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Abstract : 
Numerical solution for the master equation of the preequilibrium statistical model has been  

presented, assuming one-component Fermi gas model. This numerical method has been shown to 

give the same accuracy for the simple as well as the more advanced schemes.  The present method 

showed fast convergence for a wide range of physical system parameters and it was applied for 

two reaction examples that include neutron and proton induced reactions with 
54

Fe nucleus at 

energies 20 and 80 MeV.  Comparisons with standard earlier results indicated that the present 

method is proper for low reaction energies, but with worse accuracy at higher energies.  The 

behavior of the present method was examined against the energy, exciton numbers, and time 

variation.  
 

 : الخلاصة
في البحث الحبلي ِمخسذ طسيمت عدديت لحل الٍعبدلت الأظبظيت لأٍِىذج الخفبعلاث الّىويت الإحصبئي ببفخساض أَ الّىاة حخألف ٌنُ 

غبش فيسٌي ٌخكىَ ٌنُ ِنىو واحند ٌنُ الدعنيٍبثت ببظنخلداي الاسيمنت الحبلينت وخندِب أَ دلنت الّخنبئح ٌمبىلنت عّند اظنخلداي أٍِنىذج 

ك  ِفط الدلت لد وخدث عّد حابيك ٍِىذج أكثس حعميدا، ٌٍب يند  عىنً كفنباة الاسيمنت الٍمخسحنتت أابخنج الاسيمنت حعببي بعيط وكرل

لٍدي واظع ٌُ ٌىاصفبث الّظبي الٍدزوضت  حً حابيك هنرْ الاسيمنت عىنً ٌثنبليُ لىخفنبعلاث  (convergent)الحبليت أِهب ٌخمبزبت 

ٌنع ِنىاة الحديند  (nucleon induced reactions) الّىوينت الٍحسةنت بىاظنات الّينىحسوَ والبسوحنىَ
54

Fe  02و  02لابلنبث 

ٌىيىَ إلكخسوَ فىلجت  لىزِج الّخبئح الحبليت ٌع الاسق الٍعخٍدة وحً الخىصل إلً أَ الاسيمنت الحبلينت حدٍنع كنلا الدلنت والبعنبطت 

ت أَ هننرْ الاسيمنت حٍخننبش بدلنت ٌّبظننبت ل غننساض ٌٍنب يدعىهننب طسيمنت ٌلائٍننت لىخابينك فنني الحعننبببث العٍىينتت  بيّننج الّخنبئح الحبلينن

الحعببيت في الابلبث الىاطئت، لكُ الدلت حعىا عّد الابلبث العبليتت  حً اخخببز حصسف الاسيمت الحبليت ٌع الابلت، عدد الدعيٍبث 

 الٍؤلخت والصٌُت
 

 

1. Introduction : 
The preequilibrium statistical models are a group of models that are based on statistical approach to 

describe the various nuclear reactions at intermediate energies.  This group include exciton model 

[1], Hybrid Model (HM) and Geometry Dependent Hybrid (GDH) model [2,3,4] and the Monte 

Carlo Hybrid (MCH) model [5,6]. These models have been developed rapidly since Griffin [1] put 

the exciton model as a semiclassical theory to explain the precompound nuclear emission (PE). The 

family of Hybrid models [2-6] are assumed as an improved version of Griffin’s model where the 

basic ideas were combined with the Master Equation Model (MEM) due to Harp, Miller and Berne 

[7,8]. These models deal with the intermediate states of the nuclear reactions.The excitation 

development, when based on the residual two-body interaction, will ensure that the number of 

excitons characterizing each stage in the equilibration process will change by ±2 or zero. 

Equilibration process will cause creation of particle-hole pairs, and these pairs will be the reason 

that carries out the basic mechanism of energy share between the constituents of the nucleus, which 

leads to successive creation of excitons. Thus, each stage in the equilibration process can be 

specified by the exciton number n and excitation energy E. Decay may take place from these stages 

by a certain probability , depending on n and E. The transition between adjacent stages is 

characterized by the transition rate x-y, between stages x and y as (Fermi golden rule), 
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where (x-y) represents (initial – y is the final accessible density of states. Mx-y is 

the matrix element of the specific interaction,  xMyM yx |ˆ| , with M̂  being the operator of 

the effective potential causing the system transition from (x) initial state to (y) final state. This 

important quantity, Mx-y is used by approximate formulae that are based on data extracted from 

experimental data [9]. Each stage has two transition possibilities, up and down, which means that 

the change of the exciton number n - n=0. There is also a 

transition probability to the continuum which represents the decay of each stage.    

The Master Equation (ME) describes the occupation probabilities for each stage.  The ME will be 

given as, and in terms of one-component Fermi system [9],  
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where P(n,E,t) is the occupation probability of the n
th

 stage with excitation energy E at time t, and 

  are the transition rates (in sec
-1

) between two successive exciton states n=+2/-2,  

and n is the mean lifetime of this stage, defined as, 
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and W(n,E) is the rate of decay to the continuum. Eq.(2) is the simple version of the two-component 

ME, 
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where n  and n   are the exciton numbers for protons and neutrons, respectively, they are related to 

n as n = n  + n , and the occupation probability, P(N, h , t), of n  and n  number of excitons at 

time t and of excitation energy E. N is a function of n  and n  number as: 

  ovv nNhphpn  12 , and no is the initial exciton number. h and p represent hole 

.   

 In this paper we shall use eq.(2) to explain the numerical procedure rather than eq.(4).  

Hopefully, the method applied here for one-component ME can be extended in the future for the 

more complicated two-component system.    

The total lifetime for each of the states described by eq.(2) is given as [9], 
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and if we assume that the emission will occur for a particle of type  then the spectrum expected 

will be given by the following, 
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where  is the formation cross-section of the composite nucleus in the exit channel 

inverse cross-section).  The decay rate 
c

 represents the partial emission rate of the particle  

from the state described by n and E into the final channel. 

  

2. Earlier Methods of Solutions for the Master Equation 
There are many suggested methods to find the solutions of the master equation, although the 

mathematical form seen from eq.(2) might appear simple.  The difficulty in the ME is that each 

stage depends dynamically on the adjacent stages at the same time, t.  The most important and 

popular methods are reviewed below.   

 Luider [10], assuming one-component Fermi system, showed that the ME can be given in the 

matrix form as, 
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and the solution [x] can then be represented as, 
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which assumes that [x(t)]≠0 at t=∞.  The form of T in eq.(9) is gven by eq.(5).  

 Dobeš and Bĕták [9] suggested further that the ME can be solved by iterative method for both 

one- and two-component systems, where eq,(2) is written as, 
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Dn is the initial condition. The iteration in this method starts from the zeroth approximation formula 

given by, 
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no is the initial exciton number.   
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    In the explicit method of Akkermans [11], one can write eq.(2) as a matrix form and the matrix 

[A], in a tri-diagonal matrix. The solution  in this method is, 
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This can be expanded in terms of power series to give, 
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where if j=n unity.  

 The method above was further modified by Chatterjee and Gupta [12] who used elimination 

method. Dobeš and Bĕták [13] suggested yet another modified iterative method for two-component 

system where the ME solves to the following, 
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 The parameters suggested in [9] were used to find the transition rates, namely, 
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where: K=fitting parameter, R=a numerical factor that accounts for different ways of interaction 

between like and unlike types of particles. Its value is ~3.  Ref.[9] used R=2.89 for proper treatment. 

A, Z and N= Atomic mass number, atomic number and neutrons number of the nucleus, and 

E=excitation energy of the nucleus. 

 Other methods such as those due to Kalbach [14] and Herman et al. [15] use explicit 

treatments to find the solution of the ME for two-component system.    

  

3. Description of the Present Iterative Method  
     In the present paper, we suggest another method that we try to combine the iterative methods of 

Dobeš and Bĕták [9,13] and Luider[10] and Akkermans[11] methods, in simple numerical method. 

Suppose we have the ME written in the form, 
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which is the same as eq.(2) but we omitted the dependence on E and t for simplicity. Using the 

finite difference scheme for replacing the time derivative, and writing the equations from n=1 to the  

n
th

 scheme, after defining the following factors, 
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where the index j is related to n by the simple relation,
2

1


n
j .  Then, the ME simply solves to 

the following, 
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This simple equation will converge with initial conditions, 
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    which is convergent as long as the factors a’s are convergent. This simple method is actually 

based on Euler difference scheme. One may argue that this simple method is of less accuracy than 

the above mentioned methods, however, a practical comparison shows that the difference of the 

occupation probability between this method and the earlier method is less than ~ 5%. Combining 

this level of accuracy with the relatively simple programming effort, the method  suggested in the 

present paper shows its importance. Beside this, the method can be easily improved to include any 

number of excitons, n. Other methods of difference schemes, such as Runge-Kutta method, was also 

examined numerically against the present method and the difference was also promising as will be 

seen in the next paragraph, where numerical calculations are described for selected examples and 

comparisons are presented to test this method.   

 It should be mentioned that, regardless its simplicity, the method suggested here should be 

carefully applied with suitable choice of the time step, t, just as in any ordinary differential 

equation when one seeks numerical solution.  Convergence might never be reached if this parameter 

were of order of n or larger. However, the simplicity of this method suggests that one can try a set 

of values for t, and select the best (leading to a suitably convergent) solution. 

  

4. Results, Discussion of Numerical Calculations, and Comparisons  
     The current method is given in general by eqs.(18–21). Two different numerical methods were 

used in order to find the time derivative of the occupation probability, namely, Euler (centered) 

method and Runge-Kutta method. In order to perform numerical calculations, the transition rates 

given in the ME are used assuming two approaches, the first is the experimentally evaluated 

transition rate  (according to the most recent formulae due to Kalbach [17, 18]), namely, 
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where A  is the mass number of the incident projectile, go is the single-particle state density, and K 

is a constant that has the value 900 MEV
2
 for proton-proton and 2200 MeV

2
 for neutron-neutron 

reaction. In this paper, we assumed that the excitation is mainly due to neutron-neutron and proton-

proton reaction only, and we shall ignore neutron-proton one. The second approach is to assume 

that the transition rates are all equal in either ways, i.e., with n= +2 and -2, and are replaced by 

unity in order to obtain the relative occupation probabilities in each exciton configuration. These 

details will lead to four different applications of the method suggested in this paper.  Furthermore, 

the entire set above was applied for four examples, namely, (n+
54

Fe) and (p+
54

Fe) reactions at 

nucleon incident energies 20 and 80 MeV. This verity of cases will ensure careful investigation of 

the results of this work with other references for practical comparison. All of the numerical 

examples described below are written in Matlab. The value of the single-particle density go was 

fixed at 14 MeV
-1

 in all calculations of the present paper. The occupation probabilities which 

represent the solution of the ME are given in percentage for the purpose of clear comparisons.  

Below are the applications of the suggested method. 
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4.1. Euler Scheme with Energy-Dependent Matrix Elements 

    The results are shown in Figs.(1-A and B), for neutron at incident energies 20 and 80 MeV, 

respectively, for exciton numbers 1, 3 and 5. From these figures, one immediately notices how the 

system changes with time, t, exciton number n and energy of the incident particle. The initial 

conditions imposed are according to Dobeš and Bĕták [9]. First, as the exciton number increases, 

one can see that the distribution peak shifts towards longer time. Due to these specific observations 

of the ME, it was suggested [2, 4] that there is a certain exciton number that is called “the most 

probable exciton number n ” from which nuclear reaction is most expected to terminate by forming 

the compound nucleus. In the examples above, only few exciton numbers were considered, n=1, 3 

and 5. Although these exciton numbers are far less than n , and still important because nuclear 

preequilibrium decay is most probable from these low exciton numbers [9,11,14-16]. An interesting 

observation is that at n=1 the occupation probability (hence the total lifetime T) of the system 

behaves ideally as the usual nuclear (exponential) decay law.  This behavior, in fact, is a direct 

consequence of the initial condition imposed by the program, that is at t=0, P1=1. Still, this result 

might indicate that there is a possibility to find analytical solution that depends exponentially on 

time and transition rates.  This interesting point will be studied in the future. The analytical 

solutions presented in Section II due to Luider [10], Akkermans [11] and Dobeš and Bĕták [9] have 

quite level of complexity, so a simple analytical solution, if exist, will highly simplify the problem 

of PE calculations. Also, from Figs.(1-A and B), the effect of energy on the total behavior is quite 

obvious. As the energy increases from 20 to 80 MeV, the system reaches faster to balanced 

(equilibrated) state even at these low exciton numbers.  Energy effect can be seen to effect the entire 

behavior where: (a) the probabilities decay faster to equilibrated states, (b) the centers 

corresponding to the maxima happen at shorter lifetime, and (c) the tail of all the curves becomes 

more dependent on t. Figs.(1-C and D) represent the calculations made for (p+
54

Fe) reaction.  

Again, the effect of energy is seen for comparing these figures with each others on one side, and 

with those of Figs.(1-A and B) on the other hand. From the second comparison, one understands 

how different the behavior of the system will be when the incident particle comes with unit charge. 

These effects are, in fact, extremely dominate at nuclear reactions at low energies as seen from 

Figs.(1-A and C). From Figs.(1-C and D), the same effect is seen for energy change for the same 

type of incident particle.  In these examples, the system tends to be equilibrated even faster that in 

the case for neutron reaction. Such results, which indicate the rapid energy share between the 

incident particle and the nucleus, show that proton reactions have, in general, more details that 

should be taken into account when investigating any of the statistical models applications for 

nuclear reactions.  

  

4.2. Euler Scheme with Energy-Independent Matrix Elements 

The results of these calculations are shown in Figs.(2-A and B).  In this case, proton and neutron 

reactions will read the same as seen from eq.(22).  Thus, the major difference will be due to energy 

change of the incident particle, not the type of the particle itself.  Of course, energy-independent 

matrix element is considered as a crude approximation in the physics of nuclear reaction.  This case, 

therefore, seems to be not precise in practical calculation; nevertheless, it can be used for the 

present comparison for clarity of the method suggested herein. These figures show that the 

probabilities become less dependent on t if the matrix elements were energy-independent.  The 

spread of the curves in the case of 20 MeV is even wider than that of Fig.(1-A).  This signifies the 

importance of energy dependence for various cases that needed to be taken under investigation 

during compound nucleus formation. A glance on these figures indicates that as the incident energy 

increases the occupation probabilities fall faster with time. In At energy 20 MeV the occupation 

probability is less dependent on t, and at energy 80 MeV, these probabilities are more dependent on 

t. This means that in this approximation the method adopted in this paper might fail to reproduce the 

same accuracy when not dealing with the more realistic energy-dependent matrix element during 

calculating the transition rates.  So this point adds another restriction on the present method. 
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However, most sensible PE calculations deal with the realistic case, i.e., that these matrix elements 

depend on E in one way or another. Therefore, the numerical method presented here is still of 

meaning to be considered in the cross-section calculations.  

 

4.3. Runge-Kutta Method with Energy-Dependent Matrix Elements 

     The same examples above were applied using Runge-Kutta method in order to test the accuracy 

of the present method. Runge-Kutta method is of high accuracy than the simple Euler method and, 

as one may expect, Runge-Kutta method needs much more complicated numerical scheme and 

programming effort. The results of comparison of the two method against each other is presented in 

Figs.(3-A and B). This example is intended to be compared with the results of Figs.(1-C and D), 

i.e., for (p+
54

Fe) reaction at energies 20 and 80 MeV, respectively. Similar input parameters were 

used in all cases of Figs.(3-A and B). The consistency of the present method, eq.(21), is shown to be 

acceptable to an approximate degree at low energy, while at energy 80 MeV the difference is quite 

obvious. Therefore, it is emphasized that the simple numerical scheme proposed above should be 

applied at energies around 20 MeV. At higher energies, more complicated methods must be used. 

The results of the other examples were seen to have the same behavior for other examples as in 

Figs.(3-A and B), i.e., as the energy increased from 20 to 80 MeV, the difference between the two 

methods becomes more clear. Therefore, no other comparisons will be made here. 

  

5. Conclusions 
The  important conclusions can be summarized as follows:  

(a) The master equation can be solved numerically using simple version of Euler scheme, but can 

only be applied at low energies.  

(b) Other complicated approaches such as Runge-Kutta method, or any of the numerical methods 

described earlier in Section II, is needed if the problem extends to high reaction energies.  

(c) The occupation probabilities behave as slow functions of time at low energies, and tend to drop 

faster with more dependence on time at high energies.  

(d) As the exciton number increases above unity, the peaks of the occupation probabilities are 

shifted toward longer lifetimes, whereas at n=1 the occupation probability behaves almost in 

exponentially decreasing manner. 

 (e)  At large exciton number the dependence of the occupation probability on time and energy 

becomes insignificant which suggests that there is a maximum exciton number possible to be 

accessed by the system before statistical and thermal nuclear equilibrium. 
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Figure Caption: 
Fig.(1-A). The time-distribution of the occupation probabilities for n=1, 3 and 5, using Euler 

centered scheme for (n+
54

Fe) reaction at incident energy 20 MeV. 

Fig.(1-B). The same as Fig.(1-A) for incident energy 80 MeV. 

Fig.(1-C). The same as Fig.(1-A) for (p+
54

Fe) reaction at incident energy 20 MeV. 

Fig.(1-D). The same as Fig.(1-C) at incident energy 80 MeV. 

Fig.(2-A). The same as Fig.(1-A) for (p+
54

Fe) reaction at incident energy 20 MeV. 

Fig.(2-B). The same as Fig.(2-A) at incident energy 80 MeV. 

Fig.(3-A). The solution of the ME for (p+
54

Fe) reaction at incident energy 20 MeV using both Euler 

method (bold lines) and Runge-Kutta method (thin lines). 

Fig.(3-B). The same as Fig. (3-A) for 80 MeV. 
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Fig(1-A) 
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Fig(1-B) 
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Fig(1-C) 
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Fig(1-D) 
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Fig(2-A) 
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Fig(2-B) 
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Fig(3-A) 
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Fig(3-B) 

 

 


