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Abstract : 
In this paper, we find the general form of Artin characters table Ar(Dn), when n is an even 

number and the cyclic decomposition of Artin Cokernel AC(Dn) , when n is an  even  

number such that ; 

 22

2

1

1  m

mpppn     
, ip  are distinct  primes for all i =1 ,2 ,3,….,m , 

ip 2 , then    AC(Dn)=
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 : الخلاصة
عدذد سوجدي و الزجشئدت الذائزلدت لشمدزة  nعندذما  Ar(Dn)وجذنا في هذا البحث, الصيغت العامت لجدذول ودوا آ آرتدن 

عدددددددددددددذد سوجدددددددددددددي  حيدددددددددددددث  nعندددددددددددددذما ل دددددددددددددو    AC(Dn) آرتدددددددددددددن -الندددددددددددددواة المشدددددددددددددارك
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Introduction : 
   The abelian group of all Z-valued characters of a finite group G under the operation of 

pointwise addition over the group of induced  unit characters form all cyclic subgroups of the 

group G (Artin characters) , R (G)/ T(G)) form a finite abelian group which is called Artin 

Cokernel of the group G ,denoted by AC(G) .The problem of determining the cyclic 

decomposition of AC(G) seem to be untouched .In this work, G is considered to be the 

dihedral group Dn when n is an even number .To do this work we must do the following steps 

1- we must know the rational valued characters table of the group Dn , ≡
*
( Dn

 
) . 

2- we must find Artin characters table of the group Dn , Ar(Dn) . 

3- we must find the matrix which expresses  the Artin characters of the group Dn in terms of 

rational valued characters , M(Dn) . 

4- From (3) we must find the invariant factors matrix M(Dn) . 

5- From (4) we can find the cyclic decomposition of AC(Dn) . 

The exponent of AC(G) is called the Artin exponent of the group G, denoted by A (G) . 

In 1967 T.Y Lam [14] defined AC(G) and he studied AC(G) , when G is acyclic group. 

In 1970 K . Yamacchi [11]studied 2-parts of A(G) . In 1976 G.David [4] studied A(G) of 

arbitrary characters of cyclic subgroups .In 1996 K.Knwabuez [10] studied A(G) of p-group . 
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In  2000  H.R.Yassien [6] studied the cyclic decomposition of AC(G) when G is an 

elementary abelian group .In 2002 H.H.Abbass [5] found ≡
*
( Dn

 
).In 2006 A.S.Abed [2] 

found Ar(Cn) when Cn is the cyclic group of order n .In this paper , we find Ar (Dn) and we 

study AC(Dn) of the  non abelian group Dn  ,when is an even number. 
 

1.Some Basic Concepts:- 

   In this section , we shall give basic concepts , notations and theorems about matrix 

representation ,characters and Artin characters , which will be used in the next sections . 
 

 Definition (1.1):[2] 

       The general Linear  group GL(n,F) is a multiplicative group of all non-singular nn 

matrices over the field F . 

Example (1.2) : 

  Consider the field of complex numbers C , 

GL(2,C)= { A: A= 




c

a





d

b
 ; a,b,c,d C  and A is a non – singular } 

Definition (1.3):[3] 

       A matrix representation of a group G is a homomorphism  of G into GL(n,F), n is called 

the degree of matrix representation T . In particular ,T is called a unit representation ( 

principal) if T(g)=1,for all g .G  

 

Example (1.4): 

  Consider the symmetric group S3 , define T: S3   GL(2,C) as follows : 

  T((1))= 




0

1





1

0
 , T((1 2))= 





1

0
   





0

1
 , T((1  3))= 





1

1
  




1

0
, T((2 3 )) = 





0

1
   





1

1
 ,  

 

T((1 2  3))= 




1

0
   





1

1
 , T((1  3  2))= 





1

1
    





0

1
 . T is a matrix representation of  S3 of  

degree 2. 

Definition (1.5):[3] 

       The trace of an nn matrix A is the sum of the main diagonal elements, denoted by tr(A)  

Example (1.6): 

   Let   A = 




0

1





1

0
 , tr (A)= 1+1=2 . 

Definition (1.7):[3] 

       Let T be a matrix representation of degree n of a finite group G over the field F .The 

character χ of degree n of  T is the mapping  χ :G → F defined by  χ(g)= tr(T(g)) for all gG 

. In particular , the character 

of the  principal  representation  (χ(g) = 1 , for all Gg  )  is called the principal character . 

Example (1.8): 

 The character  χ of the matrix representation T in example (1.4) is of degree 2 and it is 

defined as follows: 

 ((1))= 1+1=2 ,  ((1 2 ))= 0+0 =0 ,  ((1 3 ))= -1+1=0  ,  ((2 3 ))=1+-1=0,  ((1 2 3 ))=-1 

and 

  (( 1 3 2))=-1 . 

Definition (1.9):[3] 

       Two elements g and h in G are said to be conjugate  if h= x g x
-1

 , for some x G . 
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the relation of conjugacy is an equivalence relation on G. The equivalence classes determined 

by this relation are referred to as the conjugate classes and  CLg , gG is the conjugate class 

of the element g . 

Example (1.10): 

 The two elements  (1 2 3 ) and ( 1 3 2) are conjugate in the symmetric group S3 because 

 (1 2 ) ( 1 2 3 ) (1 2 )
-1

 = (1 3 2 ) . 
 

Definition (1.11):[3] 

       The centeralizer of x in G is the subgroup  

CG(x) = {a  G : a x a
-1

= x } . 
 

Example (1.12): 

   The centeralizer of  ( 1 2 3 ) in S3 is the subgroup CS 3

(( 1 2 3 ))={ ( 1 ), ( 1 2 3 ), ( 1 3 2 )  

Definition (1.13):[3] 

       Let H be a subgroup of G and   be a character of H ,the induced character on G is given 

by 

)(
1

)( 1



  xgx
H

g
Gx

G 
, where g G  and   is defined by  











Hhifh

Hhif

h
)(

0

)(



 

Example (1.14): 

  Consider the subgroup H={ ( 1 ), ( 1 2 3 ), ( 1 3 2 )}of the symmetric group S3 , let  be the 

principal character of H ,i.e  (g)=1 ,for all gG .We calculate  3S  as follows: 

 

3S ((1))= 
3

1
))1(( 1

3





 xx
Sx

 = 



3

3

1
)1(

3

1

Sx

   6 =2 . 

= 0]000000[
3

1
 , similarly , we calculate the other values of 3S . 

  The following theorem is used to find the induced characters of the cyclic subgroups .   
 

Theorem (1.15):[6] 

       Let H be a cyclic subgroup of G and mhhh ,......,, 21  are chosen representatives for the m-

conjugate classes of H contained in CLg , gG , then 

 

))]13(())23(())13(())23(())12(()12(([
3

1
))]123)(12)(132(())132)(12)(123((

))23)(12)(23(())13)(12)(13(())12)(12)(12(()1)(12)(1(([
3

1
))12((

3

1
))12((

3

3 1











 






Sx

S
xx



Journal of Kerbala University , Vol. 6 No.3 Scientific. 2008 
 

 09 

 
 
 

 


 
m

i

i

H

GG h
gC

gC
g

1


    if ih H   CLg  

  0 gG                               if       H   CLg = Ф 

  For the proof , see [6] 
 

Definition (1.16):[6] 

       Let G be a finite group, any character induced from the principal  character of cyclic 

subgroup  of G is called Artin character  of G . 
 

Example (1.17): 

   The character in example (1.14) is Artin character of  the symmetric group S3 . 
 

Definition (1.18):[9] 

       Two elements of the group G are said to be Γ-conjugate if the cyclic subgroups they 

generate are conjugate in G ,this defines an equivalence relation on G .Its classes are called  

Γ-classes . 
 

Example (1.19): 

  The two elements (1 2 3 ) and (1 3 2 ) are  - conjugate in the symmetric group S3  because  

 ( 1 2 ) < ( 1 2 3 ) > ( 1 2 )
-1

 = < ( 1 3 2 > . 
 

Proposition (1.20):[14] 

       The number of all distinct Artin characters on a group G is equal to the number of  Γ-

classes on G . 

  For the proof , see [ 14 ] . 
 

Definition (1.21):[2] 

       The information about Artin characters of a finite group G is displayed in a table called 

Artin characters table of G , denoted by Ar(G) which is ll   matrix whose columns are Γ-

classes and rows the values of all Artin characters on G ,where l   is the number of  Γ-classes  
 

Example (1. 22): 

   Given the cyclic group C 3  = < r > of order 3 ,the Γ-classes on C3  [1]={ 1} and [r]={ r , r
2
 }. 

  The Artin characters table of C3 , Ar ( C3)= 

     

 [1]      [r] 

1  

2  

3 0 

1          1 

 

, where 21  and  are the Aritn characters of C3 . 

 

 Definition (1.23):[3] 

       A rational valued character θ of G is a character whose values are in the set of integer 

numbers Z ,which is θ(g) Z ,for all g G . 
 

Example (1.24): 

   The principal character on a finite group G is a  rational valued character of G . 
 

Proposition (1.25):[12] 

       The number of all distinct rational valued characters of a finite group G equals to the 

number of 
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Γ-classes on G . 

  For the proof , see [ 12 ] . 
    

Definition (1.26):[12] 

       The information about rational valued characters of a finite group G is displayed in a 

table called the  rational valued characters table of G ,denoted by ≡ 
*
( G

 
) which is ll   

matrix whose columns are Γ-classes and rows are the values of all rational valued characters 

of G ,where l   is the number of Γ-classes . 

Example (1.27): 
    

 

 )( 3

* C  

 

 

Theorem [Artin] (1.28):[9] 

       Every rational valued character of a finite group G can be written as a Linear 

combination of Artin's characters with coefficient rational numbers . 

  For the proof , see [ 9 ] . 
 

2 . The Factor Group AC(G) :- 

  The definition of the factor group Ac ( G)  was introduced by T.Y Lam [ 14 ] in 1967 . The 

applications of 

The factor group AC(G) not only in the mathematics but also in physics and chemistry . 

   In this section we shall study AC(G) , dihedral group Dn  and )(*

nD  , when n is an even 

number . 
 

Definition (2.1):[14]   

     Let R (G) be the group of Z- valued generalized characters of G under the operation 

pointwise addition and T(G) is a normal subgroup of R (G) generated by Artin's characters. 

The abelian factor group R (G)/T(G) is called Artin's Cokernel of G , denoted by AC(G) .  
 

Definition (2.2):[12]   

     Let M be a matrix with entries in a principle domain R . A K -minor of M is the 

determinant of KK   

Submatrix  preserving row and column order . 
 

Definition (2.3):[12]   

     A K -th determinant divisor of  M is the greatest common divisor (g.c.d) of all K -minor 

,denoted by DK(M) . 
 

Theorem (2.4):[12]   

     Let M be an nn  matrix with entries in a principle domain R ,then there exist matrices P 

and W such that 

1- P and W are invertables . 

2- P. M.W = D. 

3- D is a diagonal  matrix . 

4- If we denote Djj by dj then there exists a natural number m ; nm 0 such that j > m  

implies dj =0 and j < m  implies dj 0 and  1 < j < m  implies dj/dj+1 . 

For the proof , see [ 12] 

 

 

   [1]     [r] 

2

1




 

1 1 

2 -1 

 

, where 21  and  are the rational valued characters of C3 . 
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Definition (2.5):[12]   

     Let M be a matrix with entries in a princpal domain R , and equivalent to matrix 

 D={ d1,d2,..,d m ,0,0 …,0}, Such that dj/dj+1 for 1 < j < m , D is called the invariant factor 

matrix of M and d1,d2,..,d m  the invariant factors of M . 
 

Remark (2.6) :- 

       According to the Artin theorem (1.28) there exists an invertible matrix M
-1

(G) with 

entries in the field of rational Q such that    

≡ 
*
(G

 
) = M

-1
(G) . Ar (G

 
)  

and this implies 

 M (G) = Ar (G
 
).( ≡ 

*
(G

 
) )

-1
 

By theorem (2.4) there exists two matrices P(G) and W(G) such that  

P(G) . M(G) . W(G) = diag ={ d1,d2,..,d l }=D(G) , where dj=  Dj(M(G))/ Dj-1(M(G)) and 

l is the number of Γ-classes .  
 

Theorem (2.7):[6] 

     AC(G) =  jd

l

j
C

1
 where dj=  Dj(M(G))/ Dj-1(M(G)) , and l    is the number of all 

distinct Γ-classes and Cd j is cyclic subgroup of order di .  

For the proof , see [ 6 ] 

 

Proposition (2.8):[12] 

       Let P be a prime number, then the rational valued characters table of cyclic group Cp
s
 

=<r> is given by 

≡ 
*
( Cp

s 
) =  

For the proof , see [ 12 ] . 

Remark (2.9) :- In general if m

mpppn  2

2

1

1 
 
where 

mppp ,....,, 21
 are 

distinct  primes ,then
 
 

  )()()( 21

21

m

pppn m
CCCC      where  is the tensor 

product . 

 

Γ-Classes [1] [r
P 1S

] [r
P 2S

] [r
P 3S

] … [r
P 2

] [r
P
] [r] 

θ1   p
S-1

(p-1) -p
S-1

 0 0 … 0 0 0 

θ 2 p
S-2

(p-1)
 

p
S-2

(p-1) -p
S-2

 0 … 0 0 0 

θ 3 p
S-3

(p-1)
 

p
S-3

(p-1)
 

p
S-3

(p-1) -p
S-3

 … 0 0 0 

  : : : : : : : : : 

  : : : : : : : : : 

θ s-1 p(p-1) p(p-1) p(p-1) p(p-1) … p(p-1) -p 0 

θ s p-1 p-1 p-1 p-1 … p-1 p-1 -1 

θ s+1 1
 

1 1 1 … 1
 

1 1 
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Definition (2.10):[9]   

       The dihedral group Dn is a certain non-abelian group of order  2n ,it is usually thought as 

a group of transformations of Euclidean plane of regular n-polygon consisting of rotation (r
k
) 

(about the origin)with angle 2πk/n and reflections  sr
k
 (a cross lines through the origin ). 

In general it can be written as  

Dn={S
i
 r

k
 : 0 k n-1,0 j 1} ,where r

n 
=1,S

2
=1, S r

k
 S = r

-k
. 

The cyclic group of order n ,  Cn=<r> is a normal subgroup of Dn. 

Proposition (2.11):[5] 

       The rational valued characters table of Dn when n is an even number is given by:  

≡ 
*
( Dn

 
) = 

Γ-Classes Γ-Classes of Cn  

[r
k
] 

[s] [sr] 

θ1    

 

 

 

≡ 
*
( Cn

 
) 

 

 

 

 

1          1          …………………………..         1 

0 0 

θ 2 0 0 

  : 

  : 

: 

: 

: 

: 

θ l -1 -1  1 

θ l   1  1 

θ l +1 1          1          ………………………….  ……1 -1 -1 

θ l +2   1 -1 

Where  θ l +2(r
k
) = 1       if  k is an even number . 

and      θ l +2(r
k
) = -1     if  k is an odd number. 

l  is the number of  Γ-Classes of Cn . 

 

For the proof , see [ 5 ] . 

 

Theorem (2.12):[2]  

       Let p be a prime number, then the Artin characters table of Cp
s
 is given by : 

Γ-Classes 

 

 [1] [r
P 1S

] [r
P 2S

] [r
P 3S

] … [r] 

        

φ
΄
1    p

S
 0 0 0 … 0 

φ
΄
2 

 
p

S-1 
p

S-1
 0 0 … 0 

φ
΄
3 

 
p

S-2 
p

S-2 
p

S-2
 0 … 0 

  :  : : : : : : 

  :  : : : : : : 

φ
΄
s  p p p p … 0 

φ
΄
s+1 

 
1

 
1 1 1 … 1 

For the proof , see [ 2 ] . 

Remark (2.13) :- 

       Let n be any positive integer and 
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m

mpppn  2

2

1

1   
where mppp ,....,, 21  are distinct primes ,then  

)()()()( 21

21

m

pppn m
CArCArCArCAr     

Where   is the tensor product . 

 

Proposition (2.14):[13] 

       If P be a prime number and S is a positive integer ,then 

 





























10000

11000

11100

11110

11111













SP
CM and  SP

CP



































100000

110000

001100

000110

000011













 .  

For the proof , see [ 13] 

Remark (2.15) :- 

In general if 
 22

2

1

1  m

mpppn   
where mppp ,....,, 21  are distinct 

primes ,then  

1-  



2

21 )()()()(
21

CPCPCPCPCP m

pppn m
   

    We can write  

2- 

 

 

























































































1000

11

11

11

.

00

10

11

11

11

.

10

11

11

11

.

2










tims

times

CR

times

DM

n

n







 

Where R2(Cn) is the matrix obtainned by omitting the last two rows 

{0,0,…….,1,1}and{0,0,……..,0,1}and the last two columns 

{1,…..,1,0,1,…..,1,0,…..,1,0}and{1,1,…..,1}from the tensor product  

 



2

21 )()()(
21

CMCMCMCM m

ppp m
  . 

 

3 . The Main Results:- 

  This   section  is devoted to sudy the Artin characters  Ar ( Dn ) and the cyclic 

decomposition of the factor group Ac(Dn ) , when n is an even number . 

Theorem (3.1):  

 

 

 



Journal of Kerbala University , Vol. 6 No.3 Scientific. 2008 
 

 03 

       The Artin characters table of the dihedral group Dn when n is an even number  Ar(Dn) = 

Γ-Classes [1] 
[r 2

n

] 
Γ-Classes of Cn [S] [Sr] 

| CLα| 1 1 2 2 .... 2 n/2 n/2 

|C
nD (CLα)| 2n 2n n n .... n 2

2 
2

2 

Ф1  

 

 

2Ar(Cn) 

0 0 

Ф2 0 0 

 :  :  : 

 :  :  : 

Ф
l  0 0 

Ф
1l
 n 0 ………… 0 2 0 

Ф
2l
 n 0 ………… 0 0 2 

 

Where l  is the number of  Γ-classes of Cn  . 

Proof:- 

      Let gDn   and  j  is the Artin characters of Cn  for all j=1,2,…, l  

Case (I): 

If H is a subgroup of Cn =<r> , 1 < j < l  and the  the  principal  character of H  ,then 

applying theorem (1.15) yields 

 

Фj(g)= 
 

 
 



m

i

i

H

D
h

gC

gC
n

1

   

(i) If g =1 

Фj(1)= 
 

 
 1

1

1


H

D

C

C
n

 = 
 

1
1

2


HC

n
 

 

 
 1.2

1

12

1
H

C

C

C
n

 since  H   CL(1) = {1}   

(ii) If g= r 2

n

,g 1  and gH 

Фj(g)= 
 

 
 1

gC

gC

H

Dn

 = 
 

1
2


gC

n

H

       since  H   CL(g) = {g} and  (g) = 1 

 

 
   gg

gC

gC

j

H

Cn

  .2
2

  

(iii) If g r 2

n

 and gH  

Фj(g)= 
 

 
    1 gg

gC

gC

H

Dn

   

 

         =
 

 11
gC

n

H

                              since  H   CL(g) = {g,g
-1

} and   (g) =   (g
-1

) = 1 

         =
 

 
   gg

gC

gC

j

H

Cn

  .2
2
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(iv) If gH 

Фj(g)= 0                                                  since  H   CL(g) = Ф 

           = 2. 0 =  gj.2  . 

Case (II): 

If H = < S > ={1,S} 

(i) If g = 1 

Ф
1l
(1)= 

 

 
 1

1

1


H

D

C

C
n

 = n
n

1
2

2
 

(ii) If g = S 

Ф
1l
(S)= 

 

 
 1

SC

SC

H

Dn

 = 21
2

22

  

Otherwise  

Ф
1l
(g)= 0                                                since  H   CL(g) = Ф     

 

Case (III): 

If H = < Sr > ={1,Sr} 

(i) If g = 1 

Ф
2l
(1)= 

 

 
 1

1

1


H

D

C

C
n

 = n
n

1
2

2
        since  H   CL(1) = {1} 

(ii) If g = Sr 

Ф
2l
(Sr)= 

 

 
 1

SrC

SrC

H

Dn

 = 21
2

22

     since  H   CL(Sr) = {Sr} 

Otherwise  

Ф
2l
(g)= 0                              since  H   CL(g) = Ф     

 

Theorem (3.2):  

       If n is an even number and  
 22

2

1

1  m

mpppn   
where 

mppp ,....,, 21  are distinct  primes and 2iP for all  i=1,2,….,m ,then the cyclic 

decomposition of AC(Dn) is  

 

AC(Dn)=

       11111

1

21 




 m

i



 C2  

 

Proof:- 

       By theorem (3.1) we obtained the Artin's characters table Ar(Dn) and from proposition 

(2.11) we can find the rational valued characters table ≡ 
*
( Dn

 
). 

Thus, 

by the definition of the matrix M(Dn) (Remark (2.6)) 

We have M(Dn) =  Ar (Dn
 
).( ≡ 

*
( Dn

 
) )

-1
  ,then 
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 

 





































































































































0011111

1010111

0110000

1111

1111

1111

0

.

00

0110

1111

1111

1111

.

0110

1111

1111

1111

.

2















times

times

CR

times

DM

n

n







  

 

Which is        21111 21   m         21111 21   m  

square matrix . 

By theorem (2.4) and remark (2.6) we can take  

 

 






































10000

11000

00

11

00

00

00





n

n

CP

DP and 

 







































0101000

1011111

1001111

000

000

000









k

n

I

DW  

 

Where k =        11111 21   m  and kI is the identity matrix of order kk  . 

Then 

 P(Dn) . M(Dn) .W(Dn) =D(Dn) = diag {2,2,2,…..,2,1,1,1}} 

= {d1,d2,………..,d        11111 21   i , 1,1,1} 

By using theorem (2.7) 
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AC(Dn)=

       11111

1

21 




 m

i



 Cd i
   =

       11111

1

21 




 m

i



 

C2  

since di=2 for all i=1,2,…..,        11111 21   m  

 

Example (3.3):  

       To find AC(D1800) , AC(D365904) 

AC(D1800)= AC(D 322 235 
)=

     1131212

1





i  C2 =

35

1

i  C2 

 

AC(D365904)= AC(D 432 23711 
)=

       114131112

1





i  C2 =

119

1

i  C2  . 

 

References :- 

[1] A.M.Basheer ,"Representation Theory of  Finite Groups",AIMS,South Africa,2006. 

[2] A.S.Abid,"Artin Characters Table of Dihedral Group for Odd Number"M.Sc. thesis 

University of  Kufa,2006 . 

[3] C.Curits and I.Reiner,"Methods of Representation Theory with Application to Finite 

Groups and  order", John Wiley & Sons, New York ,1981. 

[4] G.David,"Artin's Exponent of Arbitrary Characters of Cyclic Subgroups", Journal of 

Algebra,61,PP 58 – 76,1976 . 

[5] H.H.Abbas "On Rational  Valued Characters of the Group Dn when n is an Odd" Journal 

of Babylon  University,vol 7,No-3,2002 .  

[6] H.R.Yassien,"On Artin Cokernal of Finite Groups",M.Sc. thesis ,University of Babylon 

2000 . 

[7] I.M.Isaacs,"Character Theory of Finite Groups", Academic press, New York,1976 

[8] J.Moori,"Finite Groups and Representation Theory, "University of Kawzulu-Natal,2006 . 

[9] J.P.Serre,"Liner Representation of Finite Groups",Springer-Verlage,1977 . 

[10] K.Knwabusz,"Some Definitions of Artin's Exponent of Finite Groups",USA,National 

foundation Math,GR,1996 .                            

[11] K . Yamacchi ,"On 2-Parts Artin Exponent of Finite Group ", Sci - Rep.Tokyo, Daigaku 

Sect , 1970.  

[12] M.S.Kirdar,"The Factor Group of the Z-valued Class Function Modulo The Group of the    

Generalized Characters",Ph.D. thesis, University of Birmingham,1982 . 

[13] R.N.Mirza , On Artin Cokernel of Dihedral Group Dn when n is an odd number " M.Sc. 

thesis , University of  Kufa ,2006 . 

[14] T.Y.Lam"Artin Exponent of Finite Group", University of Colombia Journal of 

Algebra,9,PP 94-119,New York,1968 . 


