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Abstract :
Minimizing the total weighted earliness is not well-studied objective in scheduling theory, which is very
little understood from the point of view of approximation algorithms. In an attempt to make progress,
we study the approximability of minimum total weighted earliness with a modified objective which
includes an additive the total weighted completion time. This ensures the existence of a positive lower
bound for the minimum value. Moreover the new objective has a natural interpretation in Just-In-
Time production systems.
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1 Introduction

Minimizing the total weighted earliness is one of the classical scheduling objectives studied by few
researchers because this problem is equivalent to tardiness penalties (i.e., X; w;E; & X, w;T;). It is well-
known that X; w;T; is NP-hard problem and most researches have studies the tardiness penalties, for more
details (see [6], [15]). We are given a set N of n jobs with the following characteristics. Job j, 1 = j =< n,
has to be processed for an integer time p; on one of m (m = 1) machines, it has a due date d;, and a
positive weight w;. For a given schedule of the jobs the earliness E;of job j is defined as max{d; — C;},
where C; is the completion time of the job. The objective is to find the schedule which minimizes
27-3 w;E; . In the 3-field notation used in scheduling [18], the problem is denoted by e|f]| X; w;E;,
where @ is the machine environment and /5 describes special job characteristics. Some possible values for
c are 1 (single machine), P (identical parallel machines), Q (uniformly related machines) and R (unrelated
machines). Rm stands for unrelated machines whose number is fixed. In the case of uniformly related
machines, machine i has a speed =; = 1. The processing of job j on machine i requires p; /s; time units.
In the case of unrelated machines, job j takes pj units of processing time if assigned to machine i. Some
possible values for S are r; (denotes release dates, i.e., job j becomes available for processing at time
#; = 0), prec (denotes that the jobs are precedence-constrained), pmtn (the jobs can be preempted, i.e.,
interrupted and later restarted). We proceed to review briefly what is known on minimizing total weighted
earliness on a single machine. Early on the problem was shown to be NP-hard in the ordinary sense by
Lenstra, Rinnooy Kan and Brucker [27] when the jobs have only two distinct due dates by a reduction
from the knapsack problem. Rios-Solis and Sourd [34] solved the parallel machine scheduling problem
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where jobs have different earliness-tardiness penalties and a restrictive common due date and defined
an exponential size neighborhood for this problem and proved that finding the local minimum in it is an
NP-hard problem and they proposed a pseudo-polynomial algorithm that finds the best solution of the
exponential neighborhood. Chhajed [12] introduced a problem where n jobs must be assigned one of two
due dates, which were given at equal interval. Jobs tardiness was not allowed. The due date cost was
considered in addition to the earliness cost. In Asano and Ohta [5], not only the due date of each job was
known, but also the ready time was prespecified. They proposed an optimization algorithm using
dominance relation for the scheduling problem. Their algorithm was based on the branch and bound
approach. Lawler and Moore [26] have presented a pseudopolynomial solution for the case when all jobs
have a single common due date. Very little is known about approximation algorithms. Ahmadi and Bagchi
[2] studied the scheduling problem in which the objective was to minimize the total earliness cost subject
to meeting due dates. They showed that the problem was NP-complete and that the problem was
equivalent to the problem of minimizing the total waiting time of all jobs subject to release times and
common due date. They developed a branch and bound method to solve the problem. This later problem
was first study by Ahmadi and Bagchi [3]. They developed a branch and bound method based on unequal
weights to solve the problem Chand and Schneeberger [8] also studied the problem of earliness cost. They
studied two types of problems, which they referred to as the Weighted Earliness Problem (WE-Problem),
the Constrained Weighted Earliness Problem (CWE-Problem). In their WE-problem, machine idle time
can be inserted, but idle time is not permitted in CWE-problem. They showed that both problems were
NP-hard, and that optimal solution can be obtained by a polynomial time algorithm only in some specified
situations. In their paper, they developed a dynamic programming based approach for solving the WE-
problem. They also developed two heuristic algorithms for solving the CWE-problem and WE-problem,
respectively. The heuristics were a modification of Smith heuristic [37]. To our knowledge this is the only
nontrivial known approximation guarantee for a version of the problem with general input data. We are not
aware of any approximation guarantees for multi-machine weighted earliness scheduling problems.
Ahmed [4] produced the earliness penalties on a single machine subject to no tardy jobs
1|¢; = d;| X;w;E; and discussed the relationship between earliness and tardiness and proved a very
good result, that the Earliest Due Date (EDD) rule with E; = p; is optimal for 1|C; = d;| X, E;
problem. Minimizing total earliness becomes provably hard to approximate with an extension to 1| | X; E;
as mild as that of the jobs having nontrivial release dates. The flow time F; of a job j is defined as
C; — 7;. There is a straightforward approximation-preserving reduction from minimizing total flow time on
a single machine to 1|r;| X; E;. Therefore from the hardness result of Kellerer, Tautenhahn and Woeginger

[22] it is NP-hard to obtain an O(n*/>~%)-approximation for the latter problem for any & = 0.

The proposed model. In this paper we attempt to tackle this apparently very difficult class of problems
from a different perspective. We present a large number of approximation results for scheduling
problems of the form «|f|X; w[ﬁ’ —CJ.} . It is clear that for optimization purposes this modified
objective is equivalent to minimizing the total weighted earliness as it adds the completion time
2; w;C; to the objective. Part of the difficulty of finding good multiplicative approximations for
X; w;E; seems to be that the optimum can be zero (one can determine whether this is the case for
1| |Z; w;E; by scheduling the jobs in the longest weighted processing time (LWPT) rule) or in general
very big compared to the job processing times. This type of irregularity arises for other objectives too,
for example for the maximum earliness E,,,... For job j, the earliness E; is defined as d; — C;. The
usual way to deal with this difficulty is to use a formulation which adds a positive constant to the
objective. In the earliness setting the added constant transforms the earliness of job j from d; — C; to
C;+q; where g; = 0, is the so-called delivery time of the job. All known approximation results for
minimizing “earliness” are for this modified objective. The conceptual starting point of the described
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transformation is to let the due dates be nonpositive and then interpret —d; as expressing the
nonnegative delivery time. The resulting metric, which depends on C; + g;, turns out to be interesting
in its own right but it actually eliminates the due dates and the lateness from the problem statement. See
the survey by Hall [19] for an extensive discussion of this type of transformation. Our modified
objective maintains information about the early jobs and has a natural interpretation of its own. In
particular it has an interesting application in Just-in-Time (JIT) production systems. An example of
such a system is a manufacturer supplying parts for the auto industry. As the name suggests, it is
desirable in a JIT system for all jobs (e.g., car parts) to be completed as close to their due date as
possible. This usually results in substantial reduction of work-in-process inventory and thus inventory
carrying costs, which are proportional to the length of time each job spends in the system. The
customers (e.g. auto industry for the parts) require JIT delivery of the jobs. It is then reasonable to
assume that tardy jobs get delivered, i.e., leave the system, only when they are completion and early
jobs are delivered as soon as they are completed. It is easy to see that our modified objective function
Z;w; [E + CJ.} corresponds to this as it equals the sum of weighted completion times of the early jobs
plus the sum of the weighted due dates of the early jobs (cf. Equation (1) below). Then the total work-
in-process inventory carrying cost for the manufacturer is exactly X w; [E + CJ.}, where w; represents
the cost of holding job j in inventory for one unit of time.

The modified objective has a “smoothing” effect on the objective values, namely if the C;-5 are small
the E;-s are expected to be larger and if the C;-s are large the E;-s are expected to be smaller. Observe
also that an O(1)-approximation for the modified objective yields a schedule whose total weighted
earliness is at most a constant time the optimal total weighted earliness plus an additive factor which is
a constant depending on X; w;C;.

Approximation ratios. Our results are based on exploiting the close relationship between the X; w;C;
and X, w;(E; + C;) objectives in a large number of scheduling environments. The approximability of
minimizing total weighted completion time is much better understood, cf. the survey of Chekuri and
Khanna [10]. We prove that approximating Z; w;(E; + C;) reduces to appr-oximating Z; w;C; in the
sense that any o-approximation algorithm for minimizing X; w;C; is a (o + 1)-approximation
algorithm for minimizing X w[E + CJ.}. We also show that it is possible to further improve upon
these guarantees in cases where LP-based algorithms with certain characteristics are available for
approximating the corresponding || X; w;C; problem. We propose a family of linear relaxations for
the modified earliness function and use it to prove that, in the cases mentioned, a schedule with a -
approximation ratio for «|f|X; w;C; is also a schedule with the same approximation ratio for the
corresponding || X; wj[E:,-—Cj} problem. Our final contri-bution is an FPTAS for the single-
machine case where all the jobs have a common due date D, i.e., for 1|d; = D| X, w;(E; + C;). This
FPTAS works without any restricting assumptions about the weights.

The paper is organized as follows. In the next section we prove a meta theorem stating that a -
approximate schedule for alf|X; w;C; achieves a (o+1)-approximation for «|B|Z; w;(E; + C;).
Some of the immediate consequences of this result are the first constant-ratio approximation algorithms
for a large number of modified total weighted earliness scheduling problems. These are summarized in
Table 1. Section 3 contains another meta theorem which proves that an LP-based ,=-approximation
algorithm also yields a =-approximation for our modified total weighted earliness objective under
certain additional conditions. Some of the consequences of this are summarized in Table 2. The last
section contains the FPTAS for 1|d; = D|X; w;(E; + C;).
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2 A general reduction
In this section we show how to reduce the problem of finding an approximate solution to minimizing

%, w;(E; +C;) to the problem of finding an approximate solution to X; w;C;. The reduction is not
approximation-preserving, but it comes pretty close. We show that any p-appr-oximation algorithm for
minimizing total weighted completion time is a (g + 1)-approximation algorithm for the problem of
minimizing a|B| Z; w,(E; + ;). We leave on purpose undefined the specific setting, i.e., the number
and type of machines, existence or not of release dates, precedence constraints and so on. Our approach
is general enough to handle a number of variations. Using the 3-fleld scheduling notation we examine
problems belonging to the family «|3] X; w}-[ﬁ'}- + C}.).

For any schedule o let C;(e), E;(o) denote the completion time and earliness of job j in schedule
a. &(a) denotes the set of early jobs, i.e., the jobs j for which &;(a) = 0. Let T () denote the set of
tardy jobs, i.e., T(o):= N\ &(a). By the definition of earliness, C;() = d; for any j € T (o), and the
following two relations hold for any &

Z Wj (E‘:‘(g] + Cj(ﬂ]) = Z w;C;(a) + Z w;d; )
JEN = < .
Z w;C;(0) = Z w;C(a) + Z w;d,;

Consider now a particular schedule (o*) that achieves a =-approximation for the objective function
X;enw;C and let o7 and o¢ be optimal schedules for the weighted completion time and weighted
earliness objectives, respectively.

Then by (2)

Z w;Ci(af) = p Z w;Ci(o7) = p Z w;C;(oz ) = pOPT @)
JEN JEN JEN

where by OPT we denote the optimum value for the objective function X, w; [:Ej + C}-) .

By (1) the objective value achieved by a7 is

Ywi(EEN+ce0)= Y wigen+ Y we

JEN jeTie™) jesle”)
By (3) we have that
Z w;C;(o7) < pOPT — Z w;Ci(o7)
FET(cF) JEELEF)
Therefore
Z w; (E(0) +¢,(0)) < poPT - Z w,C,(07) + Z wd, < (p+ 1)OPT
JEN jegia™) jeeisf)
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Thus we have proved the following meta theorem.

Problem ratio for ¥ i W; [E.; + C}.} reference for X, ;w;C;
F|*r‘}-,pmm| E}' Wi [E} + CJ‘)
Plr |z, w.|E, + C.
|}|E} _J[:_J _J) 2+E [1]
Rm Tj’ pmm| E}' Wj [EJ + CJ‘)
Rm|’r‘}-| Ej W}' [E‘rj + C}')

Table 1- |QIPMERI Z; W, (E; +¢;) 2 [17]
Q|r}.|2}. w; [E} + c}.) 2+« [9]
RI1Z,(E +¢) 2 [21,7]
RI|Z;w;(E +C) 25+« [35]
R|r;| Z; w; (E; +C;) 3+«

Approximation ratios p+1 obtained by Theorems 2.1 and 2.2 for various instantiations of
alBlX; w}-[E'}- + C}.). The references give the sources for the corresp-onding =-approximation ratio
achieved for a|B| X, w,C; .

Theorem 2.1 Consider a member e, |5,|X; w;C; of the family of nonpreemptive scheduling prob-
lems | 8] X; w;C; for which there is a o-approximation algorithm. Then the same algorithm achieves
a (p + 1)-approximation for the problem «, |5, |Z; w;(E; + C;).

The following corollary is a particularly nice consequence of the theorem.

Corollary 2.1 The Weighted Shortest Processing Time (WSPT) algorithm that orders the jobs in order
of nonincreasing ratio w;/p; is a 2-approximation algorithm for 1| | X, w; [E.; + Cj).

Proof. WSPT is well-known to be optimal for 1| | X; w;C;.

In general, Theorem 2.1 implies that we have a polynomial-time 2-approximation algorithm for every
case of a|B| Z; w;(E; + C;) whenever the corresponding case of «|f|Z; w;C; is optimally solvable in
polynomial time. This implies, for example, the existence of a 2-approximation for
1lprec = series parallall T, w;(E; + C;) [24, 31]. We summarize the most important conseg-uences
of Theorem 2.1 and the upcoming Theorem 2.2 in Table 1. We omit from the table bounds that are
improved in Section 3 with an LP-based approach.

The above reduction of total weighted earliness scheduling problems to total weighted completion time
problems can be extended in three ways. First, the rephrasing of Theorem 2.1 with “c-competitive
online algorithm” in place of “=-approximation algorithm” clearly holds as well. The second extension
applies to preemptive scheduling.

Theorem 2.2 Consider a member «,|f, pmtn|X;w;C; of the family of scheduling problems
alB, pmtn| X; w;C; for which there is a ,o-approximation algorithm. Then the same algorithm
achieves a (¢ + 1)-approximation for the problems a, |8, pmtn| X, w;(E, + ;).

Proof. To prove the theorem we reason as follows. Equations (1) and (2) hold in the preemptive setting
as well. Let OPT stand now for the optimum value of X w;(E; + C;) with preemption. Equation (3)
continues to hold in the new setting. As a consequence we obtain that the very simple Shortest
Weighted Remaining Processing Time (SWRPT) algorithm, which solves optimally
1|y, pmtn| Z;w;C;, achieves a 2-approxim-ation for 1|r;, pmtn| Z; w;(E; + C;). A third extension of
Theorem 2.1 results as follows. One could have a stochastic input where the vector P of processing
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times of the jobs is a vector of random variables from known distributions. In that case the solution of a
problem is no longer a simple schedule but a scheduling policy IT [29] which yields a feasible schedule
for each realization p of the processing time vector. Accordingly the performance of a policy under the
total weighted completion time objective is a random variable Z™(P) and an optimal policy IT* is one
that minimizes the expectation E[Z™(P)]. A policy IT is a o-approximation if
E[Z°(P)] < p E[Z°(P)]
See e.g., [22, 36] for more details. Under this new definition of OPT for the stochastic case and taking
expectations where needed in the relations above, we can conclude that the stochastic analogue of
Theorem 2.1 holds as well. A number of constant-factor approximation results of this type are shown in
[30, 36] for P|r;, prec|E[Z; w;C;] and its special cases. Under the same probabilistic assumptions these
results translate to constant-factor (increased by one) approximations for P|r;,prec|E[Z; w;(E; + ¢;)].
3 LP-based algorithms for the modified objective
In this section we show that it is possible to improve upon the guarantee of Theorem 2.1 and bring
down the approximation ratio by 1 in cases where LP-based algorithms with certain characteristics are
available for approximating the total weighted completion time. As in Section 2 we leave on purpose
undefined the specific setting. Our approach is general enough to handle a number of variations on
machine environment and job characteristics.
The tardiness of a job j in a schedule ¢ is defined as T,(c) = max{C;() — d;,0}. We will use
mathematical programming formulations with variables E;, T;, C; to denote respectively the earliness,
tardiness, and completion time of job j, j = 1,....n. We propose a family of mathema-tical programs
which is parameterized based on a set of constraints C(C). In principle the constraints in €(C) could be
general convex. For our applications they will always be linear inequalities or equalities. A set of linear
constraints C(C) is a valid set of completion time constraints if the completion times C; (j = 1.2,...,n)
must satisfy the constraints G(C) for every feasible schedule. As a concrete example for ¢(C), consider
the problem 1[prec| X; w[E + CJ.}, i.e., scheduling precedence-constrained jobs on a single machine.
A valid set of completion time constraints, which was introduced by Queyranne [33], is the following:
€y = C; + py for each pair j. k s.t. j <k 4)
Zies 2,C 2 5 (0 +p(5)?) VSEN ®)
Here p(5) = Z,.¢p;, *(5) denotes X,-s»; and j < k represents the precedence constraint that job j
has to be finished before job k can start processing. Queyranne has shown that a separation oracle
exists for the exponentially large set of constraints (5) and hence one can optimize over them in
polynomial time. Various other valid sets have also been given in the literature. See for example the
ones based on linear-ordering variables by Potts [32] and Chudak and Hochbaum [13] or Margot,
Queyranne and Wang [28] and the time-indexed formulation of Dyer and Wolsey [16]. Note that the
first two of these use constraint sets of polynomial size.
Let C(C) be a valid set of completion time constraints for problem al|g| X, w;(E; + C;). We emphasize
that the E; or T; variables do not have to appear in any constraint in €(C). The only variables involved
may be completion time variables and possibly other auxiliary ones. In fact, in all the formulations we
employ the earliness and tardiness variables do not appear in C(C ). We propose the following family of
linear programs, denoted FP(C):

)

minmize wolE: +C;

Z;:i 35 +6) (6)
E}: d}—f}—]’} _j': 1,....7m (7)
c(c)

E,T,C; =0 j=1,...,n 8)

28 (9)



Journal of Kerbala University , VVol. 7 No.1 Scientific. 2009

Since every job is either tardy or early in any feasible schedule, i.e., at most one of the two variables E;
and T; can be positive, it is easy to see that the E; and T; values must satisfy (7) for any feasible
schedule. Of course equations (7) do allow solutions in which both E; and T; are positive, thus FP(C):
is normally not an exact formulation for the problem «|f|X;w; [E.; + C}.), it is only a linear
programming relaxation. As another example consider the case where the jobs also have release dates,
ie,1 rj,prec| Xw; [E:, + Cj). Hall, Schulz, Shmoys and Wein [20] studied the valid set of completion

time constraints made up of (4), (5) and the following inequalities & = 7 + P; j=1...n

Substituting these constraints for C(C)in the above formulation FP(C) yields a linear programming
relaxation for 1|r;, prec|Z;w;(E; + C;). Our results are based on the following algorithm schema for
the generic problem alf| X; w;(E; + C;). The values of the completion time variables returned by an

optimal solution of FP(C) may not be integer and we refer to these values as the fractional completion
times. Our schema assumes the existence of a subroutine A (e, 5) which finds a feasible schedule o

that comes with a job-by-job approximation guarantee for the completion times, i.e., if E} is the
fractional completion time and C;(o) is the completion time in o for job j, then we have
¢;(g) <pC; j=1,...,n, forsomep = 1.

ALGORITHM SCHEMA(C)

1. Compute an optimal solution to FP(€). Let E,, T;,C; be the resulting values of the
variables, j = 1,...,n.

2. By invoking an appropriate algorithm =4 (e, 57, compute a feasible schedule & for
alB1 Z; w;C; inwhich €, < pC;, j=1,...,n, forsome p = 1,

3. Output the schedule o.

Consider the problem 1[prec|X; w}.[ﬁ;.—i-cj). As an example for the algorithm «A(e, 5) for this
problem, we mention the Schedule-by-C; heuristic from [20], which constructs the schedule o by
sequencing the jobs in nondecreasing order of the E} It is well-known that this yields a schedule & with
C; (o) < 2C;, j=1,...,n,

The analysis of our various algorithms hinges on the following crucial lemma.

Lemma 3.1 If the algorithm A (x, 5) assumed in Step 2 of the Algorithm Schema exists, the output
schedule @ achieves a o-approximation for problem a|8| X; w; [E} + C}.).

Proof. The schedule o is feasible for the machine environment « and job characteristics 5 by
construction. Denote by E;(), T;(g) and C;(o) the earliness, tardiness and completion time of job j in

schedule o. Thenforj = 1,...,n,
E;(g) =d; — C;(0) + Tj(0) = d; — pC; + T;(0). (10)
If job j is not early, E}-[cr] = 0 and the contribution of job j to the objective is Ej w;C;. If job f is early, the
contribution of j to the objective is w; {E}[a] + C}.(cr]) which by (10) is at most
w; (E;(0) + €(0)) < wy(oT; + ;) = pw,C;
But from (7)
WJ-[E}- + C_;,-) = w}-ﬁ}- + d}-),
Hence
w}-[ﬁ'}-[cr] + C}-[aj} =w;d; < pw;C; < pw}-{ﬁ'}-[a] + C}-[crj}
and the lemma is shown.

29



Journal of Kerbala University , VVol. 7 No.1 Scientific. 2009

Remark 3.1 The analysis of Lemma 3.1 holds also in the case where the algorithm <A (e, £) returns a
preemptive schedule, in which case the schedule @ output by the Algorithm Schema will be preemptive
as well. It suffices to identify problems of the form «|B| Z; w;(E; + ;) for which (i) a valid set of
completion time constraints exists (ii) FP(C), where G(C) is replaced by a specific valid set, can be
solved in polynomial time and (iii) a =-approximation algorithm for X;w;C; with the job-by-job
guarantee described exists. One can mine the seminal paper of Hall, Schulz, Shmoys and Wein [20]
and subsequent literature for a wealth of related results. The main problems for which our requirements
are satisfied are shown in Table 2.

Using Lemma 3.1 we obtain the following meta theorem.

Theorem 3.1 There are constant-factor o-approximation algorithms for the family of scheduling
problems «|B| Z; w,(E; + C;) where « stands for 1 or P and £ for all possible combinations of 7,
prec, pmtn. The values of = for each case are given in Table 2.

Problem ratio for X, w; [E; + Cj) reference for Z; w;C;

1|prec|2}- W}-[E} + C}-) o =2

1 *r}-,prec,pmtn| X; 14.-';1[5} + Cj) o =2

1 Z,w;(E +C) o=3

P Z;w,(E +C;) p=2-1/m
e =3
=4

[20]

T, prec

Table P|r;prec, pmtn| E}- w; [E} + C}-)

P EJ’ Wi [‘521 + Cj)

Q r}-,prec,pmml E}- w; [E.'} + C}-)
Q E}. w; [5} + cj)

Approximation ratios achieved by Theorems 3.1 and 3.2 for various instantiations of
alBlX; w}.[E}—i—C}.). The references give the sources for the corresponding <A(e, f) subroutine
required by the Algorithm Schema.The results of Chudak and Shmoys [14] for the problems
Q T}-,prec|2}- w;C; and @ T}-,p:r"ec,pmm| X; w;C; provide the valid set of completion time constraints
together with an O(log m)-approximation algorithm, m being the number of machines, with a job-by-

job guarantee. We therefore have
Theorem 3.2 Let m be the number of machines. There are O(log m)-approximation algorithms for

a r}-,prec|2}- w}-[E}- + C}-) and @ r}-,prec,pmml E}- w}-[E'}- - C}-).

We remark that each ratio 2 in Table 2 implies the same upper bound g2 on the integrality gap of the
corresponding linear relaxation, i.e., of the corresponding member of the family FP(C) of linear
relaxations. Furthermore, alf|X;w;C; is a special case of alf|Z;w;(E;+C;) with E; =0
forj=1,...,n, and all our inequalities reduce to the ones describing the associated «|f|X;w;C;
problem in this case. Therefore, if a ratio is known to be tight for a relaxation of «|8| X; w;C;, then it is
also tight for the corresponding «|8| X; w;(E; + C;) problem.

[31]

T prec

2 = 0O(log m) [14]

rLprec

4 An FPTAS for the common due date case

In this section we will present an FPTAS for the problem 1|d; = D| E; w,(E; + ;), i.e., scheduling on
a single machine when all the jobs have the same due date D'. Even this special case is NP-hard as
shown by Yuan [38]. Lawler and Moore [25] have presented an O(n* D) pseudopolynomial algorithm
for this problem. We show how to transform this pseudopolynomial algorithm to an FPTAS.
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Similarly to [25] and [23], we are going to scale and round down the processing times by a constant K,
which is to be determined later. Unlike [25] and [23], we will not only scale down the due dates by the
same constant K but we will also round them to an integer value.

Accordingly, let us define E} = [r:ij-fK] and p, = |p; /K| for j = 1,...,n. Assume that we apply the

Lawler-Moore dynamic programming algorithm to this scaled down problem and let @, be the optimal
sequence found by the algorithm. Let * be the sequence minimizing X; w;E; and denote by E (o) this

optimum value. Let Eﬂ ¢;7 be the earliness of the jth job in the sequence o with the scaled down data
(e, p, and d;) and let E_,(; be the earliness of the same job in g, with the original data. In addition,
define E,., :=_E;?=1 W, () Ea, G Then we clearly have EEA.:}-} < E,,n/K for j=1,...,n
Furthermore, E_, = X7y We, ) Eayin = E(o*)/K since g is optimal for the scaled down data. Let
E. . denote the total weighted earliness of the sequence , when we use processing times p' := Kﬁ}_ for

each job j and the original due dates d;. Note that p’ == Kp, < p; = K (5}. + 1). We can write
n j
KEq, <E(0)=<E,, < Z Wey(i) Maxydg, ) — K Z (5@;-:&} T 1}’ 0
i=1 i=1

: 11
<E., +anw}. (11)

Furthermore,

n i)
KEEA = KZ WEAI:_;I':I Trax dEA':_;I':I _Kzﬁﬂﬁcf}’ﬂ
=1 i=1
b

n
dg, _
= KZ Waa(j) TAX (—"é =5 1) KZP (00

L & , " (12)
ZWGA () Maxydg,cp — szﬂﬁ'ﬁ’ﬂ K ) Won = EEFA_KZ“G‘
j=1 i=1

Combining (11) and (12), we obtain
n

mn
Eqpy — KZ w; <Elc)<E;, <E, +an w;

j=1 j=1
which implies

E,,—E(@) <Kn+1) Z w; (13)

Choose K =D /(n +1). By (13) the error is at most e X, w; D = & X, w;d; = £0PT. The running
time of the algorithm that computes @ on the scaled input is D[nz [D.f’fi']) = 0(n®/=). We have
proved the following theorem.

Theorem 4.1 There is an FPTAS for the problem 1|d, = D|X;w;(E; + C;), i.e, minimizing
%, w;(E; + C;) on a single machine when all the jobs have a common due date.
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