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ABSTRACT
p(n—-1)

In this paper, the probability coverage of P(T2 < Fn,n_p(a)) IS investigated to samples of

different sizes that come from non—normal bivariate distributions, particularly, from skewed distributions. When
samples come from univariate skewed distributions, the objective of this paper to develop an expression for a
given underlying density of a random sample in terms of skewness coefficient, it is found that the relationship
between skewness and confidence intervals is evident when the variance of the population is not given also that
populations with big coefficients of skewness required bigger n for the probability coverage for u to be exactly
equal to (1-o)x100%.

KEYWORDS:Statistics, Bivariate distribiution, skewed distribution.

1- Introduction state of affairs is certainly the unrivaled

There is a general tendency in the mathematical tractability of the multivariate
statistical literature towards more flexible normal distribution, in particular its simplicity
methods, to represent features of the data as when dealing with fundamental operations like
adequately as possible and reduce unrealistic linear combinations, marginalization and
assumptions. For the treatment of continuous conditioning, and indeed its closure under these
multivariate observations within a parametric operations. From a practical viewpoint, the
approach, one aspect which has been little most commonly adopted approach is
affected by the above process is the transformation of the variables to achieve
overwhelming role played by the assumption of multivariate normality, and in a number of
normality which underlies most methods for cases this works satisfactorily. There are
multivariate analysis. A major reason for this however also problems: (i) the transformations
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are usually on each component separately, and
achievement of joint normality is only hoped
for; (ii) the transformed variables are more
difficult to deal with as for interpretation,
especially when each variable is transformed
using a different function; (iii) when
multivariate homoscedasticity is required, this
often requires a different transformation from
the one for normality. Alternatively, there exist
several other parametric classes of multivariate
distributions to choose from, although the
choice is not as wide as in univariate case;
many of them are reviewed by Johnson & Kotz
(1972). A special mention is due to the

hyperbolic distribution and its generalized

version, which form a very flexible and
mathematically fairly tractable parametric class;
see Barndorff-Nielsen & Blasild (1983) for a
summary account, and Blasild (1981) for a
detailed treatment of the bivariate case and a
numerical example. As for extensions of
distribution theory of classical statistical
methods, the direction which seems to have
been explored more systematically in this
context is the extension of distribution theory of
traditional sample statistics to the case of
elliptical  distribution of the underlying
population; elliptical distributions represent a
natural extension of the concept of symmetry to

the multivariate setting.

— o—1/—
The Hotelling’s T2 statistic N(X-pu)'S~(X-p) has many properties similar to that of the t

(X-u)vn

statistic, S

is exactly equal to (1-o)x100% if the
random variable X comes from a normal

distribution and s, the sample standard

P ﬁﬂf—yygﬂi—y)ﬁ

.One of them is that the probability coverage, P[ :

< t%’n_ls

Jn

<p< X+

t%’n_ls
Jn

deviation. This property is very much alike to

the probability coverage of the following

p(n-1)
n-op

I:n,(n—p) (a)J

where S is the sample covariance of a multivariate random variable X coming from a

multivariate normal distribution.

Another property in which these two statistics

share is on the effect of skewness of the

underlying distribution of X and the sample size
n. Boos and Oliver (2000) investigated the
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effects of these on the probability coverage on validity of classical intervals for means with
the univariate population mean p and found out platykurtic  distributions. ~ Chen  (1995)
that different sample sizes vyield different mentioned how skewness may affect the
probability coverage and likewise with accuracy of tests of hypothesis about means of
corresponding  different  coefficients  of normal populations using classical t—tests. This
skewness. Boos et. al.’s findings were paper investigates the same problem for
supported by the one—term expansion of the bivariate populations.

Edgeworth series (Hall, 1987), which states that Generalization of Hall’s Findings to

JBLX) (2% +1) Multivariate Case
Ptn <t) = P(Z < t) + Jn 6 o(t), In a multivariate case, if X1, X2, ...Xn

are random sample from a multivariate normal
where \/B_l(x) is the skewness coefficient of

o ) distribution with mean p and covariance X, then
the distribution of X and n the sample size. Sen

) ) the statistic,c, (X — wZ-1(X — p) has a
et. al. (1992) offered a discussion of the

- : chi—square distribution with the corresponding
minimum sample size needed to ensure the

probability coverage:

T N D I B 1) B

if > is known. If X is unknown, then

[n(i— By X ) < Mﬁ),n_p(a)j
) n

(n—p) - 1-q
where S is the estimated covariance of pxn Let KX(B) be the cumulant generating
matrix X, Fp, n—p(a) is the upper (100a)th function for the random variable X, 3, an nx1
percentile of the Fp, n—p distribution. This is vector. To estimate the density fX(x) using
true as long as X comes from a multivariate saddlepoint approximation, fX(x) is embedded
normal distribution. Thus, a natural question to into an exponential family and a density in the
ask is, what happens when X comes form a exponential ~ family is chosen to be
non—normal distribution, specifically form a approximated. An approximation of the chosen
skewed distribution?. density results in an approximation of fX(x)

since members of the exponential family differ
only be a factor of exp(xp — KX(B)).
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The approximation of fX(x) is finally
accomplished upon expanding the chosen

member using the Edgeworth series. The

IPILT

X(x) = o(x,Z) 1= 352500

where ¢(x,X) is a multivariate normal
distribution, s, a 1xp vector of integers, u*s are
pseudo—moments, hs(x,X) are generalized
Hermite polynomials.

Suppose X(x) is the underlying density
of random sample X1, X2, ..., Xn. Then
embedding fX(x) into an exponential family,

the following expression for fX(x) is obtained:

p

X(x) =

. %
expln[K x () - BTx]IZLTJ i

Edgeworth series approximation of a density of

a multivariate variable X is given as

DI, s (0E))

£x(x) = Tx < B)expK x (B) ~B " x]
where ﬁ Is the solution of K’(B) = x and KX is

the cumulant generating function of fX(x,B),
the chosen member from the exponential family

with mean Xx.

Approximating fX(x,B) with a normal density

with mean0,we have the following

det[KX"(B)]‘%{1+%+ O(n_z)}

where b(B) is the tilt measure for fX(x,B) and n, the sample size. Then by Edgeworth expansion,

P

fX(x) = 1=0 SeS(J)

I

=j=0 SGS(J)

IPILT

— ¢(XK (B)) _| OSES(j)

1+Z Z

- Pyl S0
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Now, using cumulants instead of pseudo—moments, we get

exp Z Z T, s K@)
o0 = gyl RS0
1+ Z > D e, OK )
A
2
%ZZ g, KB
+ = SSeS(J)
3
DY WD, s OKG) ]
+ \j=3ses(j)” +
1"Ijk 1 1’*Ijk|h 0: K"
= K (B))[1+(3' (- ) (OK (B)) Ijk|( (B))"‘ )
11 ik (R ~ ikl e (R 2
2GR NGOk @)+ g MK @) <)

1 Aljk
h
Since hijk(0,K’ (B)) 0, 3 (O K’ (B) The terms of order O(n-1) are:

1. 1 ik ~ 3
2 <K hijk10; K™ (B)) + - )5 RN amo (0K (B))

Equating this with 2b(B), we get

Zb(B)‘1 RIShiAO K B+ + 13.3. Ijkf{lmohijklmo(O;K"(ﬁ))

Since hijkl(0;X) = «ijickI™ = «ijickl + xikxjl+ kilkjk

and from McCullagh (1987), hijklmn(0;Z) = «ijicklkmn™!,

1 i (KuKk|[3])—10 RUKR Imo(KIJKlemO[ls])
we have 2b(B) 4

Thus,
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1. 25 .
(B) 1 Ijkl( uKkI)_ 12 ik Imo (KlekIKmo)
'*Ijk Imo ijkl
Since bl,p= © (RijiiKmo) and b2, p = R (ki) (Mardia, 1970), we have
A1 25
b(B) = by, — b
B) 4 2,p 12 1p
Substituting this to (7), we get
25
( S ar Y0V - 7b2p 12"t 2
exp{n[K x (B) —B " x] o det[K " ()] /2| 1+ 2 on +0(n™%)

IX(X)=(

o A L b,. 25b
eXP(”[Kx(B)—BTX]I%j * det[K " (B)] %{u%—ﬁm(n‘z)
=(

Hence,
+b2—’p——25b1’p +O(n_2)}

fX(x):MVNp(p,Z){ 8n  24n

This result has two important implications, with KX(B) as its cumulant generating
namely: function, then X(x)—>MVNp(u,X) as n—o.
1. If fis the underlying distribution of a random

sample X1, X2, ..., Xn

This means that even if the underlying

distribution of the given random sample, we can

still apply the following probability coverage

(n(i—u)'srl(i )<(” L NG )J
P

(n-p) = 1-a
where S is the estimated covariance of pxn How large should n be so that fX(x) ~
matrix X, Fp, n—p(a) is the upper (100a)th MVNp(u,X)? The following simulation results
percentile of the Fp, n—p distribution for large n give us some estimate on the size of n:

since as n—oo, IX(X) * MVNp(p,X).
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Tablel. Percentages of times the population mean p is within the confidence interval when X
comes from distributions with different measures of skewness b1, p, unknown variance,

different sample sizes, and with o = 0.05.

Sample Size | Sample from Sample from Skewed Sample from Skewed
N Normal(0, 1) Dist. With bl,p ~3.50 Dist. With bl,p ~7.60

= n-1 2
(n(x st x-w < Te L 05)j
Thus, at about n = 500, P (n-2) 94.21 when b1, p= 3.5and
_ n 12
[ox-rs o s O22e, 00|
P (n-2) 93.93 when b1, p = 7.60,
These findings are very much similar to that of coverage of
the probability coverage for the univariate < t%,nfl < O/r‘ S
distribution using the t—test. The following B \/ﬁ SH< AT Jn
, Where s,

table show the simulation of the probability
the sample standard deviation

Table 2. . Percentages of times the population mean p is within the confidence interval

X_O/nlS 0/nls
Jn Jn

}When X comes from a distribution with different measures of

skewness \/B_l(x) , unknown
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variance, different sample sizes, and with o = 0.05.

Sample Size

n

Percentage of times p is within the

confidence interval

From the table, we see that when n is
about 500, and the skewness of the distribution,

\/B_l(X) = 3.52, the probability coverage is

about 93.76% and when \/B_l(x) = 6.57, for the
same sample size, the probability coverage is
about 94.04%

Conclusion and Recommendation

The relationship between skewness and
confidence intervals is evident when the
variance of the population is not given and this
relationship seemed to be a direct one since, as

the simulation suggests, populations with big

19

2. The other important result is that when the
underlying distribution of a random sample X1,
X2, ..., Xn

with KX(B) as the cumulant generating function
of f. Then fX(x) * MVNp(u,X) as bl,p — 0.

coefficients of skewness required bigger n for
the probability coverage for p to be exactly
equal to (1-a)x100%. The univariate case was
supported by the one—term expansion of the
Edwort
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h series which
\/B_l(X) (2t2 +1) fX (X) _ MVNp(H,Z)|:1+%_%+ O(n—Z)}
Ptn<t)~PZ<t+ N 4 oo

As for the multivariate case the relationship is

The simulation was not really able to
find the exact value of the sample size n so that

t S t S
X — Yot <p<Y+—%'n_1
Ak )

=1-a

and

p(n__pl) Fn‘(n_p) (oc)] =l-a

[n(i—u)'s—l(f—u) <
P

It is recommended therefore that further
simulation is performed to identify n for a given
skewness;

Once a number of simulation is
performed for several n and several skewness
coefficients, it is recommended that an equation
be formulated expressing explicitly the

relationship of n and skewness, such as the
following: n = f(b1, 2) or n = f(\/B_lx) where b1,

2 and Prx are coefficients of skewness for References
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respectively.
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