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ABSTRACT

Studying the boundary value problem :-
—y"=r0g(t) f(y) a<t<b

y@=y(0)=0

ggmg;?;:\/alue Problem Values of the parameter ( A ) are determined for which this problem has a
Cone , ' positive solution. The methods used here extend recent works by a simple application

of a Fixed Point Theorem in cones . | show the existence of at least one positive

Positive Solution.

solution of this boundary value problem.

Introduction:
In this paper we consider the second - order
boundary value problem (BVP)

-y"=rg)fly) , a<t<b L
y@=y=0 [ 7 L1

The following conditions will be assumed
throughout:-
A- T:[0, ) > [0, ) iscontinuous,
B- g:[0, 1] —» [0, «)is continuous and does not
vanish identically on any subinterval ,

o f®) (%)
fy =Lim— f,=Lim—-2>2 .
C- ° s < and TR exist,
D- a>0,b<1

The BVP (1.1) is called a Sturm - Liouville
Problem and it is describe many phenomena of
applied mathematics and physics ; see[1-3,5,8] for
some references along this line.

For the case when =1 ,B=0,y=1,8=0
and 0<t<1, Johnny Henderson and Haiyan Wang
[6] obtained solutions that are positive for an open
interval of eigenvalues.

In this paper we obtaining solutions of (1.1) for
certain A involve concavity properties of solutions,
which are employed in defining a cone on which a
positive integral operator is defined . A Krasnosel’skii
fixed point theorem [7]is applied to yield positive
solutions of (1.1) , for A beloninging to an open
interval.

In Section 2 , we present some properties of
Green’s functions that are used in defining a positive
operator . we also state the Krasnosel’skii fixed point
theorem .
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In Section 3 , we give an appropriate Banach
space and construct a cone to which we apply the fixed
point theorem vyielding solutions of (1.1) , for an open
interval of eigenvalues .

2- SOME PRELIMINARIES

In this section , we state the above mentioned
Krasnosel’skii fixed point theorem.We shall apply this
fixed point theorem to completely continuous integral
operator , whose kernal , G (t, s ) , is the Green’s
function for

-y"=0
y@=y(®)=0
In particular
G(t,s):{t (1-s) a<t<s<b
s(1-t) assst<b (2.1)
from which

G(t,s)>0 on(0,1)x(0,1),

G(t,s)sG(s,s)zs(l'S) a<t<b,a<s<

b, ... (2.3)
and it is shown in [4] that

1 lS (1-s) 2a+l_, _2b+1
G(t,s)> 4G(s,5)= 4 4 T
,a<s<b, ......... (2.4)

I shall apply the following fixed point theorem
to obtain solutions of 1.1,for certain A [
THEOREM 1. [7] :Let B a Banach space , and let P
be a cone in B . Assume N , K open subset of B with

are be a completely continuous 0e N c NcK ,
T:PA(K\N)>P

operator such that , either

1- | Tu||<Ju|l,ue PnoN,and || Tu||>]jul,ue
P oK, or

and let
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2-|Tul|>2]ju|l,uePnoN,and | Tu|<|lull,ue
PN oK

Then T has a fixed point in P m(R\ N).

3. SOLUTIONS IN THE CONE

In this section , we shall apply Theorem 1 to the
eigenvalue problem (1.1) .We note that y(t) is a
solution of (1.1) if , and only if;

yO=2[G(t,s)g6) fly)ds , a<t<b

For our construction , let B = C[a, b] , with norm ,
[x]|= Sup ()

a<t<b
Define a cone , P, by

P= {x eB:x(t) 200n[ab] ,, min x(t)> [x]
<t

2b+
P e
4 4

Also , let the number hel[a,b] be defined by '

2b+l 2b+l

_TG(h,s) g(s) ds = max jG(t,s) gs)ds 3.1)
THEOREM 2

Assume that condition
(A),(B),(C) and (D) are satisfied .Then , for each A

satisfying
......... 3.2)
ooy A <A< b;
( Ié(h,s) o(s) ds)f, (! G(s,s) g(s) ds)f,
(2a+1%

there exists at least one solution of (1.1) in P .

Proof.: Let A be given as in (3.2) . Now , let € > 0 be
chosen such that

4 <A< r 3.3

(JGs.9)gs) ds)(F, +2)

(2b+1%

( [et.s)gs) ds)f., —2)
(2a+1%

Define an integral operator T: P — B by

Ty(t) =}\‘ .TG(t,S) g(s) f(y(s))ds l y € P ......... (34)

We seek a fixed point of T in the cone P.
Notice from (2.2) that , fory € P, Ty(t) > 0 on [a,b] .
Also , for y € P, we have from (2.3) that
Ty(t) =2
v [et.s)96) fy(s)ds
< A
[G(s.9)gs) f(y(s)ds

so that

< b
ITYI= % o6 gao e
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And next , if y e P, we have by (2.4) and (3.5) ,

— p . In addition , standard arguments show that T is
As a consequence , T : p

completely continuous.

Now, turning to f, , there exist an H ;> 0 such that f(x)
<(fo+e)x ,for 0<x<H.

?o , choosing y € P with || y || = H;, we have from (2.3) and (3.3)

b
Ty (1)< 2 G(s,5) o(s) fly(5))ds
b
<A[G(s,5)(s) (F, +2) y(s)ds

b
< xj G(5,9) g(s) ds (F, + o) y ()]

<
Consequently , [Ty|<|y| . So, if we set Q;={x e
B[l < Hi}
then
Tyl < |lyll , for ye Pnl1oQ;.  .......... (3.6)

Next , considering f., , there exist an H,> 0 such that f

X)=(fo-¢)x forall x>H,.
Let H; = max {2H, , 4H,} and let Q,={x € B |
X[ < Hs}

if P with = Hs, then . ’
ye lyll = Hs min,_ y(©=5[y]>H,

2a+1 2b+1
—<ts——
4 4

and we have from (3.1) and (3.3) that
Ty(h)=2% G(h,s) g(s) f(y(s))ds
(2:11%
=1 [G(h,s)gls) fly(s))ds
(2a+1%
(2b+1%
=1 [G(h,s)g(s) (F. —2) y(s)ds
(2a+1%
(2h+1%
> % [ets) as) ds (£, -9yl
(Za+1%
z vl

Thus, [Ty > |y] . Hence

Tyl = iyl for y e 'PnioQ,

Applying (1) of theorem 1 to (3.6) and (3.7)
yields that T has a fixed point y(t)
ePm (STZ\QI) . As such , y(t) is a desired solution

of 1.1 for the given A . Further , since G (t,s) >0, it
follows that y(t) > 0 fora <t <b . This completes the
proof of the theorem .

THEOREM 3.
Assume that condition (A),(B),(C) and (D) are
satisfied . Then ,for each A satisfying
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.......... (3.8)
(2b+1y 4 <A< b :
( J.é(h,s) a(s) ds)f, (J'G(S,S) g(s) ds)f,,
(za+% 2

there exists at least one solution of 1.1 in P .

Proof.: Let A be given as in (3.8) . Now , let € > 0 be
chosen such that

o) ! <A< CHN (3.9
( [Ghs)s) ds)(, —2) (J.G(S’S) g(s) ds)(f,, +¢)
(Za+1% a

Let T be the cone preserving , completely continuous

operator that was define by (3.4) . Beginning with fq,

there exist an H 4> 0 such that f(x) > (fo-€) x , for 0

<X < Ha.

y € P with || y || = Hs, we have from (3.1) and (3.9) so
So, for , for

Thus, [Ty = |y| - So. if we let
0= {x & B x| < Ha}

Ty(h)= 7».[ G(h,s)g(s) f(y (s))ds
(z:q%

=% [G(h,s)gs) f(y(s))ds then
(23+1%

(Zb+l%
2% [G(h,9)qs) (F, —€) y(s)ds
(2a+1%

(2b+1)

A
> [6(s)gls) ds (Fo —2) ]
(2a+1%

z[y|
Tyl > |ly|| for y e PnoQ; ....... (3.10)
It remains to consider f,, , there exist an Hs > 0 such
that f (x) < (f,, + €) X, for all x > Hs. There are the two
cases, (a) fis bounded , and (b) f is unbounded .
For case (a) , suppose Hg > 0 is such that f(x) < Hg, for
all0<x <.

Let H; = max {2H, , H Then , for y

® 1 o500 Ty ENds
e P with |ly|| = H;, we have from (2.3) and (3.2)

Ty ()= 1] G(t.s) g(s) f(y(s))ds}

< KHGTG(S,S) o(s) ds
<|vl
sothat |Ty|<|ly|. so if

Q,={x € B| x| < H7}
then
Ty <|lyll ,for ye PmdQy .......... (3.11)
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For case (b) , let Hg > max {2H,, Hs } be such that
f(x) <f(Hg), for 0 <x < Hg.

Choosing y € P with |ly|| = Hgand we have from
(2.3),(3.2)and (3.9)

Ty ()= [ G(t.s) gs) f(y (s))ds}
<1 [G(s,5)g0s) iy (s))ds
< )LjEG(s,s) g(s) f(Hg) ds

b
<) [G(s.5)g(s) ds (F, +e)H,

But
ij(s,s) o(s) ds (F, +&)H, = ka‘G(s,s) g(s) ds (f, +o)|y|
Ti:erefore a
Ty®< 1[G 00 s, +olyi
and so [Ty||<|y| . For this case , if we let
Q4 ={x € B|[[X]| < Hg}
then [Ty < |yl for 'y € P noQy

Thus , in either of the case , an applying of part (2) of
theorem 1 to (3.10),(3.11) and (3.12) yields that T has

a fixed point y(t) e P m(§T4\£23) . As such, y(t) is
a desired solution of 1.1 for the given A . Further ,

since G (t,s) >0, it follows that y(t) >0 fora<t<b.
This completes the proof of the theorem .
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—y”:/l g(t) f(y) , a<t<b - Q\_Atﬂ\ :QJJJ;.“ IUM\ &;131\3‘ [KYY B
y@=y(®)=0
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