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Abstract :  

       The stability of a Lyapunov function-based harmonic stochastic differential equation solution was investigated in 

this work. Two distinct first-order nonlinear (harmonic) stochastic differential equations were subjected to the 

aforementioned technique. In addition to being simple to find compared to previously established methods, our concept 

of studying the stability of the quadratic expectation convergent to the zero solution for harmonic stochastic differential 

equations can be applied to a wide range of applied problems, as demonstrated by our study of two examples. We came 

to the conclusion that, unlike other approaches, this one does not require an accurate solution to stochastic differential 

equations. 
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Introduction: 

      Stochastic differential equations have become very important in many fields, including branches of 

science as well as industry  . We will use the random form of issues that come randomly or accidentally, etc... 

All basic definitions and proofs required in this paper are mentioned in [1-3]. We will focus on random 

stability in this paper. We will introduce stability theory [4]. In his work [5], Hasselman presented the idea 

of climatic stochastic models that appeared in 1976 to replace the complete deterministic system with a 

random differential equation. He suggested that when combining the effect of "weather" (rapid variables) in 

form of stochastic noise, there would be an improvement of deterministic models of "climate" (slow 

variables). Different ways of weather fluctuations have been determined by univariate linear systems.  It was 

anticipated by researchers that the results of these models would be a valuable resource for examining the 

random effect of more complicated dynamics, such as in [6]. The Lyapunov function has been utilized to 

determine the prerequisites for the general system of the zero solution of the stochastic differential equation. 

Several examples were used to confirm the findings. In this paper, we employ a stochastic model.  

     Lyapunov's concept of stability states that the system's state is not sensitive to slight variations in the 

system's parameters or initial state . The paths that deviate must remain close to each other in relation to the 
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continuous system as well as at a certain  instant close to all another in all following stages [7]  . The scientist 

Lyapunov created a technique that allows one to ascertain stability without having to solve an equation . We 

employ the second Lyapunov technique. 

 

 

 

Stochastic differential equations: [1]  

     Let the probability space be (Q, F, P). and let f ∶ [0, T] × ℝn → ℝn, g ∶ [0, T] × ℝn → ℝn be measurable 

functions. Then, let Ws = (W1(s), W2(s), … , Wm(s)) be an m-dimensional Wiener process. The stochastic 

differential equation is then solved by the process:  

y(s) = (y1(s), y2(s), … , ym(s)) , s ∈ [0, T] . 

dy(s) = f(s, y(s))ds + g(s, y(s))dW(s)                                                                                              (1) 

f(s, y(s)) ∈ ℝ, g(s, y(s)) ∈ ℝ . We get the solution to stochastic differential equations  from taking integral 

equation(I) 

y(s) = y(0) + ∫ f(t, y(t))dt
s

0
+ ∫ g(t, y(t))dW(t)

s

0
                                                                              (2)  

Suppose each has an initial value ys(0) = y(0) , y(0) ∈ ℝn , Since there is only one global solution, denoted 

by y(𝑠; s0, y(0)), the solution to the equation, y(0) = 0, is the same as the starting value, ys(0) = 0.  It is 

said that this solution is trivial.  

     In order to determine stability without having to solve the equation, Lyapunov created a method . The 

second Lyapunov approach is applied:  Define H as the set of continuous non-decreasing functions ℳ: ℝ+ →

ℝ+ such that ℳ(0) = 0 and ℳ(ℒ) > 0 if ℒ > 0 ; for j> 0 , let Sj = {y ∈ ℝn: |y| < j} , an ongoing function 

positive-definiteness of U(y, s) defined on Sj × [s0, ∞] is indicated if U(0, s) ≡ 0  and, for some ℳ ∈ H , 

U(y, s) ≥ ℳ(|y|)   for all (y, s) ∈  Sj × [s0, ∞]  .  If −U  is positive-definite, then a function U(y, s)  is 

considered negative-definite . A non-negative, continuous function If for some ℳ ∈ H , U(y, s) is said to be 

decrescent, U(y, s) ≤ ℳ(|y|)  for all (y, s) ∈  Sj × [s0 , ∞]  . when a function U(y, s)  defined on ℝn ∈ 

Sj × [s0, ∞] is radially unbounded, it means  lim
|y|→∞

( inf
s≥s0

U(y, s)) = ∞. The set of all continuous functions 

U(y, s) from Sj × [s0, ∞]  to ℝ+is denoted by C1,1(Sj × [s0, ∞]; ℝ+) . This set has continuous first order 

partial derivatives with respect to each component of 𝑦 and to s . After that, a function of s with the derivative 

is represented by u(s) = U(s, ys) . A function of t with the derivative is  u(s) = U(s, ys)  

u̇(s) = Us(s, ys) + Uy(s, ys)f(s, ys) =
∂U

∂s
(s, ys) + ∑

∂U

∂yi
(s, ys)n

i=1 f(s, ys) . 



Al-Qadisiyah Journal of Pure Science Vol. (30) Issue (2) (2025) 
 

 

230 
 

The distance from equilibrium for ys , as determined by U(s, ys), does not increase if u̇(s) ≤ 0 , indicating 

that u(s) will not rise . The distance ys from the equilibrium point, as measured by U(s, ys), does not increase 

if u̇(s) < 0  since u(s) is not going to increase . If u̇(s) < 0 is less than zero, then u(s) will become zero . 

Since the distance will also become zero, this indicates that ys will approaching zero  [1].  

Theorem 1: [7] 

       The zero solution is said to be stable, providing a positive-definite function U(s, ys) ∈ C1,1(Sj ×

[s0, ∞]; ℝ+)  exists, such that 

U̇(y, s) = Us(s, ys) + Uy(s, ys)f(s, ys) ≤ 0 

 For all (y, s) ∈ Sj × [s0, ∞] .  

Theorem 2 : [7] 

     The zero solution is said to be asymptotically stable , presuming a positive-definite  decrease function 

exists U(s, ys) ∈ C1,1(Sj × [s0, ∞]; ℝ+) such that U̇(y, s) is negative - definite . 

      When every pair of ℇ ∈ (0,1)  and ℒ > 0 assuming it exists ℓ = ℓ(ℇ, ℒ, s0) > 0 such that                    

P{|y(s; s0, y0)| < ℒ , for all s ≥ s0} ≥ 1 − ℇ                                                                                      (3) 

Every time |y0| < ℓ0  , Then The zero solution of equation (1) is called the stochastically stable solution or 

the stable probability solution . Otherwise, it is said to be stochastically unstable .  If stochastic stability is 

present and, additionally, assuming it is, for each ℇ ∈ (0,1), ℓ = ℓ(ℇ, ℒ, s0) > 0  such that    

P { lim
n→∞

y(s; s0, y0) = 0} ≥ 1 − ℇ                                                                                                         (4) 

Stochastically asymptotically stable is the term used to describe the zero solution of equation (1) when |y0| <

ℓ0 . If the zero solution to equation (1) is stochastically stable, it is also stochastically asymptotically stable 

in the . Furthermore, for all y0 ∈ ℝd [1].  

P { lim
n→∞

y(s; s0, y0) = 0} = 1                                                                                                               (5) 

     Assuming we wanted to use the starting value as a random variable, we can now generalize Theorem (1) 

to the stochastic case . This definition can be reduced to the deterministic definitions that correspond to it . 

For each g(s, y) =  0 . The family of all nonnegative functions U(s, y) defined on Sj × ℝ+ is denoted by the 

notation C2,1(Sj × ℝ+, ℝ+) according to the condition 0 < j ≤ ∞ . Provide a definition of to the differential 

operator L associated with equation (1).  

L =
∂

∂s
+ ∑

∂

∂yi
(s, ys)fi(s, ys)n

i=1 +
1

2
∑

∂2

∂yi ∂yj

n
j=1 [g(s, ys)gT(s, ys)]ij . 

If L acts on a function U ∈ C2,1(Sj × ℝ+, ℝ+) , then:  
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LU(s, y) = Ut(s, ys) + Uy(s, ys)f(s, ys) +
1

2
trace[gT(s, ys)Uyy(s, ys)g(s, ys)] 

See [7] for the definition of Us , Uy and Uyy , By Ito formula y(s) ∈ Sj , then  

dU(s, y(s)) = LU(s, y(s)ds + Uy(s, ys)g(s, ys)dW(s) 

We shall see that the inequality U̇(s, y) ≤ 0 will be substitute by LU(s, y) ≤ 0  in order to obtain stochastic  

stability [7]. 

 

 

Theorem3 : [7] 

1. It is argued that if a positive-definite function exists, the zero solution of equation (1) is stochastically 

stable U(s, ys) ∈ C2,1(Sj × [s0, ∞]; ℝ+) such that LU(s, y) ≤ 0  for all (s, y) ∈  Sj × [s0, ∞] (proof  

see [5]) . 

2. If LU(s, y)  is negative-definite and U(s, ys) ∈ C2,1(Sj × [s0, ∞]; ℝ+)  has a positive-definite 

decrescent function, then the zero solution of equation (1) is considered stochastically asymptotically 

stable. (See [5] for proof). 

3. The zero solution of equation (1) is said to be stochastically asymptotically stable in the large 

U(s, ys) ∈ C2,1(ℝd × [s0, ∞]; ℝ+)  such that if a positive-definite decrescent radially unbounded 

function exists, then LU(s, y) is negative-definite. (See [5] for proof). 

Theorem 4:[1, 8]  

     Lyapunov function U is given  

U(ys) = ys
TQys                                                                                                                                       (6) 

Q is a symmetric matrix with positive definiteness with dimensions of m × m  . The function LU is: 

LU(ys) = 2ys
TQf(s, ys) + gT(s, ys)Qdg(s, ys)                                                                                   (7) 

If LU(ys) is negative-definite in some neighbourhood of ys = 0  for s ≥ s0 with regard to equation (I), the 

zero solution of equation (1) is said to be asymptotically mean square stable on the interval [0, ∞) .  

proof:  

      We first compute the Lyapunov function using equation (6) and equation (1). 

 dU(ys) = U(ys + dys) − U(ys) = (ys
T + dys

T)Q(ys + dys) − ys
TQys        

                = (ys
T + f T(s, ys)ds + gT(s, ys)dWs)Q(ys + f(s, ys)ds + g(s, ys)dWs) − ys

TQys      
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Using the guidelines  ds ∙ ds = ds ∙ dWs = dWs ∙ ds = 0, dWs ∙ dWs = ds and we have  

            dU(ys) = ys
TQf(s, ys)ds + ys

TQg(s, ys)dWs + f T(s, ys)dsQys  

                           +gT(s, ys)dWsQys + gT(s, ys)dWsQg(s, ys)ds   

After applying expectation E{dU(ys)}  , we get 

E{dU(ys)} = ys
TQf(s, ys)ds + f T(s, ys)Qysds + gT(s, ys)Qdg(s, ys)ds = LU(ys)ds    

−LU(ys) ≥ kU(ys) ,  k is constant 

d

dt
E{U(ys)} ≤ −kE{U(ys)} , 

E{U(ys)} ≤ exp (−ks) . 

Therefore, 

lim
t→∞

E2{ys} = lim
s→∞

E{ysys
T} = Θ   

      The method used to obtain the result of theorem (5) can also be used to obtain an analogous result of 

instability. It suggests that asymptotically stable in the large. If, with regard to equation (1), LU(ys) is 

positive-definite in some neighborhood, then ys = 0  . So, the zero-valued answer to equation (1) is 

precarious, as theorem (4) states: 

        The last portion derives the linear stochastic system of differential equations: 

dys = ℷysds + cysdWs                                                                                                                          (8) 

Where ℷ, c are m × m constant matrices. 

corollary 1: [8]  

      We define:  

LU(ys) = ys
TQℷys + (ℷys)TQys + (cys)TQdcys 

It is, with regard to system (8), negative definite in the neighborhood of ys = 0 for s ≥ s0 . Based on the 

results of Theorem (4), the solution to Equation (8) is stochastically asymptotically stable. 

Proof: 

dU(ys) = U(ys + dys) − U(ys) = (ys
T + dys

T)Q(ys + dys) − ys
TQys        

               = ys
TQℷysds + ys

TQcysdWs + (ℷys)TdsQys + (cys)TdWsQys + (cys)TQcysds   

E{dU(y𝑠)} = ys
TQℷysds + (ℷys)TQysds + (cys)TQdcysds =  LU(ys)ds 
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Remark 1: [1, 6]  

     We define:  

LU(ys) = ys
TQℷys + (ℷys)TQys + (cys)TQdcys 

The zero solution of equation (8) is deemed unstable on the interval [0, ∞)  if LU(ys) is positive definite with 

respect to it. 

Example 1: 

    We look at stochastic differential equations 

dys = (−1 − cos ys)ds + (cos ys − 1)dWs 

We will use theorem (5) to determine stability.  The Lyapunov function is defined as follows: Q=1 in form 

(7)   

dU(ys) = ys
TQ(−1 − cos ys)ds + ys

TQ(cos ys − 1)dWs + (−1 − cos ys)TdsQys  

               +(cos ys − 1)TdWsQys + (cos ys − 1)TQ(cos ys − 1)ds    

Then:  

  E{dU(ys)} = ys
TQ(−1 − cos ys)ds + (−1 − cos ys)TQysds 

                       +(cos ys − 1)TQd(cos ys − 1)ds  

                      = (2ys(cos ys − 1) + (cos ys − 1)2)ds =  LU(ys)ds   

The LU(yt)  function is negative definite. It can be observed that the inequality (2ys(cos ys − 1) +

(cos ys − 1)2) < 0 is satisfied. Stable is the trivial solution. We now establish a limit: 

             lim
t→∞

E2{ys} = lim
i→∞

E{(2ys(cos ys − 1) + (cos ys − 1)2)} ≠ Θ  

Thus, while stable, the trivial solution is not asymptotically stable. 

Example 2: 

        We examine the following type of two-dimensional stochastic differential equation: 

dy1(s) = sin(y2(s))ds + cos (y1(s))dWs 

                                                    dy2(s) = − sin(y1(s))ds + dWs 

Where y = (y1, y2)T is a two-dimensional vector state function vector state function, f, g vector  functions, 

f = (sin(y2(s)), − sin(y1(s)))T , g = (co s(y2(s)) , 1)T  on a neighborhood  𝒪(0,0) with the exception of 

the zero point (0,0),  
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Conclusion: 

       We show that our approach to studying asymptotic mean square stability of the zero solution of stochastic 

differential equations performs better than known methods for stability analysis of stochastic differential 

equations. As previously stated, the exact solution to stochastic differential equations is not necessary for this 

method to work . These kinds of equations can be applied in a wide range of fields, including biomedical 

research [5, 9], epidemic modeling [3], animal motion description [10], signal reception [11, 12], and many 

more. Nevertheless, they employ estimation techniques that diverge from ours and are based on numerical 

or statistical methods.   
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