimentally 16m span non-prismatic
ordinary reinforced concrete beam according to the request of Al-Fayhaa Company for Precast Unit.
The test specimen is a 2390mm wide beam,with a 500mm depth at supports and 800m at mid-span.
In 1999, Tadros et al.,[6]published a report that presents a method for designing prestressed precast
reinforced concrete double-tee joists with web openings. In 1999,Nass,[7]worked on computer
programming to design a user-friendly worksheet capable of designing double-tee sections using
Mathcad 7.0 Professional Edition. The National Center for the Construction Laboratories [8]
tested experimentally a piece of ordinary reinforced concrete double tee beam on 2002 following
the request of Karbala Company for Precast Concrete Unit. From final outlook, the beam has been
tested experimentally for a full loading-unloading cycle under flexure. In 2003,Grace et
al.,[9]presented a study on the fabrication, instrumentation, and flexural testing of a full-scale
double-tee beam, prestressed using bonded pretensioned CFRP Leadline tendons and unbounded
carbon fiber composite cable (CFCC) post-tensioning strands. In 2004,Nanni and
Casadei,[10]presented a study examine experimentally three double tee beams up to failure, where
two double tee prestressed concrete beams were strengthened with SRP composite materials and a
third beam was tested as control specimen.

Up to the author's knowledge and survey, no experimental research has been found on
prestressed non-prismatic double tee beams. On that base the major priority of this research will be
pointed on the prestressed non-prismatic double tee beams.

Outline of the Adopted Computer Program

In the present study, the computer program 3DNFEA (3-DimensionalNon-linear Finite Element
Analysis)which was originally developed by Al-Shaarbaf [11] has been used. This program was
constructed mainly for the non-linear analysis of reinforced concrete members under general three-
dimensional state of loading up to failure. In this study, the computer program 3DNFEA has been
adopted for analyzing prestressed concrete beams. It was been modified to be suitable for analyzing
prestressed concrete beams. The steps required by the computer program analyze prestressed
concrete double tee non-prismatic beams are:

1.Read the structural data, material properties and tendon geometry. 2.Read the number of
sampling points that represent the prestressing tendons in addition to the value of effective

prestressing stress and strain (fs,ese)respectively. 3.Read the number of all sampling points, which
represents the prestressing tendons. 4.Then the effective prestress and prestrain are introduced to
the prestressing sampling point by means of successive increments of loading. 5.Check whether

convergence has been achieved for that particular load increment. 6.When the prestressing stress
has been fully introduced, the external vertical loads are then applied at non-uniform increments.
Large increments were used at the first stages of loading, while appreciably small-increments were
used for stages close to the ultimate load.
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Constitutive Relationships and Finite Element Formulation

Reinforced and prestressed concrete, are usually simulated by considering the constitutive relations
of its constituents independently, because each of concrete and prestressing and reinforcing steel
have very different material properties. The 20-noded isoparametric brick element was used to
model the concrete and both prestressing and reinforcing bars was idealized and axial members
embedded within the concrete elements, as shown in Fig. (1).

The behavior of concrete in compression was
simulated by an elastic-plastic work hardening
model followed by a perfectly plastic response,
which is terminated at the onset of crushing as
shown in Fig. (2) [11]. In tension, a smeared
crack model with fixed orthogonal cracks was
used with the inclusion of models for the retained
post-cracking stress and reduced shear modulus
as shown in Fig. (3, and 4).

- Q
i

Fig. (1). The 20-noded isoparametric brick element [11].

Fig.(3). Tension-stiffening model for concrete [11].

Slenderness of steel allows generally assumed to
be capable of transmitting axial force only. An
elastic linear work hardening model is used to
represent the uniaxial stress-strain behavior of
the reinforcement, as shown in Fig. (5) [11].
The nonlinear equations of equilibrium were
solved using an incremental-iterative technique
operating under load control. The standard and
modified Newton-Raphson methods were used
as solution algorithms [11].

Full details of the constitutive models and the
finite element formulation can be founded in
reference [12]
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Fig.(4). Shear Retention model for concrete [11].
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Fig. (5). Stress-strain relationship of steel bars used in the analysis.
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Tested Prestressed Double Tee Beam B2

The beam B2 was numerically analyzed using the finite element model presented in this
work. This beam was experimentally testes up to failure and also analyzed, where full details
founded in reference [12]. General dimensioning and isometric view shown in Fig. (6), and Fig. (7).

1000

—
482.5 —= 10350

| 10350

(All dimensions are in mm) !
Fig. (6). Beam B2 — Isometric view and dimensioning.

Finite Element Idealization and Material Properties

By taking into consideration the advantage of geometric and loading symmetry, a segment
which represents one quarter of the beam has been used in the finite element analysis. The chosen
segment was modeled using the 20-node isoparametric hexahedral brick elements. This quarter was
discretized into 10 brick elements. The uniformly distributed load was modeled using equivalent
nodal loads distributed at top face of the flange. The finite element mesh, boundary and symmetry
conditions, and loading arrangement are shown in Fig. (8). Material properties used in the analysis
are listed in Table (1).

The finite element analyses have been generally carried using the 27-point rule, with a
convergence tolerance of 4%. The modified Newton-Raphson method in which the stiffness matrix
is updated at the second iteration of each increment of loading has been adopted as a nonlinear
solution algorithm. Non-uniform increments have been used for applying the external loads. Large
increments were used at the first five stages of loading, and then appreciably smaller increments
were used for stages close to ultimate load.

Uniform Distributed Load
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Fig. (7). beam B2 - dimensions and loading arrangement.
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Fig. (8). Beam B2- finite element mesh, boundary and symmetry conditions used in the analysis.

Table (1). Beam B2 - Material properties used in the analysis.

Concrete Prestressing tendons ]

Young’s modulus E (N/mm2)*, Young’s modulus Es (N/mm2)7. 200000
Compressive strength fc’ (N/mm2) Effective prestressing stress (N/mm2). 1117

Tensile strength ft (N/mm2)** Yield stress (N/mm?2). 1650

Poisson’s ratio, vt . Area of prestressing tendon (mm?2) 1718

Non-prestressing bars
Young’s modulus E; (N/mm?) + 200000

Yield stress f, (N/mm?) 450
Area of steel, (mm?) 628

* E,=4700 4/ fc' ** £=0.62 fc' +Assumed value

Beam B2- Results of Analysis

Figure (9) shows the experimental and numerical load deflection curves obtained for this
beam. The figure indicates good agreement for the finite element solutions compared with the
experimental results throughout the entire range of behavior. The figure reveals that the obtained
final deflection is slightly greater than the corresponding experimental deflection. The computed
load-deflection curve is almost similar to the experimental results. Table (2) shows predicted
cracking and ultimate loads obtained using the different methods. The ultimate load obtained by the
finite element method is higher than the experimental value by 2.47%.
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Table (2) Beam B2 - Predicted cracking and ultimate loads.

. Cracking load Ultimate load
Prestressing pattern
(kN) (kN)

222
2275

Experimental
F.EM

250

Load (kN)

Experimental

----- FEM

0 T | T | T | T
0 100 200 300 400
Deflection (mm)

Fig. (9). Beam B2- numerical and experimental total load-midspan deflection behavior.

Tested Prestressed Double Tee Beam B3
Also, beam B3 has been experimentally tested up to failure and chosen as a second case

[13]. This beam was numerically analyzed using the nonlinear finite element model presented in
this research work. General outlook of the beam is shown in Fig. (10). The elevation and specified
selected cross-sections and dimensioning are illustrated in Fig. (11).

(All dimensions are in mm).
Fig. (10). beam B3 — Isometric view and dimensioning.
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Fig. (11). Beam B3 - Dimensions and loading arrangement.

Finite Element Idealization and Material Properties

As was the case with the finite element model in the foregoing analyses, loading and
geometric symmetry were utilized for an advantage by reducing the problem to analyze only one
quarter of the beam. Again, 10-node isoparametric hexahedral brick elements were used. The
uniformly distributed load on the beam surface were represented by a statically equivalent set of
nodal forces, all subjected on the flange. The finite element mesh, boundary and symmetry
conditions and loading arrangement are shown in Fig. (12).

The finite element analyses have been carried out using the 27-point rule, with a
convergence tolerance of 5%. The modified Newton-Raphson method in which the stiffness matrix
is updated at the second iteration of each increment of loading has been adopted as a nonlinear
solution algorithm. Before applying the external load, an effective prestressing stress and strain are
introduced to the sampling points representing the prestressing tendons by means of successive
increments. Then non-uniform increments have been used for applying the external load. Large
increments were used at the first five stages of loading, and then appreciably smaller increments
were used for stages close to the ultimate load.

The material properties used in the finite element analysis are shown in Table (3). Beam B3
contained 3 wire strands in each rib, providing 576mm? prestressing area, yielded on 1650 N/mm?.
These strands having an effective prestressing stress of 1117N/mm?,
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Fig. (12). Beam B3- finite element mesh, boundary and symmetry conditions used in the analysis.

Table (3). Beam B3 - Material properties used in the analysis.

Concrete | | Prestressing tendons |

Young’s modulus E (N/mm®)*. Young’s modulus Es (N/mm2) . 200000
Compressive strength fc” (N/mm®) Effective prestressing stress (N/mm2). 1117
Tensile strength f, (N/mm?)** Yield stress (N/mm2). 1650
Poisson’s ratio, v : Area of prestressing tendon (mm2) 756

Young’s modulus E (N/mm?) ¥ 200000
Yield stress f, (N/mm?) 450
Avrea of steel, (mm?) 741

* E=4700 / T, **£=0.62 4/ T/ +Assumed value

Beam B3- Results of Analysis

The experimental and numerical load deflection curves obtained for this beam are exhibited
in Fig. (13). This figure shows good agreement for the finite element solutions compared with the
experimental results throughout the elastic range of behavior. The figure reveals that the obtained
final deflection is slightly greater than the corresponding experimental deflection. The predicted
behavior of the load-deflection curve is almost similar to the experimental results. The ultimate load
obtained by the finite element method is less than the experimental value by 2.5%, while the
ultimate load obtained by direct strain compatibility method is greater than the experimental value
by 2.0%, as listed in Table (4).

At total load of 185kN, Fig. (14) shows the distribution of the longitudinal stresses along the
span length measured at different distance from bottom face of the cross section. From this figure,
the critical section is at about 4000mm measured from the support, which represents 26% of the
total span.
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Table (4) Beam B3 - Predicted cracking and ultimate loads.
Cracking load Ultimate load

Beam B3
(KN) (kN)

Experimental
F.EM

250

200

150
z
=
©
©
o
— H
100 —
Experimental
50 - | ssssmsaa F.EM

0 T l T l T l T l T
0 50 100 150 200 250
Deflection (mm)
Fig. (13). Beam B3- numerical and experimental total load- midspan deflection behavior.
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Fig. (14) Beam B3 - variation of longitudinal stresses at different depths along the span length at total
load of 185kN.

158



Journal of Kerbala University , VVol. 8 No.1 Scientific . 2010

Parametric Study

To investigate the effect of some material and solution parameters on the nonlinear finite
element analysis of prestressed concrete double tee beams in flexure, beam B2 has been chosen to
carry out this study. The parameters considered were the mesh refinement, tension-stiffening
parameters, concrete compressive strength, amount of prestressing steel reinforcement and initial
prestressing forces. In each numerical test, one parameter has been considered to vary while the
other parameters being held constants in order to isolate the effects of the parameters considered. In
the following sections, the effect of each parameters considered in this study is described.

Effect of Tension-Stiffening Parameters

The variation of tension-stiffening parameters a; and o, can affect the post-cracking behavior
at early stages after cracking of the prestressed concrete members. Numerical analyses for beam B2
with values of a;, which represents the rate of release of tensile stress as the crack widens, equals to
4, 6, 8, 10, and 12 have been considered. In these tests, a, was set equal to 1.0. Figure (15) shows
that the parameter oy has a negligible effect on the collapse load and slightly affects the post
cracking flexure stiffness at early stages after cracking. The figure reveals that the best fit to the
experimental results was obtained for o; equals to 10.0.

To study the effect of the parameter o, which represents the sudden loss in the tensile stresses
at instant of cracking; numerical analyzed for beam B2 have been carried out with o, equals to 0.2,
0.4, 0.6, 0.8, and 1.0. In these tests oy was set equal to 10.0.

Results of the analyses also revealed that the parameter of o, affects on the behavior at
loading stage close to the ultimate load as shown in Fig. (16).

Good agreement with the experimental load deflection curve has been achieved for o, equal
to 1.0. For a; set to be equal to 0.2, 0.4, and 0.6, the response of the numerical load deflection curve
was softer than the experimental results.

250 250

g g
=] kel
@ 1]
3 3
FEM-(4.0.10) - FEM-(10.0,0.2)
—@— FEM-(6.0,10) —@— F.EM-(10.0,06)
—O— FEM-(80.10) —=— F.EM-(10.0,0.8)
+ F.EM-(10.0,1.0) # F.EM-(10.0,1.0)
F.EM-(12.0,1.0)
0 — T T T T 0 — T T T T
0 400 800 ) 1200 1600 2000 0 400 800 1200 1600 2000
Deflection (mm) Deflection (mm)
Fig. (15). Beam B2- effect of tension-stiffening Fig. (16). Beam B2- effect of tension-stiffening parameter
parameter (¢, ) on the load-deflection response. (a,) on the load-deflection response
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Effect of Mesh Refinement

Four different finite element meshes have been considered in this study to investigate the
effect of the element aspect ratio as shown in Fig. (17). The finite element solutions obtained for the
prestressed concrete beam B2 using the different finite element meshes are compared in Fig. (18)
with the experimental load-deflection curve.

The figure reveals that the numerical load-deflection curves obtained for all meshes
considered are almost similar. From these results and as a conclusion, the element aspect ratio does
not seem to significantly affect the finite element solutions of prestressed concrete double tee beams
under flexure. Therefore, the remaining tests can be carried out using the 10-elements mesh shown
in Fig. (17).

Y Y
N \
\ \
l | ] l ] !
a) 10 Elements b) 14 Elements
Y ﬁ v N
/ 3
//
\'\\\\ %\
N A
A :
{ —F i I 1 !
¢)16 Elements d) 15 Elements

Fig. (17). Types of meshes used in the analysis.
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Fig. (18). Beam B2- Effect of mesh refinement on the load-deflection response

Effect of Grade of Concrete.

In order to study the effect of using different values of compressive strength of concrete f;' on
the overall behavior of the prestressed concrete double tee beams, the prestressed concrete beam B2
has been analyzed for different values of f.'. The values considered were 25, 30, 40, 50, 60, 70, and
90MPa. Figures (19) and (20) show the effect of this parameter on the response of flanged
reinforced concrete beams represented by the load deflection curves.

It is obvious from these two figures that the ultimate capacity of the member increases with
the increase of the compressive strength fc'. Figure (20) shows the effect of using high strength
concrete on the load deflection behavior of the prestressed concrete beam analyzed. Stiffer response
has been obtained for higher concrete compressive strength relative to the normal concrete strength.
The ultimate capacity of the flanged beams increases slightly with the increase of fc' from 30 to 90
MPa, as shown in Figs. (19) and (20). The overall response of the beam is not affected sensibly by
the above-mentioned slight increase in the ultimate capacity, whereas failure occurs by yielding of
reinforcement before crushing of concrete commences.

Table (5). shows the cracking and ultimate loads obtained for different values of concrete
compressive strength, on which the effect of increasing the concrete compressive strength led to
higher cracking and ultimate loads. It is found that by increasing the concrete compressive strength
from 25 to 50MPa, the cracking load is increased by 16% and the ultimate load is increased by
18%. While when the compressive strength of concrete is increased to 90MPa, the creaking load is
increased by 61% and the ultimate load is increased by 25%.
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Table (5) Beam B2, cracking and ultimate loads for different values of concrete compressive
strength.

Concrete . Analytical

Compressive . . :
Strength f'=45 | f'=50 | f.'=60

Cracking load (kN)
Ultimate load (kN)

250

Load (kN)

a1 A4 ———— Experimental fc'=45MPa
' —P4-— FEMfc=25MPa
50 . —=— F.E.Mfc'=30MPa
” —&—  FEMfc=45MPa
—@— F.EMfc=50MPa

0 % T I T I T I T I T
0 400 800 1200 1600 2000
Deflection (mm)
Fig. (19). Beam B2- Effect of concrete compressive strength on the load-deflection response
(fc' from 25-50MPa).

250

Load (kN)

=

o

o
|

Experimental fc'=45MPa
F.E.M fc'=60MPa
F.E.M fc'=70MPa

aad

W

F.E.M fc'=90MPa

o6
il o

0 T I T I T I T I T
0 400 800 1200 1600 2000
Deflection (mm)

Fig. (20). Beam B2- Effect of Concrete Compressive Strength on the load-deflection response
(f¢' from 60-90MPa).
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Table (6) shows the ultimate moment capacities obtained for different values of concrete
compressive strength predicted by the finite element method compared with the ACI-code values.
Obviously shown from this table that as the concrete compressive strength is increased the ACI-
code values become more conservative compared with the numerical results. For higher concrete
strength '90MPa’, the ratio of the predicted ultimate moment to the corresponding ACI-Code values
is 1.10.

Table (6) Beam B2-theoretical and numerical ultimate moment

f.” (MPa) Meem) (KN.m)

950.50
952.68
971.80
972.25
1019.75
1024.75
1039.50

Influence of Effective Prestressing Stress (fse)

In order to study the influence of effective prestressing stress fs. on the behavior and ultimate
load capacity of prestressed concrete beam B2, different values of the (fs) have been considered.
The selected values for this parameter were 800, 950, 1100 and 1200MPa. In this analysis the area
of prestressing steel was kept constant. Figure (21) shows the analytical load-deflection curves
obtained for the selected values of (fs) together with the experimental curve, f=1117MPa. The
results presented in Fig. (21) reveal that a stiffer response has been achieved with increasing the
value of (fs). The cracking and ultimate loads obtained from this study are listed in Table (7). The
table shows that the increase of the effective prestressing stress from 900-1300MPa), led to an
increase in the cracking load by 22% and increase in the ultimate loads by about 34%.

300

200 —

Load (kN)

100 —

Effect of Effective Prestressing Stress

Experimental fse=950

—&— F.EM-fse=950

< | F.E.M - fse=800

—=fs— F.EM-fse=1100

- F.E.M - fse=1200

0 T I T I T I T I T
0 400 800 1200 1600 2000
Deflection (mm)

Fig. (21). Beam B2- influence of effective prestressing stress on the load-deflection response.
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Table (7) Beam B2, cracking and ultimate loads for different values of effective prestressing stress.

Effective Prestressing Exp. Analytical
stress(MPa) f=1117 fe=1117 f=1200 f=1300
| Cracking load (kN) 68 67 70 72 82 I
Ultimate load (kN) 222 172 2275 261.5 232

Effect of Amount of Prestressing Steel (Aps)

Figure (22) shows the effect of amount of prestressing steel on the load-deflection behavior
of beam B2. The actual amount of prestressing steel used in the experimental test of this beam was
1718 mm?. Different values of prestressing steel area have been used in the finite element analysis
to approach this aim. These values were 1200, 1500, 1900, and 2100 mm?. The ultimate flexural
capacity of the chosen flanged prestressed beam shows an increase in its value with the increase of
the amount of prestressing steel. The finite element solutions reveal that the cracking load and the
post cracking stiffness of the tested beam are substantially increased. The cracking and ultimate
loads obtained from this study are listed in Table (8). Obviously shown from this table that the
increase of the amount of prestressing steel by 75% (i.e from 1200-2100MPa), led to an increase in
the cracking loads by 30% and an increase in the ultimate load by 40%.

Table (8) Beam B2, cracking and ultimate loads for different amount of prestressing steel.

Amount of prestressing steel Exp. Analytical
i 1718 1200 1500 1718 1900 2100
Cracking load (kN) 68 57 65 70 72 75
Ultimate load (kN) 222 180 208 2215 242 258

300

200 —

Load (kN)

100 —

Effect of the Amount of Prestressing Area

Experimental Ap=1718 mm2
——————————— F.E.M - Ap=1200 mm2
—=f— F.EM-Ap=1500 mm2
—&— F.EM-Ap=1718 mm2

— F.E.M-Ap=1900 mm2
—O— F.E.M-Ap=2100 mm2

0 T I T I T I T I T
0 400 800 1200 1600 2000
Deflection (mm)

Fig. (22). Beam B2- effect of amount of prestressing area on the load-deflection response.
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Conclusions

1-

The three-dimensional nonlinear finite element model adopted in the present work is suitable
to predict the behavior of prestressed concrete double tee beams under flexure. The model
which has been proposed in the present research work to simulate the prestressing effects by
introducing initial effective prestressing stresses and strains to the sampling points that
represent the prestressing tendons is suitable for analyzing such beams. The numerical results
showed that the predicted load-deflection behavior and the collapse loads are in good
agreement with the experimental results.

According to the finite element analyses carried out in the present study, it is notable that the
ultimate load is increased substantially by about 34% when the values of the effective
prestressing stress (fse) increased from 900MPa to 1300MPa with a constant area of
prestressing steel (Aps).

In general, the magnitude of the concrete compressive strength affects the overall load-
deflection behavior of non-prismatic prestressed concrete beams. As the concrete compressive
strength increases from 25MPa to 90MPa, the ultimate load capacity increases by about 25%.
For the analyzed non-prismatic double tee beams, the finite element results show that when the
area of prestressing reinforcement increases from 1200 mm2 to 2100 mmz2, the ultimate load
capacity increases by about 40%.

For high strength concrete, the predicted ultimate moment of the analyzed double tee beams, is
about 10% higher than the ultimate moment obtained using the ACI 318M-02 Code formulae.
The ACI Code values have been found to be conservative for high values of concrete
compressive strength.
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Notations

oy, Oy

B
Y

Y1:Y2,73
e

Ecu

Tension stiffening parameters
Shear retention factor or material constant

Shear strain

Shear retention parameters

Strain

Concrete ultimate strain
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Elastic strain

Strain corresponding to peak uniaxial concrete compressive stress
Plastic strain

Reduction factor

Poisson’s ratio

Stress



