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Abstract

In this paper, we introduce definition of new transformation which we call it Temimi
transformation .Also, we introduce properties ,theorems, proofs and transformations of the
polynomials functions ,logarithms functions and other functions .Also ,we introduce how we can

use this transformation and it's inverse to solve the Euler's equation [2 ] .
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Introduction
Laplace transformation[1]is considered as one of the important transformations which is known to
solve the L.O.D.E.with constants coefficients and which has the general formula
d" d™t d
ag—Y+a Yy ta
dx dx dx
With one condition that Laplace transformation of the function f(x) is defined .In this paper, we
define a new transformation which is work to solve the L.O.D.E with variables coefficients( Euler's

+a,y=f(x)

Where ay,...,a, are constants.

equation) which has the general form ,where ao,...,a; are
d n y n—ly dy
n n-1
constants. 8o X W-I_alx W+....+an_1x&+aoy: f(x)

This transformation is defined for some functions for example constant functions, logarithm
functions , polynomial functions and other functions .

Definition 1
The Al-Temimi transformation for the function f(x) (x >1) is defined by the following integral :

T(F(x) = jx‘p f(x)dx=F(p)
1
such that this integral is convergent , P is constant .

Property of this transformation
This transformation is characterized by the linear property ,that is

» T{AF(x) + Bg(x)}=AT{f(x)} + BT{g9(x)}
where A,B are constants ,the functions f(x),g(x) are defined when x>1 .
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Proof :

T{Af (x) + Bg(x)} = [ (Af(X) + Bg(x))x "dx = A[x P f (x)dx+ B[ x*g(x)dx =AT{f (x)}+ BT{g(x)}
1 1 1
Transformations for some functions
We are going to find the Temimi transformation for some functions ,like the fixed
functions ,logarithm functions ,polynomial functions and other functions .

. p >1T{1}:i11- If f(x) =1, then
p_

Txrdx= X f
T{ =[x Pdx = - :
it} {x K=ok mpop Pree
;p>1,andkisconstant.T{k}=IOL1 2- If f(x) =k ,x>1 then
K = [ kP = k[ xax = k 2 f
T{k}= | kxPdx =k | x™"dx = L= ;
{k} J;X X !X X —p+1]1 = proo
p>n+l ; ;= T{x"} 3-If f(x) =x" , neR then
p—(n+1)
T o ) d 0 . d X—p+n+1 1
X"}F=|x"x"dx=|x""dx = D= roof :
'} ! ! —p+n+1]l p—(n+1) P
T{Inx}z( - - P >14-1f f(x)=Inx then
w —P —-p+1 0
T{In x} =[x Inxdx:x—lnx]f—j LIV proof :
1 —p+1 , —p+1 X
I S P S S
(-p+) (-p+)" (-p+) (-p+) (p-V°
1
T{x"Inx}= P>(N+1D51ffx) =x"Inx ,neR then
(p—(n+1))°
© © —p+n+l © X—p+n
T{X"Inx}=|xPx"Inxdx = | x "™ In xdx = In x]7 — | —— dxproof :
{ }! Jl. [—p+n+1 b {—p+n+1 P
-1 S VO S S 1
—p+n+l—p+n+1" p-(n+) —p+n+1 (p—(n+1)?
,and a be constant.  T{sin(alnx)}= a2 — P >16-1f f(x) =sin(a In x) then
(p-D° +a

-p+1

_[X

1sin(a In x)];° —I 2 1 X" cos(aln x)dx T{sin(alnx)}= j X" sin(aIn x)dx proof
1 1
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2

a a
1+ ) [ x7P sin(aln x)dx =
(p-1)° I (p-1)°
2
- 2 zjx P sin(aln x)dx =
(p-D* (p-1)
o0 . a
s I x P sin(aln x)dx =
[ sinfaln 0dx= 5
;p>1, and a be constant T{cos(@In x)}= (v (pl)_2 D = 7- If f(x) =cos (aInx) then
~-1)° +
-p+l © .
-[= p L cos@hnx; — [—=—=x""sin(aln x)dx T{cos(alnx)}= [ x® cos(aIn x)dxpro
_ - 1
of :
— -p+1 0
- pil+ pa+1{[ Xp (Sin(@in I | p+1x_p cos(aln x)dx}
_ _ N I~
! 2 jx cos(aIn x)dx
Tp-1 (p-D°
- (p-1)
s x"Pcos(@ln x)dx =
Jx* cos(aln ¥ TR
=1+ a )Tx‘ID cos(@In x)dx -1
(p-D*"1 (p-1)
Ipil>a —& — T{si@lnx}= 8- If f(x)=sinh(alnx) then
(p-1)°-a’

alnx —alnx

—€

jx * sinh(a In x)dx = jx p( )dx = %T(x‘”a —x " **)dx proof : T{sinh(alnx)}=

_1[ 1 1 1= a
2'p-a-1 p+a-1 (p-1)?-a’
;|p-1 |>a (v (p) Y - T{cosh(a Inx)= 9- If f(x) = cosh (alnx) then

[x7® cosh(aln x)dx = j%[xp (@™ 4 e~ )dx T{cosh(a Inx)= proof :
1 1

- ET(X_‘M + X ")dx = (p—1)
21 (p-1?%-a’
Theorem (1)
T{x?f(X)}=F(p+a)lf T{f(x)}=F(p) and ais constant ,then

T{x?f(x)}= T X Px72f(x)dx = T x (P*) f (x)dx = F(p + a)
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proof :
Definition 2

Let f(x) be a function where (x>1)and T{f(x)}=F(p) ,f(x) is said to be an inverse for the Temimi
transformation and written as : T{F(p)}= f(x)

where T returns the transformation to the original function .

p>l T{}= L ince T _1{L} =1For example
p-1 p-1

p>1T{k} =

since T _1{L} =k Also
p-1

1 . 1 n
p>(n+l) ————— Tx}= T = x"And
p>(n+1) o (n+]) since T{x"} {p—(n+1)} X" An

p>1
T{In x}= since T

(p-1)° (p-1)°
1

n _ 1 . i -1 _yn
T{x Inx}_(p_(n+1))2,P>(n+l)snce T {(p—(n+1))2}_x In x

. a a
T{sin(alnx)}= (-1 +a (-0 +a
(p-1)
(p-1D*+a

}=1In X

. . -1 .
~;p>1since T7{ ~}=sin(aln x)

: 1 (p-1) _
~since T {(p—1)2 +a2}—COS(a|n X)

a . ) _ a
(0 _1)2 . since T{sinh(@alnx)}= T 1{(p _1)2 .

. Ei);lz " T{cosh(a Inx)=since T _1{( . Ei)_?l_) a2}= cosh(aIn x)

A property of T is the linear property as it is for the transformation T .

;p>1 T{cos(@lIn x)}=

;\p-1|>a

-}=sinh(aln x)

p-1|>a

If TYF1(p)}=f1(X),..., T{Fn(p)}=fn(x) and ay,...,a,are constants then ,
TYa:F1(p)+azF2(p)+.. . +anFn(p) }=asf(X) +asf(X) +. .. +afa(X)

TYF@+p)}=x*THF(P)} If TYF(p)}=f(x) then Theorem (2)

Proof :
TR+ p)}= X" (9=x" T{F(p)}

For example to find the inverse of the terms, we get
g, 1 1
TH—3}==1
p+1 x
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-1

1 —
(p-2°"
_rap(p-D+2 _T1 p-1 = 2 1 p+1
- {(p—1)2+4} ! {(|0—1)2+4}+T {(|0—1)2+4}3 ! {(p2—2p+5)

= cos(2Inx) + sin(2Inx)

Solving the Linear Differential Equations with Variable Coefficients_
One of the most important applications of the Temimi transformation is solving the linear
differential equations with variables coefficients . Transforming the L.O.D.E.into algebraic
equation in y (p) is done by transforming the derivations and their coefficients

n

y dy

X
dx" dx

equation into an algebraic equation ,we are going to find the inverse transformation for this
algebraic equation and the result will be the solution of the differential equation .

and the function f(x) to the new formulas .After transforming the X"

n n-1

dx"

d
dxn_il + ""an—lxd_i +a,Y = f(X) Definition 3 :

a,X"

The equation
where ay,...,a, are constants and f(x) is a function of x ,is called Euler's equation .

Theorem (3) :
If the function fgx) is defined for (x>1) and its derivatives  f(x),f?(x),....fV(x) are exist then

TECFO0}=-F"2(0)-(p-n)F "2 (L)-...-(p-n) (p-(n-1))...
(p-2)f(1)+(p-n)!F(p)

=x"P"f(x j( p+1)x P f(x)dx; p>1T{xf ¥ (x) = jx P f @ (x)dX proof :

=—f@) +(p-DF(p)
=X P2 EO ] - (- p+2)j x O (x)dx T{X? @ (x)}= fx P2 19 (x)dx and

L= f“)(ll; (p- 2)f(1)+(p 2)(p-1)F(p)
=-f?(1)-(p-3)f(1)-(p-3)(p-2)f(1)+(p-3)(p-2)(p-1)F(p).

TGO (0= [ x 7P £ @ (x)dxAlso
1

Thus ,by repeatmg this method for n-times ,we get
T{00)}= (1) - (p-nf"2(D)- (p-n)(p-(-1) (L) -...-(p-n)(p-(n-1)) (p-(n-2))...
(P-2)f(1) + (p-n)!F(p).

Example (1) :
To find the solution of the differential equation y)=y'(1)=0 ;
, d? d
y y log x
dx? dx

we take T to both sides of this equation , we get
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(0_2) (1) - (p-2)f(2) + (P-2)(P-L)F(P) + 4(p-L)F (p)-4F(1)+2F(p)=

(1) F(p)= = FPIp°+pl=
p(p+1)(p-2)? (p-2)°

By using partial fractions for the right side of the equation(1), we get

1 A B C D

2 = + 5 + + —
p(p+D(p-2)" (P-2) (p-2)° (p+h p

JA+B+D=0...(3)
-A+B-4C-3D=0...(4)
2A+B+4C=0...(5
4D =1...(6)
By solving these four  equations for getting the constants values
A=-536 ,B=1/6, C=-1/9 ,D=1/4 .
We substitute this values in equation (2), we get
-5 1 -1

F(py=_36 6 9

+ +
(P-2) (p-2* (p+]

Now ,we can find the solution of the original equation by taking T™to both

sides of the above equation ,we get

we find that

=R

-5 1 1 1
y=—X+=-xInx——+—
36 6

Ox2  4x
Example (2) :

To find the solution of the differential equation

Y1) =2,y(1)=-4 ﬁy”+®w+6y=£§
X
we take T to both sides of this equation and we get
(1) - (p-2)f(2)+(p-1)(p-2)F (p)+6(p-1)f(p)-6F (L) +6F(p)=
(p+1)

2p°> +6p+5
PR o) 2+ 3p +2) =
(p+1)

= FE) (P +3p+2)-2p-4=
(p+1)

2p? +6p+5
F(p) =P 2P

(p+1)*(p+2)
By using partial fractions for the right side of the above equation , we get

2p?+6p+5 A

2 B + & 2+ ©
(p+D7(p+2) (p+D) (p+D)° (p+2)
A+C=2...(7) So
3A+B+2C=6...(8)
2A+2B+C=5...(9)
From the above equations ,we get A=B=C=1 .
1 1 1
F(p)= + -+ So
(p+D) (p+D)° (p+2)
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And by taking T to both sides of the above equation ,we get

1 1 1
THF(P)}=T7{ + + }
(p+D (p+D* (p+2)
y — i + In_X + i So
x2 x2 X
Example (3) :
To solve the differential equation
Xy' +y =16 sin (In x) y(1) =-7
we take T to both sides of the above equation, we get
2
16 1 —7p~ +14p+2
1) + (1) F(p) +F(p) = —— = PF(p)=—— »——7=""b "
(p-D° +1 (p-1)° +1 P —2p+2
—7p? +14p+2
= F(p)=— 2 oF
p(p” -2p+2)
By using partial fractions for the right side of the above equation , we get
A Cp+D
F(p)="+— o —— ..(10)
P p=-2p+2
A+C=-7...(11)
-2A+D=14...(12)
2A=2 ...(13)
After solving these equations ,we find A=1,C=-8,D=16.
We substitute this values in equation (10) we get
1 8 8(p-1
F(p) =+ (D

P (p-D2%+1 (p-12+1
And by taking the inverse transformation of the last equation ,we get the solution of the required
differential equation

y= 1 +8sin(In x) —8cos(Inx)
X

References

[ 1] Braun ,M.,"Differential Equation and their Application ", 4 th ed .New York :Spring -
Verlag , 1993 .

[ 2] Coddington ,E.A.," An Introduction to Ordinary Differential Equations ",New York :
Dover , 1989 .

109



