Journal of Kerbala University , VVol. 6 No.4 Scientific. 2008

t vy -Open sets and Separation axioms

Asaad M.A.Alhosaini
University of Babylon ,College of Education,Dept.Mathematics

Abstract:

In this paper by considering two types of operations on a topological space ( X,t ), t-operation
and y-operation ,the researcher introduce the concept of ty-open set (which is analogue to the
concept of semi open set), and we study the concepts of ty-T; spaces (i=0,%2,1,2,b,d,g) related to
the new concept of ty-open sets and we study the relations between them.

1. Introduction.

Krishnan and Balachandran 1998 introduced the concept of y-semi open sets in a topological space
(by using the definition of operation y as a mapping from t into P(X) with the condition U c y(U)
for each Uet) and the concepts of y-semi T; spaces (i =0,%2,1,2) and they studied the relation
between them, also they introduced the concepts of y-Ty, and y-Ty spaces using the concept of y-
gs.closed sets in a topological space.

The researcher in [1] gave a deferent definition of operation on a topological space ( X,t ) and
called it t-operation (as a mapping from P(X) into t with the condition t(U) < U for each Uc X and
t(X)=X), and he studied the concepts of t-open, t-closed ,t-g.closed sets in ( X,t ) ,together with the
concepts of t- T; , t-semi T; (i =0,%2,1,2) , t-Ty, and -T4 Spaces .

In this paper, in section 2, we give a necessary preliminaries consisting the main concepts and
theorems coming in the papers of Krishnan and Balachandran 1998 and the researcher in [1] about
v-open and t-open sets with related concepts. In section 3 we define the ty-open set by considering a
y-operation and a t-operation on a topological space ( X,t ),and we study the related concepts ; ty-
closed set, cl,, , ty-generalized closed set, generalized ty-closed set investigating the relations
between them. Finally we define ty-T; spaces (i=0, ,%2,1,2,b,d,g) and prove many theorems about
them.

2 Preliminaries.
Throughout this work by int A and cl A we mean the interior and the closure sets of A with respect
to the given topology 1 respectively.
2.1 Definition [3]: A y-operation y on a topological space ( X,t ) is a mapping from 7 into the
power set P(X) such that V< vy (V) foreach Ve 1.
2.2 Definition [1]: A t-operation t on a topological space ( X,t ) is a mapping from

P(X) into T such that t(A) < A for each Ac X and t(X)=X.
2.3 Definition [3]:Let y be a y-operation on a topological space ( X,t) .A subset G

of X is said to be y-open set if for each x in G there exists Ue t such that x eU

and y (U) < G. The collection of all y-open sets in( X,t ) is denoted by 1, .
2.4 Remark.i)t,c 1.
i) ¢, X e 1y.
iii) If Gye 1y, 0e A, then [JA, e 1,.

iv) If ABe 1, it is not necessary that ANB e 7, .

(i.e. T, dose not form a topology on X in general)

v) If v 1s defined by y(V)=V for each Ve 1, thent,~= 7.
vi) y(V) e 1, foreach Ve 7.
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2.5 Definition [1]:Let t be a t- operation on a topological space ( X,t ) .A subset G
of X is said to be t-open set if for each x in G there exists A c X such that
X et(A) cG. The collection of all t-open sets in ( X,t ) is denoted by t-O(X).
2.6 Remark.i)t-O(X) c t.
ii) ¢, X e t-O(X) .
iii) If Gye t-O(X), ae A, then | JA, e t-O(X).

aeA

iv) If AAB e t-O(X), it is not necessary that ANB e t-O(X) .
(i.e. t-O(X) dose not form a topology on X in general).
v) If t is defined by t(A)= t-int(A) for each Ac X ,then t-O(X)=1.
2.7 Definition [3]: Let y be a y-operation on a topological space ( X,t ) .A subset
F of X is said to be y-closed if X-Fe T, .
2.8 Definition [1]:Let t be a t- operation on a topological space ( X,t ) .A subset
F of X is said to be t-closed if X-Fet-O(X) .
2.9 Definition [3]: Let y be a y-operation on a topological space ( X,t), Ac X.

The set cl, A is defined by, cl, A= {xeX| U NA#¢, whenever Ue 1, and xe U}.

2.10 Remark . Let y be a y-operation on a topological space (X,t), A,Bc X
and {A.} an arbitrary family of subsets of X, then
1) cl, A=N{F| F is y-closed and AcF }

i) cl,o=¢ and cl, X=X iii)clA ccl,A.

iv) AcB impliescl, A ccl,B.

v) Ucl,A,ccly,UAq and cl,NA,c Ncl A, (where {A.}is an arbitrary family

of subsets of X).

Vi) A'is y-closed iff A=cl, A .

2.11 Remark . A similar definition can be given and a similar remark can be proved
about cl; A, see [1] .

2.12 Definition [1]: Let t be a t- operation on a topological space ( X,t) ,A < X.

int A is defined by, t-int(A) =U{U|Uet-O(X) and Uc A}.

2.13 Remark . Let t be a t-operation on a topological space (X,1), A,Bc X

and {A.} an arbitrary family of subsets of X, then

i) Ac B implies t-int(A) ct-int(B).
i) U(t-intA,) ct-int(UA,).

iii) t-int(NAy) S N(t-int A,).

iv) A is t-open if and only if A=t-intA.

V) t-intA is a t-open set for each A .
vi)  t-intA c intA.
2.14 Remark . A similar definition can be given and a similar remark can be
proved about y-int A, see [3] .
2.15 Remark . Lety be a y-operation and t be a t- operation on a topological space
(X,t),A cX. Then
i) y-int(X-A) = X - cl, A and cl,(X- A)= X-(y-int A) .
i) t-int(X-A) = X —clt A and cli(X- A)= X-(t-int A) .
2.16 Definition [3]: Let y be a y-operation on a topological space ( X,t), Ac X.
A is said to be a y-generalized closed (shortly y-g.closed) setif cl, A cU
whenever A cU and U is y-open .
2.17 Remark . Every y-closed set is y-g. closed ,but the converse is not true .
2.18 Definition [1]: Let t be a t-operation on a topological space (X,1), Ac X.
A is said to be a t-generalized closed (shortly t-g.closed) set if cly A cU
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whenever A cU and U is t-open .
2.18 Remark . Every t-closed set is t-g. closed ,but the converse is not true .
3. ty-open sets
Throughout this section we will assume that y is a y-operation and t is a t-operation on the
topological space (X,1).
3.1 Definition : A subset A of X is ty-open if Accl, (t-int A) .The collection of all
ty-open sets in (X,1) is denoted by ty-0(X) .
3.2 Remark . Since Aet-0(X) implies A=t-int A (2.13 iv) and since Accl, A
For each A (2.10 iii) ,therefore t-o(X) c ty-0(X) .
3.3 Remark . The concepts of ty-open and t-open sets are independent for example:
1) Let (X,t) be any topological space ,t a t-operation on (X,t) defined by
t(A)=0 if A# X ,t(X)=X ,and v is a y-operation on (X,t) defined by y(V) =V
for each Ve 1, then t-o(X) ={9,X }, t,= 7 and ty-o(X) ={¢,X },that is
T is not subset of ty-0(X).
i1) Let X={a,b,c},t ={09,X,{a}}, y(V)=V for each Ve tand t(A)= ¢
if Ag 1, t(A)=A if Aert, then t-o(X)=1,=1 but
ty-o(X)= {0,X,{a},{a,b},{a,c} }that is ty-o(X) is not subset of 7 .
3.4 Remark . Ifyis defined by y(V)=V for each Ve 1, and t is defined by
t(A)=intA for each AcX, then by 2.4(v) and 2.6(v) T, = t-o(X)= 1 and
so cl,A=clA, t-intA =int A. Hence ty-0(X)= SO(X) ,the collection of all
semi open sets in(X,t).
In general the concepts of ty-open set and semi open set are independent .
3.5 Definition. A set F is said to be ty-closed set if X-F is ty-open .
3.6 Remark . F is ty-closed iff y-int(cl; F) cF .
Proof: F is ty-closed iff X-F is ty-open (3.5)
iff X-Fc cl, (t-int (X-F)) (3.1) , but cl, (t-int (X-F))= cl,(X-cliF)=X-( y-int(cl; F)
(2.15) and finally X-Fc X-( y-int(cl; F) iff y-int(cl; F) cF .
3.7 Remark . The following statements are true:

) ¢ and X are t y-clop sets (both t y-closed and t y-open sets) .

i) If Aye ty-o(X) aeA, then | JA, e ty-0(X) .

iii) The intersection of two ty-open sets need not be a ty-open set .
iv) The intersection of any family of t y-closed sets is t y-closed set .
V) The union of two ty-closed sets need not be a ty-closed set .
Proof : i) is clear.

i) Since A, c | JA, for each o, by 2.10(iv) and 2.13(i),

ael

cly (t-int A,) < cl, (t-int[ JA, ) for each a ,s0 A< cly (t-int A,) implies

ael

JA, c cl, (t-int [ A,) .

aeA aeh

iv)Follows from the DeMorgan laws .
For (iii) and (v) see the following example.
3.8 Example. Let X=R ,the set of real numbers, T the usual topology on R, let
v(V)=V foreach Ve tand  t(A)=intA for each AcR.
If A=(0,1] and B=[1,2) ,then A and B are ty-open sets, but ANB={1} is not .
Also if C=R-(0,1] ,D=R-[1,2),then C and D are ty-closed sets, but CUD is not.
3.9 Definition. Let Ac X, the set cl,A is defined by
clyA {xeX] U NA#gp, whenever Ue ty-0(X) and xeU}.
3.10 Remark. The following statements are true:
1) clyy A=N{F| F is ty-closed and AcF }.

66



Journal of Kerbala University , VVol. 6 No.4 Scientific. 2008

i) clyp=¢ and cl, X=X iii) A c cly A and A=cly, A iff A is ty-closed .

iv) Ac B impliescl, A ccl, B.

v) Ucl,A.cclyUAq and clyNA,c NelyA,  (where {Ag}is an arbitrary family
of subsets of X).

Proof : trivial .

3.11 Remark. A is ty-open set iff for each xe A ,there exists Ue ty-o(X) such that
xeUCA.

3.12 Remark. Since t-0(X) < ty-0(X) (3.2) ,socl, Ac cl; A.

In example 3.3(ii) cl; {c}={b,c}, but cl,{c}={c} that is cl, {c}# cl; {c}.

3.13 Definition. A set A is said to be ty-generalized closed set (shortly ty-g.closed)

if clyy Ac U, whenever U is ty-open set and AcU .

3.14 Theorem. For each xeX, either {x}is ty-closed or X-{x}is ty-g.closed set.
Proof : If {x}is not ty-closed , then X-{x}is not ty-open, that is X is the only
ty-open set containing X-{x} which is containing cly, (X-{x}) too, hence
X-{x}is ty-g.closed set.

3.15 Remark. Any ty-closed set is a ty-g.closed set, but the converse is not true.

In example 3.3(ii) the set {a,b }is a ty-g.closed set but not ty-closed set.

3.16 Remark. The concepts of y-open and ty-open sets are independent .

In example 3.3 in (i) ty-o(X) is a proper subset of t,= 7 and in (ii) 7, iS

A proper subset of ty-0(X) .

3.17 Theorem. Aset A is ty-open in (X,7) iff Uc Ac cl, U, for some Ue t-o(X) .

Proof: If A is ty-open, take U=t-int Athen Uc A c cl, (t-int A)=cl, U,

where U is t-open set (by 2.13(V)).

On the other hand if Uc Ac cl, U and U is t-open , then by (2.12) Uc t-int A,

hence cl, U c cl, (t-int A) (2.10(iv)), that is, Ac cl, (t-int A) and A is

ty-open.

3.18 Remark. The concepts of t-g.closed and ty-closed are independent, for

example ,let X={a,b,c.d}, Tt ={0, X,{a},{ b, c },{a, b, c}}, define y by

v(V)=V for each Ve tand t by t(A)=int A for each Ac X. Then t-o(X)=rt,=1,

and ty-o(X)= {0, X,{a},{a, d},{b,c } {a b,c}}.

{b, c}is a ty-closed set which is not t-g.closed, { c, d}is a t-g.closed set which is not ty-closed .

3.19 Definition. A set A is said to be generalized ty-closed (shortly g. ty-closed), if
cly, Ac U, whenever U is t-open set and Ac U .

3.20 Remark. If A is ty-g.closed set then it is g. ty-closed .(The converse is not true).

Proof : Follows from the fact that t-o(X) < ty-0(X) (3.2) . For the converse in

example 3.3(ii) {a, b}is a g. ty-closed (since the only t-open set containing it is X), but not ty-

g.closed (since it is a ty-open set and cly,({a, b})=X not subset of

{a b}) .

3.21 Remark. If Ais at-g.closed set ,then it is a g. ty-closed .(The converse is not true).
Proof : Follows from the fact that cl, Ac clA (3.12) . For the converse in
example 3.18 {b, c}is a g. ty-closed set which is not t-g.closed .

3.22 Definition. Let y be a y-operation and t a t-operation on the topological space
(X,t).Then (X,7) is said to be:

) a ty -To space if for each distinct points x and y in X there exists a ty -open set U
containing one of them but not containing the other.

i) a ty -T, space if for each distinct points x and y in X there are two ty -open sets U and
V containing x and y respectively such that y¢ U and x¢ V.

iii) aty -T, space if for each distinct points x and y in X there are two disjoint ty -open sets
U and V containing x and y respectively.

iv) a ty -Ty, space if every ty -g.closed subset of (X,t) is a ty -closed set.
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V) a ty -Tp, space if every g.ty -closed set is t-closed.
vi) aty - Tq space if every g.ty -closed set is t-g.closed .
Vii) aty —T4 space if every g.ty -closed set is ty-g.closed .

3.23 Theorem. i) (X,7)is ty -Ty space iff for each x in X, {x}is ty -closed set.
i)(X,1) is ty - Ty, space iff for each x in X, either {x}is ty -closed
or ty -open set .
Proof : i) Let (X,1) be a ty -Ty space and x in X , if ye X-{x},then by
Def.3.22(ii), there exists Uye ty-0(X) such that ye Uyand x¢ Uy, that is,
Uyc X-{x}, therefore X-{x}is ty —open and {x}is ty —closed .
Conversely assume that {x}is ty —closed for each x in X, if x#y then both of
X-{y}and X-{x}are ty —open sets containing x and y respectively with
X ¢ X-{y}andy ¢ X-{x}, thatis (X,t) is ty -T1 Space .
i) Let (X,1) be a ty - Ty, space and x in X, if {x}is not ty -closed set, then
X-{x}is not ty —g.closed set (3.14),and by Def. 3.22(iv) X-{x}is ty —closed,
that is {x}is ty —open .
Conversely assume that {x}is either ty -closed or ty -open set for each x in X,
and assume that A is a ty —g.closed set in (X,1), X« A.
Casel. {x}is ty—open,then X-{x}is ty —closed and Ac X-{x}, so
cly Ac X-{x}thatis xe cly, A.
Case2. {x}is ty —closed ,then X-{x}is a ty-open set containing A, and since A
is ty —g.closed, cly, Ac X-{x}too,that is, X cl;, A. Hence X« A implies
Xe Cly A, thatis cl, AC A, and A is ty —closed, which means (X,t) is ty - Ty, .

3.24 Theorem. If (X,7)is t—T; space ,then (X,7) is ty —T; space, for i=0,%,1,2 .
Proof : The proof for i=0,1,2 ,follows from the fact that t-o(X) < ty-0(X) (3.2),
and Def.3.22 .
When i=Y% ,if (X,7) is t- Ty, then for each x in X, {x}is t -closed or t -open set
(see [1],3.9) and so , {x}is ty -closed or ty -open for each x in X
(since t-0(X) cty-o(X)). Hence by 3.23 (ii) (X,t) is ty - Ty, .

3.25 Theorem. If (X,7) is ty —T; space ,then (X,t) is a ty —Ti, Space, for i=%,1 .
Proof: Let i=%, If (X,1) is ty —Ty, ,and X, y € X ,with x#y, then either {x}is
ty —closed and so X-{x} is ty —open set containing y but not x, or {x} is
a ty —open set containing x but not y. Hence (X,t) is ty — T, space.
Leti=1, If (X,r)isty—T; space, then for each x in X, {x}is ty —closed, and so
the statement "{x}is ty -closed or ty -open for each x in X" is true ,that is
(X,1) is ty — Ty, space (3.23(ii)) .
3.26  Theorem. If (X,r) is ty —T; space ,then (X,7) is a ty —T;.; space, for i=1,2 .
Proof: Follows from Def. 3.22 (i,ii,iii).
3.27 Theorem. If (X,1)isty —Tp space ,then (X,t) is a ty —Tq4 and ty —T, Space.
Proof: If (X,7) is ty — Ty, space ,then (X,1) is ty —Tq4 by Def. 3.22(v,vi) and
since any t-closed set is t-g.closed set (2.18).
If (X,7)isty —Tp Space ,and A is a ty —g.closed set ,then by 3.20, it is
g. ty —closed ,hence it is t-closed since (X,t) is ty —Tp and so A is ty —closed
since t-0(X) cty-o(X). Therefore (X,r)isa ty—Tyspace.
3.28 Remark. In example 3.3(ii), (X,7) isa ty —Tyspace and ty —Tq4 but not
ty —Tp space, since {b}(also{c},{a,b}and{a,c}) is g. ty —closed set which is
not t-closed .
3.29 Remark. If (X,t)isty —Tp space ,then (X,t)isaty —Ty.
Proof: Let A be g. ty —closed set, then by Def.3.22(v), A is t-closed, by
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3.2,A is ty —closed, by 3.15,A is ty —g.closed .Hence (X,1) isa ty —Tj .

3.30 Remark. By 3.27 and 3.29 , if (X,1) is ty —Tp, space ,then (X,t) isa ty —Tq,
ty —T, and ty —Tg .

3.31 Theorem. If (X,1)is ty —T, space ,then t-o(X) = ty-0(X) .

Proof: Assume that (X,7) is ty —Tp space and Ae ty-0(X) ,by 3.15 X-A is

a ty-g.closed set, by 3.20, X-A is g.ty-closed set ,and by Def.3.22(v) X-A is

t-closed ,that is Ae t-0(X),hence t-o(X) = ty-0(X).

3.32  Remark.

1) The converse of 3.31 is not true ,for example , let X={a,b,c}, 1 =P(X) ,

v(V)=V, and t is defined as following: t(X)=X, t(A)= ¢ ifag A, and

t(A)={a}if ac A. Then t-o(X)= {X, ¢, {a}},1,= T and ty-0(X)= t-0(X),

but (X,7) is not ty-Ty, since any set other than {a}is a g. ty —closed where

the t-closed sets are X, ¢ and{b,c}only.

Note that (X,t) is not t-Ty, ,not ty-Ty, but itis ty =T and ty —Tg.

il)We will call the space (X,t) in which t-o(X) = ty-0(X) as ty —T; space

and rewrite theorem 3.31: If (X,7) is ty — T} space ,then (X,7) is ty — T space .

iii) By Theorem 3.17, (X,1) is ty —T; space if and only if every t-open set is a
y-closed set.

3.33 Theorem. If (X,t) is ty —Ty and ty —Tq4 space, then for each x in X, {x}is either t-open or t-

g.closed set.

Proof: If {x}is nott—open, then it is not ty —open, by 3.23(ii) it is ty —closed
(since (X,t) is ty —Ty,), by 3.15 it is ty —g.closed, by 3.20 it is g. ty —closed ,and by 3.22(vi) it is t-
g.closed (since (X,1) is ty —Tg) .

3.34 Theorem. (X,1) is ty —T, space if and only if it is t —T., and ty —T space.
Proof: The sufficiency follows from the definitions of ty —T4 ,t —T, [1] and
ty —Tp. Now if (X,1) is ty — T space then by 3.31 it is ty —T ,by 3.27,3.29
itisty —Tq,ty —Ty,and ty —Tg ,but ty —T; and ty — Ty, imply t —Tw,.Hence (X,1)
ist—Ty, and ty —T4 space

3.35 Theorem. If (X,1)isty —Ty, ty —Tgand ty —Tq4 space, then it is ty Ty .
Proof: Let (X,t) be ty —Ty, , ty —Tgand ty —Tq4 space . Let Xe X,
casel: X-{x} is t-g.closed set, by 3.21 it is g.ty-closed ,by 3.22(vii) it is
ty-g.closed (since (X,t) is ty —Tg) ,and by 3.22(iv) it is ty-closed (since (X,t)
is ty =Ty, ), hence {x} is ty-open and so it is t-open .(by 3.17)
case2 : X-{x} is not t-g.closed set, then {x} is t-closed (see [1], 2.16).

We proved that for each x in X,{x} is either t-open or t-closed, so (X,7) is
t—Ty (see[1],3.9). Hence by 3.33 (X,1) is ty —Ty, Space .

Finally the following diagrams explain some of the results and relations between the deferent

concepts that we were introduced.
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y-open 4+’ ty-open < > open

t-g.closed > ty-closed

t-closed ? ty-closed ? ty-g.closed

(ty-Ty) (ty-Ty)

v

g.ty-closed

t-g.closed <

v

t-To ¢ t-Ty ¢ t-Ty, ? t-To

R S - S
ty-To i ty-T, ﬁ ty-To, ﬁ ty-To

(ty-To, N ty-Tg N ty-Ta)

!

(t-Tl/2 N t’Y—Td) ¢ ’ t'Y-Tb ¢ ’ (t'Y'Tt N t’\{'Tl/z N t’\{-Tg)

Where B___, Q represents P implies Q,P_,/ Q represents P does not imply Q,

%—’and P Q rep resents P and Qare ifidependent.
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