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ABSTRACT

In this study the variances of the maximum likelihood estimators of variance components

in the 5-way nested classification random model will be found by using Searle’s method .
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Introduction

The variance of the maximum
likelihood estimators of variance
components and estimation of these

components for balanced or unbalanced
models have been discussed by many
researchers. The sampling variance of the
least squares estimates of the components
of variance in an unbalanced one way
classification and the large sample
variances of maximum likelihood estimates

of these quantities are a discussed by
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Crump (1951) [ 5] . Searle (1956) [ 10 ]
using matrix method re-worked Crump’s
results and extended them to components of
variance and he used the same method to
derive  sampling variance of variance
components estimators for both the 2-way
crossed and the 2-way nested classification.
Blischke (1966) [ 3] used them on 3-way
crossed classification. He (1968) [4 ]
developed this method for r-way
classification. In the same way, Henderson

(1953) [ 7 ] developed three methods of
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estimating  variance components  for
unbalanced data of any crossed or nested
classification, the techniques of which have
been further discussed in Searle (1968) [ 11
] . Mahamunulu (1963) [ 8 ] used matrix
method to find the explicit expression for
elements of information matrix of variance
components under normality condition and
used this matrix in finding the variance of
maximum likelihood estimators of variance

components and he displayed these results

O ps
o p,
o P

cov(Vijc» Yiju) =

Variances Of Maximum....

for 2-way nested classification model.
Rudan and Searle (1971) [ 9 ] used these
for 3-way nested classification
Abdullah (1997) [ 1 ] used these
for 2-way random effect with
unbalanced data, and he (2006) [ 2 ] used

them for random effect models which the

results
model

results

measurements have the following form of

covariance

And used these results for 2-way random effect model which has the form

Yik =0+ +by +(ab); +ey

With i=12,---,n, j=12,---,d , k=12,---,r and & unknown parameter, and

iid iid iid

iid

3 ~n(0,03) , by ~n(0,0) , (@) ~n(0,03) , &j ~N(0,05)

And for 3-way random effect model which has the form

Yiik = 0+a +bij + Gy + €
i:1929.”3n ) j=1325'”3d
et ,bij , Cix and €iji

with and

are independent

o g , O'g , O'g and O'e2 respectively .
Also for 4-way mixed effect model which has the form

Yik =0+q +bij +Cy, +djk + €

K=12,,r

random
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and 6 unknown parameter. The

variables with zero mean and variance
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with i=1,2,---,n, j=12,---,d and k=12,---,r and &,d unknown parameters such that

iid iid iid iid
dy=>dj=0and a ~n(0,03) , b ~n(0,05), () ~Nn(0,00) , & ~Nn(0,07)
j k

The aim of this study is to use Searle’s method to find information matrix for 5-way nested classification
model and use this matrix to find the variance of maximum likelihood estimators of variance components of this
model.

(1-2) Notation
Let |, bethe NXN identity matrix, let J, ., be the matrix of one in every position. If A N X M matrix

and B = (bij ) is Px( matrix then the Kronecker product of A and B written as A® B is the np xmq
matrix (Abij ). If A NXM matrix the tr(A) is the sum of elements of leading diagonal of A .The element r

is the inverse of I .

2. The model
Consider the following model

Yikm: =0+ & + By + Vi + O + Sijam + Cijiame (1)
Where Yy, s the Z—th response within the M —th level of the & factor within | —th level of the &

factor within K —th level of the y factor within j —th level of the [ factor within i —th level of the
factor. This nesting in indicated in the observation identifiers which are taken to be

i=L2,..,a; j=12,.,b ;k =1,2,...,C; ; | :1,2,...,dijk , M=12,., 1 and z =12, N
The a'S; B'S; y's;o0's,&'s and e's  are independent have normal distribution with zero means and

2
;/ b
The variance covariance matrix of Y can be written as:

V=Y"R,
i=1

Where 2" denote the operating of a direct sum of matrices and each R, can be written in partition matrix

. 2 2 2 2 .
variances 0, , 04,0, ,0; and o, respectively.

form as :
R, = { Rijxij,} 5 §,J =12,...,b, ,where
()
a’[(1-ps) | n. T (Ps = ps) dki?g(J M )+ (py—p) dial-g(‘] M. )+(ps — pz)dikag(‘] M. )
R =Py ] -
2 H H
o P J”ij...xnij'm 1=
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3)
s0, we get
R = o’[(1- ps) | n T (ps — p4)dli(al-g(‘] M )+ (py—pP) d_ift?(‘l N, )+(p; — pz)di_akg(J n”k_v)
jk.tm ik, i
+(,02 _pl)diag(J nij_“)+p1 ‘]”i,...] (4)
j

Now without loss of generality, we shall discuss the variance covariance matrix, and the information matrix for
the model (1) in balanced case when

bi =b, Cij =C, dijk =d , rijk| =r, nijk|m=n and Ri =R
So, we get
V=R®I,
(5)
Where
2
R=0"[(1-p5) lbcdrn +(P5 = P4)In @ lpedr + (P4 —P3) I ® lped

+(03 = P2) Jdrm ® lpec + (02 = 1) dedrn @ I +21 Ibedrn ]
(6)

To simplify notation in the writing we use
0520'02[ ,,B:a% , 7/20'7% ,520(% ,ézag and e=a§

Thus we shall get that
2

c-=a+pf+y+o+&+e ,02p5 =a+pB+y+o+¢& 02p4=a+ﬂ+7+5,
62p3:a+,8+7,0'2p2=a+,6’ and 62,01=a

Now, the matrix R in (2) can be written as:

R=e€lpcdrm +¢JIn @ lpear +0 Ipn @ lped +7 Jarn @ lpe + 8 Jedm @ 1y + @ Ipcdrn]

(7

Therefore

V =[elpedrmn +$In B lpedr +0 Iyn ®lped +7 Jdrn @ lpe + 8 Jedrmn @ Iy + & Ipedrn 1® 15

)
By Urquhart’s method [ 13 ] we get the inverse of the matrix R by the form:
1 1 1
R =—2[ﬁ locdrnt#1 In @lbedr +2 I @lped +13 Jarn ®lpe +¢4 Jedm @b +Ps5Ipedrnl
o —F5

)
and the algebraic details involved in finding R_l from R as given in the appendix
So, the inverse of the variance covariance matrix V  is

vi-rlel,
(10)

3. Sampling variances
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By Searle’s method the covariance matrix of large sample maximum likelihood estimators of
a,pf,y,0,& and e is
V(@) cov(@, ) cov(d,P) cov(d,S) cov(d,E) cov(é,é)]
cov(B,a)  V(B)  cov(B,7) cov(B,8) cov(B,5) cov(f,e)
cov(y,@) cov(y,f)  V(y)  cov(y,6) cov(y,5) cov(7,€)
cov(d,a) cov(d,B) cov(,7) V(O) cov(0,&)  cov(o,8)
cov(&,@) cov(S,f) cov(g,7) cov(S,6)  V(E)  cov(S,€)
| cov(,a) cov(é, f) cov(é,y) cov(é,o) cov(éE) V(e |
(an
- 1-1
toa taﬁ tay tas ta§ toe

Hue =

:2T—1:2t7a bp by Yo e e

Where T is (6% 6) symmetric matrix its elements can be find by the following law

tj=tr(v ViV forij=a.p, r.8.8 e

With Vi = 8_\/2 is the partial derivative of V' with respect to O_i2 .
aO'i
From ( 8) we get
oV oV
Vazaszcdrn(@la > V/}=ﬁ=‘]cdrn®|ab
oV oV
V?’:E:Jdrn@)labc ) V5=£=Jrn®|abcd
oV oV
Ve=——=J,®1 , Ve=—=1I
& o& n abcdr e de abcdrn

(12)
Now Searle’s results are used in finding explicit expression for the elements of the matrix T .
From (9) and (10) we get
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V_lva = (R_l ® Ia)(‘]bcdrn ® Ia) :(R_l‘]bcdrn)® Ia

1 1
[_2(1_— Ibcdrn +¢1 ‘Jn ® Ibcdr +¢2 ‘]rn ® Ibcd +¢3 ‘Jdrn ® Ibc+

¢4 ‘]cdrn ® Ib +¢5‘chdrn)‘]bcdrn]® Ia
! ! +Nng, +rg, +drng, +cdrn ¢, +bcdrng,)J, ., ® 1,

=—(

2
(o3

5

Thus
Lo =tr(V _lVaV _lva) =tr((v _lva )2)

bcdrn( ! +Ng + Mgy, +drg; +cdrn ¢y +bcdrn¢5)2 Jbedrn ® 13)

=1r(

ot 1-ps
) 2
= a(bcd4rn) ( ! +Ng + g, +drng; +cdrn ¢y +bcdrn¢5)2 =mh

o 1-ps o

Where

L =7 ! +Ng + g, +drngy +cdrn ¢4 +bedrn gs
—pP5
Also

Vilvﬁ = (R71 ® Ia)(‘]cdrn ® Iab) :(Ril(‘]cdrn ® Ib))® Ia
1 1
:[_2(1_— Ibcdrn +¢1 ‘Jn ® Ibcdr +¢2 ‘]rn ® Ibcd +¢3 ‘]drn ® Ibc+

¢4 ‘]cdm ® Ib +¢5‘]bcdrn)(‘]cdrn ® Ib)]® Ia

+ng,+meg, +drmeg, +cdm ¢,)Jd, @1, +cdm @ J, ., 1® 1,

o’ 1-p;
Thus
t,, =tr(V V,V V) =tr((V V,)?)
:%tr[cdrn(1 lp +ng, +rng, +drng, +cdrn ¢,)’> J,, @1, +(bc’d’r’n’ ¢2
s
+2c2d2r2n2¢5(1 ! +Nng +mg, +drng, +cdrn ¢,))J, . 1® 1,
—Fs
a(bcdrn)’
=%(L2 +edmg, (2L, +cdmg,))
Where
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L, = +Nng +rng, +drng; +cdrn ¢,
1-ps
abcdrn _ -
o
Then

taq =bcdmAyy and tgg =cdm Ay,

Similarly the other elements of the matrix T are

t,,=cdmA, ,t, =dmA, t;=mA;, t,.=nA,,t,=nA,
t, =dmA, ,t,;=mA, ,t,. =nA, ,t, =A,,t =dmB,,,,

tya‘ =1rn B31100 9t;/§ =n B31100 > t;e = Bsnoo y Ls =10 B40101 > tsg =n B40101
te =Bagion » ter = NBsgorr » L =Bspony and t, =C

Where
abcdrn_ , WG
quwst :T[Lp +Sn(r) (d) ¢2(|—5 + L4)+t¢3(|-4 + L3)+¢4(L3 + L2)+¢5(L2 + Ll)]
abcdrn 1 1
= 4 [ 2+¢1(—+L5)+¢2(L5+L4)+¢3(L4+L3)+¢4(L3+L2)+¢5(L2+L1)]
ot 1-p)t - p
and
Ly = +Ng + Mgy +drng;
1-ps
Ly = 1 +Nng +rng,
1-ps
L5 = +n¢1
1=ps

Therefore, the matrix T is

bcdrnA, cdrnA, dmA, A, nA, A, |
cdrnA, cdrnA,,  drnA,, A, nA,, A,
drnAlO drnAZl drnB31100 rnBSllOO nBSllOO BSIIOO
rnp\lO rnAZl r-nB31100 I"nB40101 nB40101 B40101
A, nA,, NBs 100 NByoior  MBsgorr  Bsoon
Ay Ay Bii 100 Baoron Bsoors C |
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Using this matrix leads to explicit expression for the elements of H,, =2T “of (11) and find the variance

2

. _— . . 2 2 2 2 2
of maximum likelihood estimators of variance components o, ,O 5,0, ,05,0; and o, .

4. Conclusions
The model of this study is extension of the model which is studied by Searle [12] and Rudan and Searle [ 9 ]
and we can get Searle’s results| 12 Jof the 2-way nested classification random model by ignoring the

y's , 0's and &'s in (1) and putting 0'72 =0,0; =0and O'g =0 ,also we can get the results of

Rudan and Searle [ 9 ] by ignoring the 'S and &'s in (1) and putting O'§ =0 and O'é = 0 which is

confirms the validity of results of this paper.

The Searle's method is suitable for any estimators of variance components for

type of models, so this study can be 3-way random effect model with

extended to higher models which are more unbalanced data”

than 5-way nested -classification model M.Sc.Thesis,University ~ of  Basrah,

where the covariance matrix and its inverse Basrah- Iraq .

can be obtained. Abdullah A.H.(2006) “ Variance of
The covariance matrix of large sample maximum likelihood estimators of

maximum likelihood estimators of variance variance components for the random

components in this work has different order effect model ”J.Basrah Researches

than the one considered by Searle[ 12 ] and (Sciences)Vol.32.Part.1.81-88 .

Rudan and Searle [ 9 ] because the order of Blischke,W.R (1966) “Variance of moment

this matrix depend by the number of estimates of variance components in

variance components. the unbalanced r- way classification”

The maximum likelihood estimation of Biometrics 22, 553-565
variance components for unbalanced data Blischke, W.R  (1968) “Variance of

has received somewhat less attention than estimates of variance components in a

other method of estimation due to its
three way

underlying complexities. classification” Biometrics 24, 527-540
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Appendix

Urquhart lemma

Concerning a matrix A partition as:

A=1{A of order n xn | For p,q=12,...,

(A1)

Where, A, =bp |np + O an and, Ay, =0, an

The inverse of A is given by,

XN

forall p# 0, with, G =1g,, | - (A2)
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AT = {(A‘l)pq for order n, x nq}.

(A3)
: _ 1 _
With, (A l)pq :b—lnp +h,, an and (A l)pq =h,, anan for p#q
p
(A4)

where, H =(h),, =|GD+B)" [, D=diag(n,,...,n ) and, B =diag(b,....,b, ) (A5)

In applying the Urquhart lemma to R, of (2),(3) and (4) we get

p,q= jkim, j’k1'm" with j=12,..,b;k=12,..c;1=12,..,d and m=12,....r
And

b, =0y, =(1—-ps) forall j,k,I and m
P j=j k=K, =I'"m=m’
2, j=jk=k,I=1"m=m'
B e j=j k=k,l=l'
gpq - gjklm,j'k'l'm' - 2, j: j’,k = kr
Py j#y

Hence

G=(05—P) loear T(Ps—P3), Olpg +(03 =) g Bl + (0, = P) g BNy +0; Jpear
Also

) _ 1
B:(l_ps)lbcdr with B 1:mlbcdr
And
D =diag(n,) with D' =diag(n’™)
jk.ILm jk,Im

From (A3), (A4) and (A5) we get
R =(R™) for order n

jkim > nj’k'l’m’)

With
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1

-1
(R )jklmxj’k’l’m’ = 5jk|m><j’k’|’m’ (1
— Ps

)Ijklmxj’k’l’m’ + hjklmxj’k’l’m’ J jKIms j k'’
Where

H = (h) jumejirm = diag(n™™)[F]" diag(njklm)_l;lbcdr diag(n’")
jkom

jkdm = Ps jkgm

where
F=005=P) loar + (04 =PI, @y + (05 =0 1g @y + (0, — ) J oy @1, +
Pi Jpear + (L= 05) Lpeyr dli(allg(njklm)
J.K,I,m

Now, if n =N we get

jkim

Let F=(A-B)®I, +B®]I,

Where A=(

1—
npS +,05 _104)|cdr +(,04 _pS)‘]r ® ch +(p3 _pz)er ® Ic+p2‘]cdr

And B=pJ

cdr

Then the inverse of F will be as follows
F'=(A-B)"'®][l, —%Jb]+%[(A— B)+bB]"' ®J, (Gabbara)[ 6]

Now,let L=A-B=0®I +E®J,
Where

l-p
O=y ly+y,d, ®l;+y;J s E=Y dg 5 Y= N 5+,05_/94 » Yo =Py P

Y;=py—p, and y, =p,—p,
So,weget L =07 ®[1, ~~ 3,14 1[0+ cE]" ®1,
C C

Where
O'=y'l,-y'y,J, ®l,+y,J, and (O+cE) ' =y'I, -y'y., I, ®l,+y,,J,

With
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= _ Y =V, + — Yo Ys YiYs
YS y1 r y2 y5 yz y3 y7 yl r y6 y8 q yl d

=V.+ =V + — y y Yy
Yo =Y3+CY, » Yo = Y2 d Yo » Y = yl—l'?ym and Yo = d—;l — ld 11

Thus L_] = y] chr _ylys ‘]r ®ch +y8‘]rd ® Ic +y13 ‘]cdr

1
Where Y; = E(Y12 - ys)

Similarly we get that
(A_(b_l)B)_l = y1 chr - ylys ‘]r ® ch + y8 ‘]rd ® Ic + y14 ‘]cdr

Ys _ YiYie Yiz

1
= — — , = , =, = + d
With Yi4 o (Yis = Y¥s) » Yis dy, q Yie yitry, Yo =Ys Yis
and Yis = Y; +C( Y, +by1)
Therefore

F_l = y1 Ibcdr _ylys‘]r ® Ibcd +y8‘]rd ® Ibc +y13 ‘] dr ® Ib +y19 ‘chdr

C

1
Where Y,y = E(ym —Yi3)

Therefore
y' 1 y'y y y

H Z(F_n(Tp))lbcdr _n—zs‘Jr ® Ibcd +n_§‘er ® Ibc +n_123‘]cdr ® Ib +y19 chdr

5

Hence from (A4) we get

1 1 1

R :_Z[W Ibcdrmt @1 In @lpedr+ @2 I Olped +A13 Jdrm @lbe +4 Jedrm @b + @5 Ibedrnl
o M5

where

¢ =(1_p5)_ny1 ¢ =_y5 ¢ :ﬁ ¢ =& and ¢ =y

LNty -p) 7 oty T o T C
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