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Abstract 
    The main purpose of this work is to find the primary decomposition of factor 
group   K  (The factor group of all z-valued class functions 

module the group of Z-valued generalized characters for elementary abelian group 
G),where G is a finite abelian group of type  , p=3. 

 This work depends on finding the rational valued character matrix

from the character table of  and finding the invariant factors of this matrix. 

 We have used the MATLAB program to calculate some results of this work. 

ايجاد التجزئة ا�ولية للزمرة الكسرية 

الخ�صة
Kمن ھذا البحث ھو ايجاد التجزئة ا�ولية للزمرة الكسرية الھدف ا�ساسي    

الكس!!رية لك!!ل دوال الص!!فوف ذات الق!!يم الص!!!حيحة عل!!ى زم!!رة الش!!واخص العمومي!!ة ذات الق!!!يم  زم!!رةال( 

 ل!!ى ايج!!اداعتم!!د العم!!ل �يج!!اد ھ!!ذه التجزئ!!ة ع .)حي!!ث , الص!!حيحة للزم!!رة ا�بدالي!!ة ا�ول!!ي

 العوام!ل ال9متغي!روايج!اد  الش!واخص ل  من ج!دول بيةفة الشواخص ذات القيم النسمصفو

. النتائج لھذا العمل  لحساب بعض  MATLAB استخدم برنامج.لھذه المصفوفة 

  Introduction    
he importance of
representation and character
theory for the study of the 

groups stems on the one hand from 
the fact that should it be necessary to 
present a concrete description of a 
group, this can be achieved with a 
matrix representation .on the other 
hand, group theory benefits mainly 
from the use of representations and 
characters, when  
These approaches are employed as an 
additional means to analyze the 
structure of a group. Moreover 
representation and character theory 
provide application, not only in other 

branches of mathematics but also in 
physics and chemistry. 
     Let G be a finite group, two 
elements of G are said to be -  
Conjugate if the cyclic subgroups 
they generate are conjugate in G, and  
this defines an equivalence relation 
on G. Its classes are called   - 
classes. 
    The Z - valued class function on 
the group G, which is constant on the 

- classes forms a finitely generated
abelian group of a rank 

equal to the number of - classes.
 The intersection of with 

the group of all generalized 
characters of G, is a normal subgroup 

T
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of  denoted by ) ,then 

) is a finite abelian 

factor group which is denoted by 
K(G).Eeach element in R(G) can be 
written as  

where  is the number of -

classes, ∈Z and 

 
 
   Where  is an irreducible character 

of the group G and σ is any element 
in Galois group ). 

      Let  denotes the  

matrix which its row corresponds to 
the  and its columns correspond 
to the - classes of G. 
   The matrix expressing  basis 

in terms of the  basis is 
 

   We can use the theory of invariant 
factors to obtain the direct sum of the 
cyclic Z-module of orders the distinct 
invariant factors of ) to find the 

primary decomposition of K(G) . 
   In 1982 M. S. Kirdar [1] studied 
the In 1994 H.H. Abass [2] 

studied the . and found 

 .In1995 N. R. Mahamood 

[3] studied the factor 
group ). In 1998 

M.N.AL-Harere [4] studies the cyclic 
decomposition of the factor group  

  for the group of type 

In 2005M.Z.Salman 

[5]studied the factor group  

 for the  group of type  . In 

2005 N.S.Jasim [6] studied the factor 
group   for the special 

linear group In 2006 

M.N.AL-Harere [7] studies the cyclic 
decomposition of the factor group 

  . 

      The aim of this work is to find 
≡*( ) and determine the primary 

decomposition of the group K( )  

where . 

2. Basic Concepts  
       In this section, we will present 
an introduction to the concepts 
representation, characters, characters 
table of finite group. 
2.1 Matrix representation of 
characters: 
Definition (2.1.1),[8] 
  The set of all non-singular m×m. 
matrices over the field F form a 
group under matrix multiplication 
this group is known as the general 
linear group of degree m over F and 
denoted by GL (m,F). 
Definition (2.1.2),[1]   
A matrix representation of G is a 
homomorphism 
                

  m is called the degree of matrix 
representation T. 
Definition (2.1.3),[9] 
    Two matrix representation  

and  are said to be equivalent, if 

they have the same degree, and if 
there exist a fixed invertible matrix 

 such that: 

      = ∀ x ∈G. 

Definition (2.1.4) ,[8] 
     A matrix representation T of a 
group G is a reducible representation 
if it is equivalent to a matrix 
representation of the form  

                  , for all 
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    Where  is representation 
of G whose degree is less than the 
degree of T. 
     A reducible representation T is 
called completely reducible if it is 
equivalent to a matrix representation 
of the form 

               , for all  

     If T is not reducible then T is said 
to be an irreducible representation. 
Definition (2.1.5),[10] 
    Let G be a finite group and let 
ρ:  be a matrix 

representation of G of degree n given 
by ρ(x)=A(x) ∀ x∈ G, associated 
with ρ there is a function : C 

defined by (x)=tr(A(x)), we call 

the function  the character of the 

representation ρ . 
Proposition (2.1.1),[9]   
    If χ is the character of a 
representation ρ of degree n, we have 
i)χ(1)=n 
ii)χ(  for x∈G [where 

the bar denotes the complex 
conjugate]. 
Proposition (2.1.2),[4] 
   The characters of G are class 
functions on G, that is , conjugate 
elements have the same character. 
Theorem (2.1.1),[4] 
   Sum and product of characters are 
characters. 
 
Definition (2.1.6),[4] 
    Characters associated with 
irreducible representations are called 
irreducible (or simple) characters, 
and those of reducible representation 
are compound. 
Definition (2.1.7),[8] 
   A class functions on G of the form  
       φ=   

   Where {  are the 

complete set of irreducible characters 
of G,  which are integers, 

is called the generalized characters of 
G. 
Theorem (2.1.2),[4] 
    The number k of distinct 
irreducible characters of G is equal to 
the number of its conjugacy classes. 
2.2 character of finite abelian 
group 
   Definition (2.2.1), [1] 
     For a finite group G of order  n , 
complete information about the 
irreducible characters of G is 
displayed in a table called the 
character table of G . 
   We list the elements of G in the  

row , we put  ,1≤i≤ n, 

1≤j≤ n-1 .Denoting the number of 
elements in  by  

(�=1,…,n),we have the class 
equation +…  =  
 
 
 

 
 
 
              
 
 
 
 
Table(1) 
 If G=  the cyclic group of order n, 

and let ω=  be a primitive n-th 
root of unity, Then the general 
formula of the character table of  

is : 
 
 
 
 
 

 1   … 

 1 1 1 … 1 

 1 1 1  1 

 1    

. 

. 

. 

. 

. 

. 
  … 

. 

. 

. 

 1   … 
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       Table (2)  
3. The factor group K(G)  
     In this section we study the factor 
group K(G),for a finite group G. In 
general, we will be concerned with 
its order and exponent. 
3.1The Ring R(G): 
Definition (3.1.1),[11] 
      A rational valued character θ of 
G is a character whose values are in 
Z, that is θ(x) ∈Z, for all x∈G.  
Definition (3.1.2),[10] 
 Two elements of G are said to be -
conjugate if the cyclic subgroups 
they generate are conjugate in G , 
this defines an equivalence relation 
on G, its classes are called -classes 
of G. 
    Let G be a finite group and let 

,  be its distinct irreducible 

characters, a class function on G is a 
character if and only if it is a linear 
combination of the  with non-

negative integer coefficients. We will 
denote  the set of these 

functions, the group generated by 
 is called the group of the 

generalized characters of G and is 
denoted by , we have:  

       R(G)= ⊕ ⊕ ⊕… . 

    An element of R(G) is called a 
virtual character  since the product of 

two character is a character, R(G) is a 
subring of the ring cf (G) of C-valued 
class functions on G. 
     Let cf(G,Z) be the group of all Z-
valued class functions of G which are 
constant on -classes and let (G) be 
the intersection of cf(G,Z) with R(G), 

(G) is a ring of Z-valued 
generalized characters of G. 
     Let   be a complex primitive m-

th root of unity. We know that the 
Galois group 
 Gal(F(  is a subgroup of the 

multiplicative group (Z/mZ  of 

invertible elements of Z/mZ. 
    More precisely, if σ∈Gal 
(F( )/F), there exists a unique 

element t∈ (Z/mZ  Such that     

σ(  if  . 

     We denote by  for the image of 
Gal(F( )/F) in (Z/m Z , and if 

t∈ , we let  denote the 

corresponding element of  
Gal(F( )/F). 

   Take as ground field F the field Q 
of rational numbers the Galois group 
of Q( ) over Q is the group denoted 

by Г. 
Theorem (3.1.1),[10] 
[Gauss-kroncecker]:  Г= (Z/mZ . 

Proposition (3.1.1),[10] 
     The characters  form 

a basis of (G) and their number is 
equal to the number of conjugacy 
classes of cyclic subgroups of G, 
where 

 
 and  are irreducible C-characters 

of G. 
Lemma (3.1.1),[10] 

 1   …  

 1 1 1 … 1 

 1 1 1  1 

 1 ω  …  

 1   …  
. 
. 
. 

. 

. 

. 
  … 

. 

. 

. 

 1 … ω 
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 The factor group k (G) has a finite 
exponent equal to g, where g is the 
order of G. 
Definition (3.1.3),[11] 
    Let M be a matrix with entries in 
principal domain R.A K-minor of M 
is the determinate of the k×k 
submatrix preserving row and 
column order. 
Theorem (3.1.2),[11] 
    Let M, P, Q be matrices with 
entries in a principal domain R. Let P 
and Q be invertible matrices. 
Then (QM ) =  

Theorem (3.1.3), [3] 
    Let M be an m×n matrix with 
entries in a principal domain R. 
Then there exist matrices P, Q, D 
such that. 
1. P and Q are invertible. 
2. QMP=D 
3. D is diagonal matrix. 
4. if we denote  by  then there 

exists a natural number r, o≤ r ≤ min 
(m,n) such that j>r implies  =0 and 

j≤r implies  ≠0 and 1≤j< r 

implies   divides . 

Definition (3.1.4),[10] 
    Let M ,a matrix with entries in a 
principal R, equivalent to a matrix . 
 D=daig{  such 

that /  for 1≤ j < r ,we call D 

the invariant factor matrix of M and 
,  the invariant factors 

of M. 
Theorem (3.1.4),[11] 
    Let S be a finitely generated 
module over a principal domain R. 
then M is the direct sum of cyclic sub 
modules with annihilating ideals 

, ,… , /  for 

j=1,2,…,s-1. 
Theorem (3.1.5),[10] 

 

). 

Theorem (3.1.6),[12] 
      
 
Theorem (3.1.7),[10] 
     Let {  ,1≤ i≤ t be the set of the 

representatives of Г-classes of G and 
assume each  representatives 

contains  classes of G. 

Then 

       

 
Lemma (3.1.2), [1] 
    Let A and B be two non-singular 
matrices of degree n and m 
respectively, over a principal domain 
R , and let  
 

A (A) 

, (A),…, (A)}, 

B (B) 

, (B),…, (B)}. 

 Be the invariant factor matrices of A 
and B. Then ( 

 
And from this, the invariant factor 
matrix of can be written down 
  Let H and L be  an  groups 
respectively, where  an  are 
distinct primes. we know that 

 
Since gcd (  , we have the 

next proposition. 
 
Proposition (3.1.2),[1] :  
 

. 

 
     We consider the case when the 
order is prime say p , all the non 
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principal irreducible characters are Г-
conjugate. 
Where 

            =  

 
Theorem (3.1.8), [10] 
   Let G be a cyclic p-group. Then 
K(G)=  . 

 
Theorem (3.1.9),[10]: let G be a 
cyclic 
group of 
order  

then 
       K 
(G)=  . 

4. K (G), For G cyclic &elementary 
abelian group 
   This section is devoted to study the 
rational valued characters table of the 
group and to find the primary 

decomposition of the finite abelian 
group K( ) where G is cyclic group 
and the case and elementary abelian 
group. 
4.1The Rational Valued 
Characters Table of the Group   

The group   has three conjugacy 

classes, namely   , ={Z}, 

={ },where  ,�=1,2,3. 

Let ω=  then the character table 
is 
 

= 
                                              Table (3) 
    To calculate the rational valued 
characters table of , the elements 

of Gal(Q( /Q), are:{  where 

)=  

)=  

 
   By proposition (3.1.1) 

)+ ) 

=1+1 
Since 
w+  
 

 

 
 
And 

=  

    Since the elements   
generate the same cyclic group 

then, they are in the 
same . 

 
 

= 

 
 
 
Then 

=

 

  
 4.2 The primary decomposition of 
K ( ): 

       In this section we will determine 
the primary decomposition of K(  ) 

,p=3  depending on Lemma( 3.1.2) 
and the theorems state them 
 

      Let   P = ,    Q =   

and    =  

 
When n=1 

Then   P  Q =       

, by theorem (3.1.8)  
 
K ( ) =  

 

classes  

     1      1             

     2    - 1        

 1   
 1 1 1 

 1 1 1 

 1 ω  

 1   
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When n=2 

P⊗P=  

 

Q⊗Q=  

 
 

⊗ =

 

By Lemma (3.1.2)  we obtain  
 
P⊗P Q⊗Q 

=  

∼ diag {9,-3,-3,1} 

 
Hence K ( ) = ⊕  

 
                      = ⊕  

 When n=3  
   
 Let  
P⊗P⊗P=   

 
 

 
Q⊗Q⊗Q=

          

 
                     

⊗ ⊗ = 

 

 
 
And we obtain 
 
P⊗P⊗P⊗P Q⊗Q⊗Q⊗Q = 

 

  

 
∼diag{27,-9,-9,3,-9,3,3,-1} 

Hence     
                            
K ( ) = ⊕ ⊕ . 

 
            = ⊕ ⊕  . 

 
When    n=4, we repeated the same 
method, and we obtain  
 
 
P⊗P⊗P⊗P Q⊗Q⊗Q⊗Q= 
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Hence 
 
K ( ) = ⊕ ⊕   ⊕  
 
            = ⊕ ⊕ ⊕ .  

 
The general case for p=3 is given by 
the following. 
  
5.  Conclusions  
      This is as result the conclusion 
that the primary decomposition of the 
factor group K(G) for the   is 

given by the next theorem. 
Theorem (5.1) 

K ( ) =  ⊕ ⊕ ⊕ 

⊕… ⊕  

 

K ( ) =    .    

 
Where p=3,   and    

 
 
6. References  
[1] Kirdar .M.S.., " The Factor Group 
of The Z-Valued Class Function 
Modulo The Group of The 
Generalized Characters" , Ph.D . 
thesis ,University of Birmingham 
,1982 . 
[2] Abass. H.H.," On The Factor 

Group of Class Functions Over The 
Group of Generalized Characters of 

Dn ", M.Sc thesis,Technology 
University,1994.  

[3] Mohammoed. N. R. " The Cyclic 
Decomposition of the Factor Group 
cf(Q2m,Z)/R(Q2m)", M.Sc. thesis, 
University ofTechnology, 1995.  

[4] Al-Harere. M.N., " On A 
recurrence Relation in the Group 
K( ) ", M.Sc. Thesis 

,University of Technology,1998. 
 [5] Salman. M.Z. ,”Some Results on 

the Factor Group cf(G,Z)/R(G) 
",M.Sc. thesis, Al-Mustansirya 
University, 2005 . 

[6] Jasim. N. S., " Results of The 
Factor Group cf(G,Z)/R(G)", 
M.Sc.thesis, University of 
Technology, 2005 .  

 [7] Al-Harere .M.N., " The Cyclic 
Decomposition of the Group 
cf( ,Z)/ ( ) ",Journal of 

Al Nahrain University 
.Vol.11,No.1,April-2008. 

[8] Lederman, W .,”Introduction to 
the Group Characters” ,Cambrige 
University,1977 . 

[9] Apastol. T.M.., "Introduction to 
Analytic Number 
Theory",Springer-verlag,New 
York,1976. 

 [10] Isaacs. I. M., "on Character 
Theory of Finite Groups 
",Academic press,New york, 1976. 

[11] Burrow. M.. ,” Representation 
Theory of Finite Groups”,academic 
presses,New York,1965. 

[12] Gehles. K.E. ,”Ordinary 
Characters of Finite Special 
Linear Groups”,School of 
Mathematic  

 
 


