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Abstract

In this paper, we derive a sixth order exponential compact finite difference scheme with
alternating direction implicit (ADI) scheme for solving three-dimensional unsteady convection-
diffusion equation. This scheme is sixth order for space and second order for time. The unconditionally
stability of this new version of finite difference scheme is proved with respect to initial values.
Numerical experiments are introduced to test the accuracy of the sixth order compact finite difference.
And it has high accuracy compare with the fourth order Karaa scheme and exponential fourth order

compact Mahdi scheme.
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1- Introduction

We consider the initial boundary of

unsteady three-dimensional 3-D convection-

diffusion problem for transport variable u

where Q € ®* is a cubic domain, (0,T] is

o o a a d
—8 8, -8+ —+C,—+(,—=0, 0]
) A 0) oL

Yz =g yzl), (xy2)ed te0T] o
u(yz0)=u(x Y2, (xy.2)eQ, )
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the time interval, and g and ug are given

functions of sufficiently smoothness. In (1)

cy,¢cy, and c, are constant speeds of

y
convection and ay >0, ay >0and a, >0 are
constant diffusivities in the x,y , and z-

direction respectively. This equation may be

seen in computational hydraulics and fluid
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dynamics to model convection-diffusion of
quantities such as mass, heat, energy, vorticity,
etc ( Roach, 1976).

Various numerical finite difference schemes
have been proposed to solve the convection-
diffusion problem approximately. Noye and
Tan in (Noye et al., 1988).

drive several high order implicit schemes
for unsteady 1-D  convection-diffusion
equations, and in (Noye et al., 1989) they
proposed a compact nine-point high order
compact (HOC) implicit scheme for unsteady
These

schemes have large interval of stability and its

2-D convection-diffusion equations.

third order accurate in space and second order
accurate in time. In (Rigal, 1994, Rigal, 1999)
Rigal derived two classes of compact difference
schemes of order 2 in time and 4 in space with

different choices of weighting parameters.

Spotz and Carye (Spotz et al., 2001)
extended the 2-D HOC scheme in (Gupta et al.,
1984) for solving steady state equations to
solve unsteady state 1-D convection-diffusion
equations with variable coefficients and 2-D
diffusion equations. Also, in ( Kalita et al.,
2002) and (Karaa) derived a HOC schemes
with weight time discretization to solve the
unsteady 2-D and 3-D convection-diffusion

equations, respectively.
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To obtain order

numerical

satisfactory  higher
results with reasonable
computational cost, there have been attempts to
develop higher order compact ADI methods. A
high order split formula was first obtained by
Michell and Faireweather (Mitchell et al., 1964)
and later in ( Dai et al., 2002) for 2-D diffusion
problems. Karaa and Zhang ( Karaa et al.,
2004) derived a higher order compact ADI for
solving 2-D convection-diffusion equations of
order 2 in time and 4 in space and then they
extended this scheme for 3-D convection-

diffusion equations in (Karaa, 2006).

A class of HOC compact exponential finite
difference methods is proposed for solving 1-D
and 2-D steady state convection-diffusion
equations with variable coefficients from Tian
and Dai in (Tain et al., 2007(a)) and then Tian
and Ge extended this work in (Tain et al.,
2007(b))
diffusion equations with ADI scheme. Shatha in
(Mahdi) derived a fourth order

to 2-D unsteady state convection-

compact
exponential ADI finite difference scheme for 3-
convection-diffusion

D unsteady  state

equations.

In this paper, we derived a sixth compact
exponential ADI finite difference scheme for 3-
D unsteady state convection-diffusion equations
for all points except the points that have
location near the boundary in the network, for

these points we use a fourth order scheme only.
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Due to, if we use a sixth order scheme for all
points we have a point out of the network. We
prove that this new scheme is unconditionally
stable  with initial values.  Numerical
experiments are conducted to test this new ADI
sixth order scheme. And to compare it with
Mahdi ADI fourth order compact scheme and
Karaa ADI fourth order compact scheme.

2. Sixth order

exponential compact

discretization
2.1 O(h%) compact exponential FD schemes

Consider the steady state one-dimensional

convection—diffusion equation

—auy, +cuy = f(x), xe[a,b],

(4)

where a is the positive constant conductivity,

c is the constant convective velocity, f is a

sufficiently smooth function of x, and u may
represent heat, vorticity, etc. This equation is
consistent with singular-perturbation problem
as a is a small parameter. Firstly we divide
[a, b]into N equal with

parts Xj =ihy,

hy =Xj;1—X;, Uj=u(x;), and i=0,.,N.
For a sufficiently smooth solution, derivative in
(4) at interior grid points, can be defined using

Taylor’s expansion as

oo 2n
ux_ — DAxui - (hx) fn+lui ,
: <~ (2N + 1)!
oo 2n
l"’lxxi = IDEXL’Ii — Z 2(hX) 2n+2u_ ’

Nn=1

where D, U; = (U, -U;_1 )/ 2h,and

D2, Ui =(Uj,q - 2u; +U; )/ hX2 are the central

difference

approximations for the first and second
derivatives and Dy is the nth-order exact

derivative operator at any interior X.
In this section, we develop HOC exponential

FD scheme for solving the convection-

diffusion equation (4). To formulate this

scheme, we first introduce an o(Ax?) compact
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(2N + 2)1 _*~ '

exponential FD method for Eq.(2). In the sub
domain [X;_1,X;.1 ], let us rewrite Eq. (4) as

ox _ex
—aed (e au,), = f,

and then

_&X _&X
—a(e aux)xze a fi

(7)

Integration of Eq. (7) over a spaced interval

from X.1»t0 X 1o Qives
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_ch, ch, chy

—c(e 2 (U)o —e% (Uy)iy,)=(e 2

Using the central difference to approximate Uy, , We get

_ Ui, -Uu

= i1/2 4 O(AX?
A (AX7)

u

xi

and thus, Eq.(8) can be written

ch, chy

_c
© 2h

By adding and subtracting u;_;, u;,; to the first

ch,

(e 22(2u,, -2u;)—e? (2u;-2u;,)) = (e 2 —e

chy

_ eﬂ) fi (8)

ch

Y

)

respectively, and then rearrangement of this

and second term of right hand of Eqg. (9), equation we get
-——((e 2 +e®)u,,,-2(e > +e*)u;+(e 2 +e?)u,
ZAX (( ) i+1 ( ) i ( ) i-1 (10)
e —eB)u,,—(e 2 —e®)u,) = (e * —e?)T,

Divide both sides of Eg. (10) by and after rearrangement, we get

—aD2u; +cDU; = f;, (11)
where
ch
_ J—=>*coth(ch, /2a), c#0
a = 2
Eg. (11) is called a second-order

exponential FD scheme for the convective
diffusion model equation (4), which is nodally
exact and gives rise to a tri-diagonal system of
equations. In addition, scheme (11) provides the
exact solution for the 1D convection—diffusion
equation with constant convection coefficient in
the absence of a source term. Scheme (11) and
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its some variants have been proposed via other
approaches (Bear, 1972, Tain et al.,, 2003,
Thomas, 1995, Zhang, 1998].

It is easily found that the second-order
exponential FD scheme (11) applied to Eq. (4)
is equivalent to the standard second-order
central FD formula applied to the following
equation:
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ng coth(ch, /2a)u,, +cu, = f.

Eq. (13) aso shows that, when the second-order
exponential FD scheme (11) is used, an
artificial diffusion coefficient
a[(ch/ 2a)coth(ch/ 2a)-1] is perturbed to Eq.

(4.

(13)

2.2 O(h®) compact exponential FD schemes

Consider the FD scheme for Eq. (4) with
constant convection coefficient at a grid point
X as

2
—aDj Ui + Dyl = apfi +ap fig +apfig +agfyg tasfonis (14

Where
- ch, coth(ch, /2a), c#0 (15)
o= 2
a , =0
Di.and D,, areasdefined previously. In ag,0,02,03 ad ay, let usrewrite Eq. (14)
order to determine the parameters as
2
— oD U +CD U = arg(—aU, +CU, ), +ay (-8l +CU,)  +a,(~al, +CU,) (16)

+a4(-8U,, +CU, ) i + 0y (—aU, +CU, ) -

Straightforwardly cal culating the right-hand
side of Eq. (16), and substituting (5) and (6)
into (16) and rearranging it, we obtain the

2
(g —Dcu,, + (a —aa, +cay)u,y, +(Car, —ao, — hxsc
4 4
c h'a
(ca, —aa, - rllxz—o) Diu+(-aa, + 260 )D{u, +o(h’)=0.

Letting

(-1 =0, (¢—aa,+ca;)=0, (Ca,—aa,—

2 4
heay_ o (ca,—am, -0,

C —a +
(Caa—aa, +—5 120

following modified differential equation
corresponding to the scheme(16):

2

YD, +(Cay —aa, + h Za )Dju.

1
17)

<) =0, (18)

h ‘o

—-ao, +—= =0.
(maas +350)

and solving the above resulting equations, we get the parameters
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ag=1
_{aa ,c#0
%=y ¢,
0 , =0
{a(a(aa) hXZJ ah?
a=1cl ¢ 6 ) 1
0
a’(ala-a) h’) aah
o, = ?( c? ?J
h'
360

The Taylor-series truncation error anaysis
shows that Eq. (14) with (19) for solving the
model problem (4) is an o(h,®) compact FD

2
E(a—a}@ ,c#0
o, = 2c c
h, c=0
12 CT (19)
,c#0
c=0
2 4
Laah® nto
120
, ¢=0

differences of the derivatives of f may be used
in Eq. (4 while «till maintaining overall
O(hxe) accuracy on  3-point  stencil.

scheme. Notice that second-order centrd

We define two finite difference operators

Ay =-aD2 +cD,,,

2 3 4
fX =Qq +a1DAX +a2DAX +a3DAX +054DAX,

Eq.(11) can then be formulated symbolically as

1A= i +O(h )

This symbolic construction can be used to
derive high order compact schemes for higher

dimensional problems. When applied to the
steady state 3-D convection diffusion equation

o%u o%u o%u ou ou
—aXaXZ—aYayz—aZ@ZZ+cX +Cy8_y+CZE:f’ (20)
yield the following sixth order approximation
(A HIGA  + 1A U= iy +O(h, %) +O(h, ®) + O(h,°) . (21)
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And
B _SM in(en 12 , ¢, #0 &% ¢ 0
X" X a'X X X
a= 2 o, = Cx
I ax ’ CXZO 0 ’CX=
2 2 2 4
az(ax(axz—a)+h_xj_axagx Lo
a, = (o (o} 6 12c; 120
2 hx4 c _O
360 <
A& & + 2% 20 iaxaxa_x_hcgto
a,=1 &\ G ;=9 ¢, c? 6 ) 12¢, *
2 —
S oo : e
&y coth(c,h, /2a ), c, =0 a,—p
L= 2 vy y/h Ty ,Cy;éo
ay ’ Cy:O ﬂl: Cy
0 ,¢,=0
2
Y +—§ c,=0 & ay(ay—ﬂ) h, ﬂ—hy c,#0
5= &l g Y ps=1 ¢, c; 6 | 12c, "’
© R 0 , ¢, =0
z , ¢,=0
12 Y
2 - h2 hz h? c,h
2;[%((;2 IB)JF%]_alyzﬂczy ﬁ .c,#0 y=l- Zzzcoth(thZIZaZ), c,#0
'ﬁ4: y y y
h? a, , ¢,=0
360 & =0
2
&M L Lo e e +h—zcz¢0
M= C, o Hy = ZCZ ©
0 ,c,=0 h, c,=0
12
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Applying to both sides of eg.(21) with the that the operators /,,¢and /,commute with
operator ¢,/ ¢, , weobtain each other, which is possible since the

convection and diffusion terms are assumed

£y 2Ax + Ay + Ll yA U= il yf o B +0(8%), (22) constant.
whereO(4°) denote to the O(h,°)+0(h,°) +O(h,")

. Notice that in deriving (22) we used the fact

ou" .
Exfyfzgz—(fyﬁzAx+£X£2Ay+£ (. A" +0O(A)

XTyttz

4 . Sixth order compact alternating (1) can be obtained by replacing f with _(a_u)
direction implicit (ADI) in 22) a
A sixth order semi discrete approximation to ) _ )
. e L Now by wusing Crank-Nicholson time
the unsteady convection-diffusion equation in ) o
discretization, we have

n+1 n

u —u 1 n n+
uyzz(A—t)=—§(£yzzAx+zxzsz+£X£yAZ)(u +Uu™) +O(A%) +O(At?). (23

This discretization is second order in time and sixth order in space. After rearrangement  Eq.(23),
we have

At n+1
(u /s +?(£ JA LA 0L yAZ)ju (24)

At n
= [e N —7@ SO A AL A+ yAZ)ju + O(AtA*) + O(At?).
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To get a solution for our equation, we must
solve each time step a sparse linear system
arising from the implicit discretization (21). A
way around in developing an efficient solution
method to our problem is to solve a perturbed

problem that has the same order of accuracy as
(24) and which alows to reduce the 3-D
problem to a succession of many 1-D problem.
To accomplish this, we add the terms

2 3

A—t(f AA, AN +CAA U+ A; A A A U™
And

A—t(EAA + 0, A A, +0,AA U —%AAAU

to the right and left hand sides of (24), respectively, so that Eq.(24) after dropping the error terms
becomes
(£X£y£Z+ (6 LA+ LA +£€A)+A (L AN +OA AN, +0,AA)

At At?

At
+—AA AN =(0 00, —— (00
3 2) (0,0, 2(

A3
+0, A A +€AA)—?AAA)

which can be factored as

(€X+%AX)(€V+%AY)(£Z+M
To achieve unconditionaly stability, one may
resort to a fully implicit or Crank-Nicholson
method for time discretization of Eq. (25). This
will result in a system of agebraic equations
that is sparse, which may require a large
amount of computationa effort. One remedy is
to use ADI method, which only required
solving 1-D implicit problems for each time
step. The detalls of the ADI methods can be
found in (Thomas, 1995) .

At At At
o+ — AN =0, —=A ), —=
( > DU =(0, 5 Dy >

_A un+l=€ _
2 Z) ( X

Ay)(gz -

82

At At
2 2

Al LA+ A)+= (0 AA,

AN, —=A), - > Aty u”. (25)

Now, we introduce an exponential higher
order ADI scheme and corresponding boundary
conditions, which will be used in our numerical
solutions for 3-D  convection-diffusion

problems.

The resulting approximation (25) is second-

order accurate in time and sixth-order accurate
in space. From formula (25), we can obtain the
following exponential high order ADI scheme.

Introducing an intermediate variables u” and
u", Eq. (25) can be solved in three steps as

ﬂAz)u”’ (263)

2
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At o
= A =
(¢, + 5 U =u, (26b)
. 26¢
(£Z+£Az)u”+1 =u. (26c)
2
4. Stability analysis Ujjk = gne'axielayje'azk , to be the value of u"

a node (i,j,k), where | =+/-1, &" is the
amplitude a time leve n, and
ox(=2rh, /A1) , oy(=2zhy/A,) and
o,(=2rh,/A3) ae phase angles with
wavelengths A; , A, and A3 respectively,
then the amplification factor
H(ox,0y,0,)=&M11EN, for stability, has to
satisfy the relation |H (oy,0y,0,)| <1, for all

oy, oy and o, in [-x,7x].

In this section firstly we extend the proof of
stability of Karaa scheme(Karaa, 2006) who
prove the scheme is stable for ¢, =c, =c, =0,
therefore, we prove that the scheme is stable for
al vaues of c,,cy,c,. Secondly, we prove
that our scheme is stable for ¢, =c, =c, =0.
In the further we can extension the prove of
stability of our scheme for al vaues of

Cy,Cy,C,.

y’
. 4.1 The stability of Samir Karaa scheme
To study the stability, we use von Neumann

linear  stability andysis. If we let The final formula of Karaa scheme can be
written in the following formula (Karaa, 2006):

At At At " At At At ]
P +—A) Y +—A ) +—A WU =(/,—A ), —A ) ——A U,
(g A G AN G AT (G AN =G A5 )
2h 2 gx =1+ 1)(2 (DAZX_&DAX)’
A, =—(8,+>)DZ +c,D,,, > @)
12a,
— y'y 2 _ y 2 y
Ay__(ay+E)DAy+CyDAy’ Ey—1+E(DAy—a—yDAy),
cth? . ., h? ., c
A,=—(a,+-22)D% +c,D,,, (,=1+-2(D3%--2D,),
=8+ HEIDL e, 15 (DL— 2Dy
By substituting the expression of uf}, and ufj* vy(oy) and y,(o,) wereduceEq. (27) in 1-
in (27), the amplification factor is found to be D case and then substituting the value of A,
H(O-X’O-ylaz)=V/x(0x)Vly(Uy)‘//z(Gz)-TO and

show how to derive thevaueof v, (o ),

83



A Sixth Order Exponential ....

A.J. Harfash
h’ c At c2 .
n+1 1+ > DZ _ XD +=| = X X D +C D elo'x'
‘/5 |: 12 ( AX ax Ax) 2 { (ax 1 ) X ij} (28)

2 21, 2
= fn {14. hx AZX _& DAX)_%[_ (ax +_i><2:;; )DAZX +CXDAXJ:|eIO—Xi!

Rearrangement of Eqg. (28), we get

2 2L 2 2
§n+l 1+ hL_ aXAt _ CXhX At DAZX n CXAt _ hX CX DAX eldxi
12 2 24a, 2 12a, (29)
i 2 21 2
— & 14 AX N a At N ch At D2 - cXAt h’c, D, le,
12 2 24a, 2 12aX
Substituting the value of Dfx and D,, inEq. (29), and then simplification we get
2
é;n+l 1+ i_aX_AZt_CX_At (elcrx_2+e—lcrx)+ Cx_m_ﬂ (elo-x_e—lax)
12 2h° 24a, 4h,  24a,

2
_ én{l{ L, 34t CAt J(e.gx _2+e_.ax)_(c At he, J( o _ g )}
12" 2n? " 24a, an,  24a,

By rearrangement of the above equation, we have
2 2 2

1 aAt CciAt +(i_ aAt  cAt N cAt  he, )e'o +(i_ aXAZt _ CAt

24a, 12 2h° 24a,

EM-Z+ 2+ .
6 h? 12a, 12 2h? 24a, 4h
C, At oo 1 aAt CAt At  CAt cAt hg, | o
-2 “) )= g- S-S SR (B AR el
4h, h? 12a, 12 2h? 24a, 4h,
(_ aXAt+ fAt+cXAt h, X) e,
12 2h? 24a, 4h, 24a,

Transformation the value of exponential function in to (Sine) and (Cosine) functions, yield the

following
C, At

P | axAt ZAt
i 6 A 12ax *5 cos(o,) — cos(o,) - cos(o )+ sin(o,)
_IAxe, w1 @At c zAt (30)
12a, “Sn(e=<Tl 6 AX’ 12a, 6
- (o) -k sin(o,)]
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By simplification Eqg. (30) we get

e o, 2At. o, ZcAt. o, IcAt. ”
et ssint( %)+ 22822+ 22 6n*( %)+ 2 sin(o,) - Aok sin(o, )
h, 2a,
1 2 At. ZcAt. IcAt. Ihc, .
="l Zsin’ () - 22’ () - T sin’ (T~ din(o,) - 0esin(o ).
h, h, a
then we can find the value of (o, ) asfollows
1. ,0 a ¢ | cAt lhc, .
1-=5in?(2) - 2AL (2% + ) sin? (2 X
- SN2 oy’ into) 2, sin(o,)
e =Vl = 1. ,,0 a, ¢ IcAt '
1—§Sin2(7x)+2At(7+ —x)sin’( X) sin(o )— . 5 sin(o,)
h' 12a 12a,
which can be written as follows
v, (0,) = =721 (ya+7,) (31)

Nty (= 74)

where 1
=1-=sin?(2),
71 3 (2)

V3= °h Va=
and the similar expression for y (o) and
v,(o,) may be written by replacing o, by
oyand o,, Axby Ayand Az,c, by c,and c,
, ay by ayand a,. For stability it is sufficient

IR
= 2At(—=%-+—2*-)sn
V2 (hz 12ax)

CZ

2,0y
(7),

X

—=Xdn(o,).

12a,

(o, )|2 <1. Imposing this condition directly

on (31) yield y17, > y374 as a necessary and

sufficient condition for |gux(ax)|2§1. A

simple calculation shows that

thet |yx(o ) <l |wy(oy) <1 and
N IV - I o Oy At L2000 g2 Px
Y7, = 2AL(1- 3sn( NG 12ax)s (G2l s (G)S()
and
Yoy == din?(c,) = —(2sm(—)cos( 2 =i At (1——sn( Z)sin(%)

24a, 24a,

85
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Hence 7/17/2 yaya and it follows that
|‘//x(0x)| <1. In the same way, we may find
that |y (o )\ <1 and |y,(o,)° <1. Thus
we conclude that the Karaa scheme is
unconditionally stable.

4.2 The stability of sixth order exponential
compact scheme

§”+1[1+ a,D,, +a,D> +a,D, +a,D* +%(—a D2 + cXDAX)}e"’*i

Substituting the discrete Fourier mode (27)

in (25), the amplification factor
H(ox,0y,0,)=E11EN, can be written as
H(ox.oy,0;) = ‘//X(Ux)'//y(ay)‘//z((jz)- To

show how to derive the value of w,(oy),
wy(oy) and y,(o,) we reduce Eq. (25) into
1-D case and then substituting the value of A,
and 7,

(32)

=" [1+ a,D, +a,D2 +a,Dd +a,D; —%(—a D? + CXDAX)}e“Ixi ,

Rearrangement Eq. (32) we get

o At

§”+1[1+ [al + CXZAtjDAX + (az —Tj D2, +a,D2 + a4D§X}e'°x‘

Cc At

=£&" [1+(al—

X2 )DAX+[(12+T)D2 +063DAX+0!4D§X} gl

(33)

Substituting thevalue of D, , D, , Da, and D, in Eq. (33), and after simplification we get,

Cc At

aAt

n+1 1+ i |GX _e*IO'X + & loy 2+e loy + aa eZIo‘>< _2elax
| (2hx (€ ) (hx2 ) 2n° (
_|_Ze—IO'X _2|0'><)_|_ (e2|0'>< _4elax +6_4e—IO'X _'_e—ZIO'X)]: §H[1+ (ﬂ_ C At)( loy —|(7X)
hX 2h
a2 aAt 1oy — 24 e—lax) T a33 (e2lo'X . 2e|O'X + 2e—I0'X _e—ZIO'X)
hx 2h,
+&(e2"’x —4e'7* + 647 1 &72'7)]
" .
Reafrangement the above equation, yields
the
FT— 2a22 aAZt 605‘:1 a_zz_ aA: N a, . C At _a_z_ 4af)e'(’* +(a22 B aA: o
hX hX I“X IqX 2 hX 2 hX 4hX hX hX hX 2 hX 2 I‘]X
CAt a; 4o, . a, Oz \ 2 a, o210 2a2 alAt 6a,
— + e 4+ (—+ e +(— = -
4h, h® h? ) (hx“ 2hX3) (hx4 2h e 1= h? h? h?
a, alAt o CAt a; 4o, . a, alAt o CAt a; 4o, .
—=+ + — e e’ + + — + — — e 7
h? 2h? 2h, 4h, h® h? ) (hxz 2h? 2h, 4h, h’ h? )
a4 a3 2lo a4 a3 —2lo
+(—+—3)e" "+ (—— e~
) ) ] 86

X X X X
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above equation lead to the following equation

200, aAt 6a, 2o At .
n+1 1— 2 + 4 2 X _dn(oc
g [ hX2 hX2 hX X X X X ( X)
2I053 8a, 20, aAt 6a
— o,) ——Ccos(c +—co 20 + %3 sin(20 1-—2- +—4
X sin(o,) X S(o,) hx (20, ) hx (20,)1=<&" h, hxz . (34)
o :
—+cos(20,) + h—gs n(2o.)].

By simplification Eq. (34), we get

f““[l—“i?w(ﬁ) 2O‘Atsm( T4 20 '“1sin(ox)+"’*“sn( )-2% (o)
h, ) . h 2hx ¥
8a4 ZaAt nz(ﬁ 6a,
X X X X X 2 hX4 (35)
la; . IC At 2a, . 8a, 20,
+—=8n(o,)———sin(o,) - sin(o,) ——2cos(o, ) + —+ cos(20 + 2sin(20
h, (0,) 2h, (o,) h? (o) - - (o) x s(20,) h, (20,)].

Then we can find the value of , (o) from Eq. (35) asfollows

i +y,+l +
ézn —y (0,)= Vi=Vat Vst 1 (Ya—Vs+7e) (36)
¢ Vit Vot Vst L (Fat7s+76)
Where
da, . ,,0 20At . ,, 0
=1-—2sin?(=), = sin?(=X),
71 hX2 ( > V2 hxz ( >
6054 80(4 6064 n Oy
=4 _ 4 cog(o =X,
7/3 hx4 hX4 S( ) X X ( 2 )
a, . CAt . 2a; . o .
]/4:h—:S|n(GX), 7/5: 2hx yGZ_Tjsn(ax)-'_h_}sn(ZO-x)'
and the similar expression for v (o) and (o, )|2 <1. Imposing this condition directly
w2(0z) may bewritten by replacing o by on (36) yield 7175 + 7372 + 7574 + 7674 20 88
oyand o,, Axby Ayand Az,c, by cyand c, anecessary and sufficient condition for
a, by ayand a, . For stability it is sufficient v (ox )|2 <1. A simple calculation shows that

2
that |y (o )* <1, [y, (o) <1 and
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2a At o, o, 32aAta o,
ViVt VsVotVsVatVeVa= h 2 (1_ h 2 sin ( )]S'n =)+ —45”16(7) (37)
Sl (o) - B sini (o) sin? (%),

we will verify y1yo + 7372+ ¥s5ya + 7674 = 0. First assume c, =0, then

AX?
12°
Substituting (38) into (37), we have

a=ay, o=0«a,=

ViVt VaVotVshatVeVa= h 2

X

3

Hence y17, + 7372 +7574+7674>0 and it
follows that |‘//x(0x)| <1if c, _0 In the

sameway, we may find that ‘(//y(O'y )‘ <1land
(o, )| <1. Thus we conclude that the
scheme is unconditionally stable for
Cx =Cy =C,=0.

4. Numerical Results

We first examine a convection-diffusion
problem in the cubic region with coefficients
ay=2a,=a,=1 and c, =c, =c,=1. The
exact solution of thistest problem given by

X+y+z+t

u(x,y,z)=e , 0<x,y,z<1Lt>0.

Theinitial and boundary condition are taken
from this solution. We consider uniform grids
with different mesh sizes and different regions
and compare the accuracy of the computed
solutions from the present sixth order
exponential and fourth order compact ADI
scheme and fourth order ADI scheme of Karaa

a3:0, (Z4:

2aXAt[1_1 in?( X)

88

h 4
360

}Sl (X)

(38)

32a, At .
Sl
360h,

n%%).

and exponential fourth order ADI scheme of
Mahdi. The quantity that we compare is the
L® norm errors of the computed solution with
respect to the exact solution. In the first and
second test we take h=h, =h, =h,. InFig. 1
and Fig. 2, we plot the L®> norm errors for
0<t<1, and (a) h= 0.1 and region=[0,1]°,
(b) h= 0.2 and region=[0,2]>, (c) h= 0.3 and
region=[0,3]3, (d) h=0.4 region=[0,4]>, (e) h=
0.5 region=[0,5]3, a At=0.002 and At =0.001,
respectively. The figures show the superiority
of the present sixth order exponential compact
(ADI) scheme over the exponential fourth order
ADI scheme of Mahdi. In Table 1, we show
that, the new scheme is more effective in term
of accuracy.

Also, we use another test problem which has
the anaytic solution given, as in (Karaa), by
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_(x-¢t-05° (y-ct-05)° (z-ct-05)°

u(x,y,zt)=

(4t +1)*? > a (4t+1)

The boundary and the initia conditions are
directly taken from this solution, and we take
ay=ay,=a,=001 and c,=c,=c,=08.
In Table 2 we show that, the L*> norm of the
new scheme isless from the other schemes.

5-Conclusions

We have introduced a coupled sixth order
exponential and fourth order compact ADI
scheme with Crank-Nicholson technique for
solving three-dimensional unsteady convection-

a,(4t+1) a(4t+1
0<xy,z<L,t>0.
diffusion equation. The unconditionally

stability of sixth order exponential and fourth
order compact finite difference schemes is
proved with respect to initial values. Our
Numerical results showed that the coupled sixth
order exponential and fourth order compact
finite difference schemes is computationally
more efficient and more accurate than the
fourth order scheme of Karaa and exponential
fourth order scheme of Mahdi.

TABLE 1.L? normerrorsat t = 1 computed by three different schemes.

For test probleml.

h 0.1 0.2 0.3 0.4 0.5

region [0,1]° [0,2]° [0,3]° [0,4]° [0,5]°
At=0.1

Samir Karaa Fourth order ADI 2.02E-04 | 5.05E-03 | 7.61E-02 | 1.12723 18.345891
Exponential Fourth order ADI 2.01E-04 | 5.01E-03 | 7.36E-02 | 1.0180327 | 14.525646
Exponential sixth order ADI 7.70E-05 | 2.05E-03 | 2.62E-02 | 2.92E-01 3.1937764
At=0.01

Samir Karaa Fourth order ADI 246E-06 | 857E-05 | 3.28E-03 | 1.21E-01 4.029996
Exponential Fourth order ADI 2.36E-06 | 5.14E-05 | 7.50E-04 | 1.06E-02 1.64E-01
Exponential sixth order ADI 1.05E-06 | 2.13E-05 | 2.73E-04 | 3.34E-03 4.83E-02
At =0.002

Samir Karaa Fourth order ADI 193E-07 | 3.64E-05 | 2.56E-03 | 1.11E-01 3.8899696
Exponential Fourth order ADI 9.46E-08 | 2.08E-06 | 3.40E-05 | 7.34E-04 2.34E-02
Exponential sixth order ADI 4.23E-08 | 8.95E-07 | 1.69E-05 | 5.06E-04 1.75E-02
At =0.001

Samir Karaa Fourth order ADI 1.22E-07 | 3.49E-05 | 2.54E-03 | 1.11E-01 3.8855934
Exponential Fourth order ADI 2.37E-08 | 5.39E-07 | 1.16E-05 | 4.26E-04 1.90E-02
Exponential sixth order ADI 1.06E-08 | 2.56E-07 | 8.87E-06 | 4.17E-04 1.65E-02
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TABLE 2. L _norm errorsat t = 1 computed by three different schemes.

For test problem2.

h 0.1 0.2 0.3 0.4 0.5
region [0,1]° [0,2]° [0,3]° [0,4]° [0,5]°
At=0.1

Samir Karaa Fourth order ADI 2.95E-05 2.74E-04 4.74E-04 | 1.00E-03 | 1.40E-03
Exponential Fourth order ADI 5.43E-07 3.73E-04 242E-04 | 1.67E-04 | 1.11E-03
Exponential sixth order ADI 3.06E-08 3.98E-05 246E-05 | 1.91E-05 | 7.13E-05
At=0.01

Samir Karaa Fourth order ADI 2.46E-06 1.87E-04 5.51E-04 | 1.05E-03 | 1.41E-03
Exponential Fourth order ADI 4.04E-07 3.80E-04 243E-04 | 1.68E-04 | 1.10E-03
Exponential sixth order ADI 1.38E-08 4.04E-05 2.46E-05 | 1.91E-05 | 6.21E-05
At =0.002

Samir Karaa Fourth order ADI 2.75E-06 1.88E-04 5.52E-04 | 1.05E-03 | 1.41E-03
Exponential Fourth order ADI 4.08E-07 3.80E-04 243E-04 | 1.68E-04 | 1.10E-03
Exponential sixth order ADI 1.38E-08 4.04E-05 246E-05 | 1.91E-05 | 6.20E-05
At =0.001

Samir Karaa Fourth order ADI 2.76E-06 1.88E-04 5.52E-04 | 1.05E-03 | 1.41E-03
Exponential Fourth order ADI 4.09e-07 3.80E-04 243E-04 | 1.68E-04 | 1.10E-03
Exponential sixth order ADI 1.38E-08 4.04E-05 2.46E-05 | 1.91E-05 | 6.20E-05
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FIG.1. Comparison of errorsin L? _norm of the present sixth order scheme with Mahdi fourth order
scheme at each time step for, At =0.002. (a) h=0.1, (b) h=0.2, (c) h=0.3, (d) h=0.4, (e) h=0.5.
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FIG.2. Comparison of errorsin L? _norm of the present sixth order scheme with Mahdi. fourth order
scheme at each time step for, At =0.001. (@) h=0.1, (b) h=0.2, (c) h=0.3, (d) h=0.4, (e) h=0.5.
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