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Abstract
The aim of this paper, modify a new approach based on variational techniques to solve

some optimal control problems including linear and nonlinear optimal control problems
with equality and inequality constraints. This approach has its bases on using Magri’s
approach for every operator, the results are established using direct Ritz method as well

as optimization method to solve these problems numerically.
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1.Introduction

in this paper, we proposed and demonstrate the effectiveness of the non-classical variational
technique for non-linear optimal control problems with equality-inequality constraint. The use of
this technique has been demonstrated by solving some optimal control problems, and taken

following optimal problem, let A(t) , B(t) and C(t) are continuous matrices of dimensions nxn, nxm

and nx1, respectively:

-
miB Ifo (x(t),u(t),t)dt + d(x(T)) 1)
ue 0

subject to:
x'(t) = A(t) x(t) + B(t)u(t) + C(t) 2)
X(0) =Xg (3)
X(T) =X4 (4)
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x € X ={x(t)| x(.): Co®[0, T]>R"} ()

ueU={u(t) \u(.): (0,T) > R™, and u(t) is a piecewise
continuous function} (6)
where Co?[0,T] stands for the class of functions having continuous partial derivatives up to the
second order, including the second order on time interval (0,T).

2.Problems formulations

The aim of this paper is to solve problem (1)-( 6) numerically using the non-classical
variational technique.

let A(t) , B(t) and C(t) are continuous matrices of dimensions nxn, nxm and nx1, respectively.
Assumed that , the final time T is given , the function fo(x(t), u(t),t) is twice continuously
differentiable in x and u is continuous in t, the function ®(x(T)) is twice continuously differentiable

in X. The general solution of equation (1) can be represented as the sum of a particular solution and

a homogeneous solution.
x'(t) = At) x(t) + B(t)u(t) + C(t) :;xeR",ueR™

then:

dt
then, we have:
Lax(t)=f(t), ()
where :
f(=BOu®)+C()

and

{E. —A(t) } X(t) = B(t)u(t) + C(t)

L, = [% —A(t) } , Ly is alinear operator.

Now, the problem (1)-(6) can be written as:

-
min j fo (X(1), u(t), ydt + d(x(T)), ®)
0
subject to :
Lax(t)=f(t), (9)
X(0)=xo, (20)
X(T)=x;  xeXandueU, (11)

49
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Remark (2.1)

1. Lj is not symmetric operator relative to the classical bilinear form (inner product ), since it
has the derivative with respect to time t (d/dt).
2. To find a variational formulation , we use the idea of the inverse problem of calculus of

variation [3] equation (2).
Consider an arbitrary non degenerate bilinear form (U, V). For example :

;
(T, V) = j T(H)v(t)dt, (12)
0

sine L; is not symmetric relative to the bilinear form equation (12) , one can define a new
bilinear form as following :
<Uu,v>=(u,L,v)

T(t)Lv(t)dt

Ot— | O——\

G(t)[%V(t)—A(t)V(t)}dt ,

where L; as defined in equation (9).
Theorem:

If the linear equation L;x=f , let <u, v> be a certain bilinear form, if the operators L; is
symmetric and non degenerate with respect to the chosen bilinear form <u, v>, then the critical
points of the functional:

F[x, u]= 1/2 <Ljx,x>-<f, x>
are solution of this linear equation.
By using above theorem, the operator L; is now symmetric with respect to <u, v>, we can

applied the theorem, the solution of equation (2) are the critical point of the functional:

QY
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FIx,u] =% <L,x,x>—-<f(t),x>
=2 (L,x,L,x)—(f(t),L,x)

%I((L X)T (LX)~ F(t)L,x)dt

0

i {dz(t) A (t)} {dx(t) A (t)}—

dx(t)

f(t)[ —A(t)x(t)} (13)

To solve the system of differential equation can be solve by interpreting the equation as Euler-

Lagrange equation of some functional and finding the critical points of the functional.

Remark (2.2):

The following remark is necessary for computational procedure. consider the problem (1)-(6).
Let:
d
{a — A(t)}x(t) = B(t)u(t) + C(t)
Lix(t)= B(t)u(t)+C(t)
=f(t), forall u(t) € R"and B(t), C(t) are matrices.

Since for ue U for simplicity one can also represent L; x(t) = f(t) for every ue U provided that

the critical points of J(x) = 1/2<Lyx, x>-<f(t), x> ,be found for each selected arbitrary function u(t)

that makes the performance index minimum equation (1), i.e., min J in this case one can also solve

u(t)
the optimal control problem via a non-classical variational approach for every selected u=u(.) eU .

so we have to solve :

min J(u(.)), (14)
u(t)

subject to:
Lax(t) =f(t) , f(t) =B(t)u(t)+C(t) , (15)

xeX, ueU .Thus, a non-classical variational approach for equation (15) can applied many times
iteratively (not once ) unit the objective function (14) satisfies its minimum. Hence, the numerical
procedure for solving even non linear optimal control problem with equality and inequality

constraint based on this fact can be modified and proposed easily.

3.Generalized Ritz method

4y
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Ritz method is very important procedure of the so called direct variational method, the essence of
the method is to express the unknown variable of the given initial boundary value problem as a
linear combination of the elements of functions which are completely relative to the class of the
feasible functions, the methods is called generalized Ritz method. Towards this level, let
{Gi(t)}.{Hi(t)} be a two complete sequences of functions relative to the class of admissible
function. Let:

X()=W(t)+p(a, G(t)), (16)
u®=M()+a(b, H()), (17)
where W(t)eR" , M(t)eR™ , which are chosen function of indicated variables satisfies the given (if

possible ) the non-homogeneous boundary and initial conditions, i.e.:
W(t)= ot 7 (X1 = Xg), (18)

Where xo €R", i.e., (Xo1, X0z, ..., Xon)' ;X1 €R", i.e., (X11, X12, ..., x1n)" and p(a, G(t)) € R" as

follows:
p1(a,G(1)) |
0(a.G(1)=| "2 (6:1, G(1)) |
| Pn (2, G(1)) ]
where:

pl(a’G(t)):ZaiGi(t)’ P.(a,G() = Zz:aiGi(t)f"’ P, @GM) = Y26, and

i=n;+1 i=n,_;+1

a:(al,az,..., anl,anl +1,..., anz,...,..., a.n +1,..., a.n ),

G=(Gy, Gz ..., Gp . Gp +1,...,Gp_soese, G #1,.., G ).

n-1 n

Also, q(b, H(t))e R™ as follows:

ay (b, H(D)) |

b,H
b, (H(g) <| 2EHO)

[ dm (0, H(1))

where:

ql(b,H(t))=§biHi(t), G (0, H®) = D bH(), -+, dm(bH®) = SbiH(Y) |

and

Q¢
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b =(b1,02,0m B 10D severe B 10D )

2
H=(Hy, H2’---’Hm1 ! Hml+1’---’Hm2 ’---’---’Hmm71+1’---1Hmm)

for suitable bases of functions H and G and their numbers. The constant a and b will be

determined so that the desired (optimum) response and control are obtained.

For simplicity, the basic functions {G;(t)} and {Hi(t)} are taken to be polynomials of the

independent variable t.

Towards this ends, the non-classical variational formulation, is made as follows:

T

F[a,b]:%j{ [w(t) + p(a, G(t))]- A([W (t)+p(a,G(t))]]T
0

4 [w(t) + p(a, G(t)]- AMW(E) + p(a, 6(1))]] -
f(M(t) +q(b, H(t)))' it & [w(t) + pa, G(1))] -
t[Wt ) +p(a, G(t))]]}dt

=%}{ﬂ 50| [Amw(t) + At)p(a, 6(1)]

0

dw(t)

Jowo ] AW + AP G-

dp(a,G

)+l HO) LIS p‘zt 0]

[AW(t) + A)p(a, G (1)) [ dt (19)
as discussed in the previous paper , one can find the critical points of the above functional as
follows:

OHa, b] =0, forall vectorb,or
oa
6F
. =0,i=12,....,n,,ny +1,...,n,,...,n,, forall vectorsof b,

k=12,...m;,m; +1...m,,...m_.

hence, the problem (1)- (6), becomes:
T

min [ fo (W(1) + p(a, G(1)), M(D) + (b, H(1)), )dt +
0

D(W(t) + p(a, G(T))) (20)

subject to the solutions of:

q0
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oF[a, b]
oa

oF )
—=0,1=12,....n,,n, +1,.....n,,...,Nn,,
aai 2 1 2 n

where b= (by,b,,...0p .0y ),

=0, forarbitrary selection vectorb, or

from problem (20) , one have to solve the set of non-linear algebraic equations for each given
vector b in the objective function to obtain the desired ordered pair (a, b) that make the solution

&F[a,b]

b 0 and optimize the cost function J(a, b) . This procedure cal

optimum, i.e., satisfy the
also be covered with equality and inequality constraints that imposed the state x(t)eR" and the
control input u(t)eR™ .
4.1llustration examples
Problem (4.1):

consider the following nonlinear optimal control problem with equality and inequality
constraints [6]:

1
min 0.5( u? (t)dt, (21)
min £ (t
subject:
2u(t) 0 1| xq(t 0
a 101 u(t), (22)
a0 | |0 0fx,(t)] |1
L dt
x1(0)]_[0][x@]_[0 ] -
_x2(0) 0]|%x5(2) 5/6
and
lu(t) | < 1, for 0 <t<I, (24)
then, we have
Lix(t)=f(t), (25)
where L; is a linear operator:
_Xm -
dt 0
Lix(t) = , ()= :
xO=| Ty, (1 L(t)}
L dt ]

a1
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since, the linear operator L; is not symmetric relative to the classical bilinear form , then a
non-classical variational approach can be defined as:

Step(1): define arbitrary symmetric bilinear form (u, v) as:
1
(U, V) = j u(t)v(t)dt.
0

Step(2): define new one as follows:
<X1, X2>=(X1, L1X2), X1 €Uz and x, € D(L3) .
Step(3): construct the functional as:
F[x]=1/2<L;x, x>-<f(t), x>, (26)
=1/2(L1x,L1x)-(f(t), L1x),
from step (3), we have:
dxét(t) %, (1) dxét(t) %, (1) { ; } dxst(t) %, (1)

dx, (1) dx, (1) u(t) dx, (1)
L dt 1L dt | L dt

2
zf{dxl(t) Xz(t)} +[dxgt(t)} {()[dXZ“)H . (27)

Step(4): select as suitable number of Ritz basis as follows:
Let n1=3,

xl(t)=xlo+t(x11-x10)+a1t+a2t2+a3t3

Fx]= %} dt
0

—w(t)+ a6 (1) 28)

X1(0)=X10, Where X10=0,

X1(1)=0.333=X13,
then from equation (28), one can get the following algebraic relation:
X1(1)=X11+ar+a+az=Xus,
then:

aptar+az=0

a;=-a-as. (29)
From equations (28) and (29), we have that :
X1(t)=0.333t+(t>-t)a+(t>-t)as.

Rename the variable to get :

v
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X1(t)=0.333t+(t*-t)as +(t>-t)a,
also,
Xo(t)=0.5t+a t+ast?
X2(1)=0.5,
then:
0.5+ay+as=0.5,
and a4+as=0, which implies that:

dsg=-as .

From (31) and (32) , we have that:

Xo(t)=0.5t+(t*t)as.

Rename as to a3
Xo(t)=0.5t+(t>-t)as.

Then

X'1(t)=0.333+(2t-1)a, +(3t>-1)a;
X'5(t)=0.5+(2t-1).

Also, let

m,
u()=bo+bit+bat’= > biH; ().
i=0

Then, back substitute these equations into the functional, we have:

(32)

(35)

(36)

F:%}[[(O.S?B—O.St) +(2t-Da, + (3t* -Da, + (t—tz)as]2 +
0

[0.5+ (2t —1)a, > —[0.5 + (2t —1)33][b0 +bt+ bztz]]dt.

Then:

1
F=1[[ho(t) +hy(t)a; +h,(a, +hs(ag]* +[Go(t) + Gy (Das)’ -
0

[Go (1) + Gy (t)as Jbg + byt +b,t? ]t

Then, the comparison results between the numerical solution by non classical variational approach

(30)

(31)

(33)

(34)

@37)

and the given analytical solution are shown in the following table (4.1). The good agreement

between the numerical and exact solutions is obtained.

Table (4.1) show the numerical result which are compared with given analytical solution.

Time

Approx.x;

Exact x;

Approx.x,

Exact x»

Approx.u

Exact.u

0

0

0

0

0.999

1

A
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0.1 0.04837 0.04833 0.09495 0.095 0.8991 0.9
0.2 0.01867 0.018667 0.1799 0.18 0.7992 0.8
0.3 0.0405 0.0405 0.271566 0.2555 0.6993 0.7
0.4 0.06933 0.06933 0.31988 0.32 0.5994 0.6
0.5 0.10416 0.10416 0.37488 0.375 0.4995 0.5
0.6 0.14399 0.144 0.41998 0.42 0.3996 0.4
0.7 0.18782 0.18783 0.45489 0.455 0.2997 0.3
0.8 0.23465 0.23467 0.47992 0.48 0.1998 0.2
0.9 0.283492 0.283505 0.49495 0.495 0.0999 0.1
1 0.333 0.3333 0.5 0.5 0 0
Reference

1. Donald L., A. Sen, “On a Periori element for discrete optimization in nonlinear optimal
control”, SIAM J. control and optimization , volume 34, number 4, pp.1315-1328,2002.

2. Magri, F., “Variational formulation for every linear equation ” , Int. J. Engng. Sci.,
vol.12,pp.537-549, 1974.

3. Mehra, R. K. and R. E. Davis, “A generalized gradient method for optimal control problems
with inequality constants and singular Arcs”, IEEE transaction on Automatic control,
Vol.AC-17, No.1,February,1972.

4. Rektoryso K., “Variational method in mathematics, science and engineering”, Reidel Pub.
Company, London, 1980.

5. Gayte Delgadol,” Optimal control and partial differential equations”, Universidad de
Sevilla, Aptdo. 1160, 41080 Sevilla, SPAIN,2004.

6. Dontchev L., A. Sen,"On a periori element for discrete optimization in non linear optimal

control”, SIAM J. control and optimization, volume 34,number 4,pp.1315-1328,1996.

94




