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ABSTRACT 

This paper presents design and analysis of  a single phase multilevel inverter by 

optimizing  both switching angles and DC link voltage of a cascaded inverter. The 

switching angles and dc link voltage are chosen such that to minimize the total harmonic 

distortion of the output voltage. The main power devices are switched only once per 

cycle , so that to overcome the switching loss problem, as well as electromagnetic 

interference (EMI) problem, a method is given to determine the optimum value of the 

switching angles and the value of the dc link voltage. Theoretical analysis and  

simulation of a single phase 5-level cascaded inverter are introduced with a wide range 

of modulation index 

 
KEYWORDS:   multilevel inverter,  optimized switching angles, cascaded 
                          inverter, DC link voltage 

 

d1,d2,…ds Voltage increment portions 

of Vdc1  

E1,E2,…Es Voltage level of each H-

bridge  

)(nH  Harmonic amplitude 

Mf Frequency ratio  

M Modulation index 

m Number of levels 

n Harmonic order 

S1,S2,…..Sn Main switching device 

s Number of DC source 

LV 

 
Amplitude command of the 

inverter output voltage nH  

maxLV Maximum attainable 

amplitude of the converter  

VAN Single phase output voltage 

n ,,, 21 
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INTRODUCTION 

 

Multilevel topologies
[1-4]

 and 

modulation techniques have been 

developed and applied in high power 

system. With the requirement of quality 

and efficiency in high power systems with 

the limitation of high power device 

switching speed, low total harmonic 

distortion (THD) and low switching 

frequency are desirable. By applying 

appropriate modulation scheme these two 

aim can be achieved. The harmonic 

elimination technique in 
[5-8]

 initiates the 

concept of achieving harmonic reduction 

with selected harmonic elimination there  

are three possible optimized techniques to 

reduce harmonics order 
[3]

 :1)assuming 

equally spaced steps, steps heights are 
optimized 2) assuming steps of equal 

heights, their spacing are optimized 3) 

optimized both heights and spacing, in this 

work third method is used. 

Multilevel  inverters 

The multilevel inverter
[9-10]

 unique 

structure allows them to reach high 

voltages with low harmonics. The general 

function of multilevel inverter is to 

synthesize a desired voltage from several 

levels of dc voltages , for this reason 

multilevel inverter can easily provide  high 

power applications. As the number of 

levels increases, the synthesized output 

waveform has more steps , which produce 

a staircase wave that approaches a desired 

waveform, also the harmonic distortion of 

the output waveform decreases, 

approaching to zero as the number of level 

increase . There are three types of 

multilevel inverter 1) Diode-Clamped 

Multilevel inverter. 2) Flying-capacitor 

Multilevel Inverter.  3) cascaded inverter 

.The popular type structure of the 

multilevel inverters is the cascaded H-

Bridge type. 

Cascaded H-Bridge inverter with 

separate DC  source   

This type of inverter consists of 

full bridge or H-Bridge inverters 

connected in series and the output voltage 

is equal to the sum of the outputs of all H–

bridge  inverters. Each inverter may have 

independent source obtained from either 

battery, solar cell, or fuel cell, and the 

configuration  recently becomes popular in 

ac power supplies, and adjustable speed 

drive applications. This type has less 

components than the other inverter types. 

Fig. (1) shows a Structure of single phase  

m-level cascaded inverter, in which each 

DC source is associated with single phase 
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H-bridge inverter, the output of each H-

bridge can be controlled by four switches 

and the DC source. The output phase 

voltage levels are defined by m=2s+1, 

where m is the  number of levels and  s is 

the number of DC sources. 

Optimized harmonics stepped 

waveform 

      By using Fourier series expansion of 

the (stepped) output voltage waveform of 

the multilevel inverter shown in fig.(2), 

the output voltage
)( tVAN 
, Fourier 

coefficients  can be written as 
[3,6,8]

: 

Since the waveform in  Fig.(2) has odd 

symmetry, therefore  the  Coefficients an 

and ao are equal zero for all values of n. 

bn = 



1

2

0

f( t) sin(n  t ) d t  

Where         f( t)     = )( tVAN   

                                                        

               


4  
2

0



f( t) sin(n t ) d t  

 

 bn           

               0     ,  for even  n ,  n=2,4,6 … 

 

VAN ( t)=


5,3,1

 bn sin(n t)     ---------- (3)    

    From equation (2), and Fig. (2) 
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
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(4)--------- 

From Figures (1) and  (2), the following 

relationships can be found   

            Vdc1=E1 

            Vdc2=E2-E1 

            VdcS=ES-E(S-1)   …………….(5)                                                                       

For variant dc link Vdc2=Vdc1+d1, 

Vdc3=Vdc1+d2,….,VdcS=Vdc1+dS----(6)   

voltage source the following assumptions 

can be introduced :  

As Vdc1 reference, then substitute 

equation(6) in equation (4) results :-  

 















)cos()(......

)cos()()cos(4

1

21111

SSdc

dcdc

n
ndV

ndVnV

n
b







                                                 .………..(7)       

It is convenient to introduce the per unit 

value for Vdc1,then equation(7) becomes: 
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Therefore , the output voltage can be 

written as :  

tn
nd

ndn

n
tV

SS

AN 





 sin)

)cos()1(......

)cos()11()cos(4
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


                          ---------------------------  (8) 

 

According to fig.(2) Sto1 must satisfy 

the following condition 

2/21   S . The two 

predominant methods in choosing the 

switching angles S ,......, 21  include: 1) 

eliminating the lower frequency dominate 

harmonics and 2) minimizing the THD. 

The more popular of the two techniques is 

to reduce THD and to eliminate the lower 

dominate harmonics and then filter the 

higher residual frequency. From equation 

(8), the amplitude of odd harmonic 

components for quarter-wave symmetry is: 

 

 

 

 

      --------------- (9) 

The set of non-linear equations 

corresponding to (9) can be given as 

follows: 

 


4
[cos( 1)+ (1+d1)cos( 2)+  

.. +(1+ds) cos( S ) ]     =   H1                 

  
3

4
[cos(3 1)+(1+d1)cos(3 2)+… 

+(1+ds) cos(3 S)]=H 3    

5

4
[cos(5 1)+(1+d1)cos(5 2)+…+(1+ds)

cos(5 S)]  =   H5                                    

 
n

4
[cos(n 1)+(1+d1)cos(n 2)+ 

…+(1+ds) cos(n S)] = Hn                

   The set of nonlinear equation (10) 

can be solved by iterative methods such as 

Newton-Raphson method[ 3]or by using 

trigonometric identities to expand the 

terms  cos(nαn) and then using resultant 

theory
[7]

 . 

The switching angles may also be solved 

to minimize the THD. The THD for the 

voltage waveform may be defined as 
[4]

. 

 

           

 

        

       In general the modulation 

index M  of the sinusoidal pulse width 

modulation (SPWM) which is the ratio of 

the modulating signal amplitude to the 

carrier signal amplitude, while  for the 

---10 

1

2

2)(

(%)
H

H

THD
n

n





 --(11) 
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specified multilevel inverter case the 

modulation index is defined as follow 
[3]

: 

maxL

L

V

V
M



                        ------------(12)                    

 

 FIVE LEVEL INVERTER  

 

A simple example to verify the set of 

equations (10) is a five level inverter 

(m=5)=2S+1  is constructed with two dc 

source(S=2) ,since each separate dc source 

has two level +ve Vdc and -ve Vdc (two 

level) plus zero level, therefore two H-

bridges with two switching angle 

equations  can be written to  eliminate the 

harmonic component . 

   

cos( 1 )+ (1+d1)cos( 2) =  
4

SM  ---- (13) 

cos( 3 1 )+ (1+d1) cos(3 2)  =       0 --(14)    

                         (14) 

cos(5 1 )+ (1+d1) cos(5 2)  =    0  ---(15)                                                    (15) 

 

 

Solving  equations (13-15), table (1) 

shows  a various switching angles 

according to modulation index and the 

corresponding voltage THD. 

 

 

 

 

SIMULATION OF SINGLE PHASE 

MULTILEVEL  CASCADED 

INVERTER  

        Due to the advances in  Simulation 

packages ,theoretical  simulation becomes 

very important before any step of 

implementations of any electrical device .  

        One of the effective packages in 

electrical circuits and devices is the  

OrCAD 
[11]

,  this packages can deal with 

many types of devices that located in their 

library. Appendix 1 shows the circuit 

diagram of 5-level using OrCAD.   From  

table 1,when the switching angles 

α1=16.23° , α2=51.56°, d1=-0.27 ,the 

THD has minimum value. These values of 

angles are chosen for design of the 

inverter. The gate pulses of the 

MOSFET’s are shown in fig(3), fig(4) 

shows the simulation output voltage of 5-

level inverter. Fig(5) shows the spectrum 

analysis of the output voltage of the 

inverter, and table (2) shows the 

magnitude of the harmonics components 

up to 21
th

. 

 

CONCLUSIONS 

For all values of n , from equation (1),  the 

time function in terms of Fourier series is  

given as :  
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In this paper optimum values of  switching 

angles and DC source voltages were 

obtained  in order  to eliminate the lowest 

order harmonic (LOH ) and to minimize 

THD of the output voltage waveform of  a 

single phase 5-level cascaded inverter. The 

switches are closed and open one time per 

cycle. The simulation of this  inverter was 

proved that the inverter has low THD 

(18%) with respect to traditional PWM 

inverter without using any filter. The 

analysis of this waveform shows that the 

LOH of this type of strategies can be 

found by the formula 3S+1 for odd 

number of DC sources an 3S+2 for even 

number of DC sources. For 5-level the 

LOH equals 3*2+1=7
th 

and for 7-level the 

LOH equal 3*3+2=11
th

 harmonic. This 

type of modulation technique is suitable  

for the applied low pass filter in order to 

eliminate unwanted components of output 

waveform. Multilevel modulation strategy 

is considered more efficient than PWM 

one, due to very low power loss raised by 

the switching of the power electronics 

devices. Besides that, the LOH amplitude 

in multilevel inverter is much lower than 

the Mf order harmonic in PWM technique, 

this lead to say that any order filter can 

remove the harmonics from the output 

waveform of multilevel. While in PWM 

inverter require more complicated filter to 

reduce the value of higher order harmonics 

to zero. 
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Modulation index 

 M  

α1 

Degree 

α2 

Degree 

d1 

P.U 

THD 

% 

1 13.43 48.95 -0.089 18.29% 

0.95 14.43 50 -0.18 18.69% 

0.9 16.23 51.56 -0.27 18.22% 

0.85 17.58 53.41 -0.358 18.65% 

0.8 19 55.86 -0.444 19.7% 

0.75 20.53 59.48 -0.524 20.9% 

0.7 22.12 65.50 -0.581 22.9% 

0.65 23.92 82.04 -0.226 31.2% 

Harmonic 

NO 

Frequency 

(Hz) 

Fourier 

component 

Normalized 

component 

1 5.000E+01 1.977E+01 1.000E+00 

2 1.000E+02 3.426E-02 1.733E-03 

3 1.500E+02 6.809E-02 3.444E-03 

4 2.000E+02 2.634E-01 1.332E-02 

5 2.500E+02 3.029E-01 1.532E-02 

6 3.000E+02 3.439E-01 1.740E-02 

7 3.500E+02 4.997E-01 2.527E-02 

8 4.000E+02 3.791E-02 1.918E-03 

9 4.500E+02 1.518E+00 7.677E-02 

10 5.000E+02 4.436E-02 2.244E-03 

11 5.500E+02 2.147E+00 1.086E-01 

12 6.000E+02 6.407E-02 3.240E-03 

13 6.500E+02 4.283E-01 2.166E-02 

14 7.000E+02 1.612E-01 8.153E-03 

15 7.500E+02 2.506E-01 1.268E-02 

16 8.000E+02 3.868E-01 1.956E-02 

17 8.500E+02 2.327E-01 1.177E-02 

18 9.000E+02 1.448E-01 7.324E-03 

19 9.500E+02 3.549E-01 1.795E-02 

20 1.000E+03 6.658E-02 3.368E-03 

21 1.050E+03 1.154E+00 5.836E-02 

Table (1) the output voltage THD corresponding   to the switching angles and 

dc link voltage  for 5-level inverter 

Table (2) magnitude of Fourier component 
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Fig(2) output voltage waveform of m-level inverter 

 

 

ig 3.3 output voltage waveform of s H-bridge cells multilevel inverter 
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Fig (1) Structure of single phase  m-level cascaded inverter 
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إزالة التوافقيات للعاكس ذو المستوى الخامس باستخدام امثل زوايا تشغيل مصادر الفولتية 
 المستمرة

 

 

 

 

 

 

 

 الخلاصة

يتضمن  ذممال لث تمم ت ممنيي  تتكيمأ امم ال وتم تع لثامم ت نتتمتت لثناممت ي     امتوتلي لنغممأ  ميي ث  ليمم  ت مم يأ 
ن  مممت لتثاتت نيمممت    ثتيمممت   مممكت لثتيممم ت لثنامممتنت ثياممم   لثت ممم ف لثاكمممخ ثكت ل ليممم    مممخ لث  ثتيمممت لثو ت مممت ل مممأ نممم  لثت
،و  ن  تيح لثلتتف لثتئيايت  مخ لثمتلئتف يمتي ت م يكر  نمتف  لتمتف وموأ امأ ت تف تمتتت ت م يأ ننم  يلكمأ نم  لثن   يمت  ينا

تمتلوأ لثارت ن ن ايامخ ،تمي  ضمي اتيلمت ثتام م لثلميي  لثنغكم  لثن ت ت ا  ت  يأ لثن م تيح  لثمتوكم نم  ن ماكت لث
ث  ليمم  لثت مم يأ  نلممتلت   ثتيممت   ممكت لثتيمم ت لثناممتنتي تممي تلممتيي تتكيممأ نسممتع ثتمم ال  اع وناممت ناممت ي    ثنممت  

  لاي ثت نأ لثتضني ي             
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