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Abstract:

In this paper, we present abstract error estimates of the approximate solution of the incompressible

Navier-Stokes problems in two-dimensional domain for mixed finite element method. These estimates

are then applied to obtain quasi-optimal error estimate in the energy norm for velocity, pressure and

velocity with pressure.
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1. Introduction

Mixed finite method result naturally
from finite element approximation of any
variational boundary value problem with
constraints, these method is useful in the
study of approximate methods for treating
incompressible fluids and solids, and it is
based on formulations having the stresses
and/or strain as fundamental variables ( in
the mechanics of solids), at variance with
the classical finite element method where
fundamental unknowns are displacements
only. So, mixed finite element methods
are one of the important approaches for
solving problem of partial differential
equations, for example, the Navier-Stokes

equations.
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Reddy, J. N. and Tsay , C. S.[13]
derived mixed finite element models which
have been based on variants of Reissener's
functional for various order polynomial
approximations. Johnson, C. and Thomee,
V. [8] considered a class of mixed finite
element methods for second order elliptic
problems and
Thomas. Douglas, J. and Milner, F. [6]

adapted the Nische- Schats approach to the

introduced by Raviart

Raviart —Thomas mixed method for scalar
second order elliptic problems. Arnold, D.
N. [2] treated the basic ideas of mixed
finite element methods at an introductory
level. Arbogast, T. and Wheeler, M.F. [1]
defined a new finite element method,
called the characteristic mixed method for
the

approximating solution to an

advection-dominated transport problem.
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Lovadina, C. [12] presented a new class of
finite elements for the Reissner-Mindlin
plate problem based on a modified mixed
formulation recently introduced by Arnold
and Brezzi (Boundary Value Problems for
Partial  Differential  Equations  and
Applications, J.L. Baiocchi, eds., Masson,
Paris,1993). [16]

established that an interior penalty method

Rusten, T. et al.

applied to second order elliptic problems
gives rise to a local operator which is
spectrally equivalent to the corresponding
non-local operator arising from the mixed
finite element method. Chen, Z. et al. [4]
domain

developed decomposition

algorithms for mixed finite element
method for solving the linear second order
elliptic problems in R2 and R3. Baaijens, F.
[3] reviewed the progress made during past
decade in the application of mixed finite
element methods to solve viscoelastic
flow problems using differential constitive
and the

equations capabilities  of

viscoplastic flow to solve predict
experimental observations. Liberman, E.
[11] presented a posteriori error estimator
for mixed finite element method for the
Reissner-Mindlin plate model. Russell, T.
F. et al. [15] considered control-volume
mixed finite element methods for the
approximation of second order elliptic
problems on rectangular grids. Jun, H. and

Shi, Z. [9] presented two stable rectangular
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nonconforming mixed finite element

methods for the equation of linear
elasticity in two dimensional space that
produce direct approximations for the
stress and displacement.

The aim of this paper is to discuss the
error estimate, first to steady-state Navier-
Stokes problem and second for unsteady

Navier-Stokes of semi-discrete problem.

Notation
Let Q be an open and bounded domain
in  R?

boundaryI". Throughout this paper we will

with  Lipschitz  continuous
use the standard notation for Sobolev
spaces. SpeciallyH"(Q), where r is an
integer greater than zero, denotes to the
Sobolev space of real-valued functions
with square integrable derivatives of order
up to r equipped with the usual norm,

denoted by || . We will denote H°(Q)

by L*(Q) and the standard L® inner

product by (.,.). Also H"(€) will denote
the space of vector-valued functions each
of whose n components and the dual space
of H"(Q) will be denoted by H ™" (Q2). As

a particular interest we will be consider

the constrained space of [17]



Basrah Journal of Scienec (A) Vol.28(1),96-109, 2010

V=[HyQF ={v=(v,%,):v, e Hy(Q) , =12}
and

Q={deL,(Q): [qdx=0}

The weak formulations formulation of the velocity u=(u,,u,)

We are interested in approximating the and the pressure p. In particular, we

solution of the Navier—Stokes equations consider the unsteady Navier-Stokes

written in  the primitive variable problem, see [5]:

ou

E+u-Vu—eAu+Vp:f in Q (2.1a)
V-u=0 in Q (1.1b)
u=0 on 0Q=I (1.1c)
where f e HY(Q) is given the body force Multiplying (1.1a) and (1.1b) by veV
per unit mass and e is the inverse andq € Q, respectively, as a test functions
Reynolds number. and takes integral over Q

'[é;t—uvdx—'[eAuvdx+I(Vu)uvdx+'[vadx:I fvdx ; veV,
Q Q Q Q

Q

Jv-nadx=0 ; qeQ,

Q

by using Green's formulation

Ia—uvdx+eIVqudx—Iu2Vvdx—I pdivvdx=j fvdx,
5 Ot o o Q Q

.[(V~u)qu:0.

We consider the following standard weak formulation of non- steady: seek (u,p)eV xQ
such that
(u,,v)+a(u,v) —n(u,u,v) —b(v, p) = (f,v), veV, (2.2a)
b(u,q)=0, qeQ, (1.2b)
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where,

a(u,v) = eIVqudx,
Q

n(u,u,v) :EJUZVvdx

) 1 ZQ )

b(u,q)=[(V-u)qdx .

Also, the weak formulation of the steady Navier—Stokes equations is as follows:
Seek (u, p) €V xQ such that:

a(u,v)—n(u,u,v) —b(v, p) =(f,v), veV, (1.3a)
b(u,q)=0, qeQ, (1.30)
Continuity of the formsa(,-), n(-,-,-) and The discrete problems
b(-,") can be demonstrated. These Given finite dimensional spaces V, cV
conditions guarantee the existence and and Q, cQ where O0O<h<1 then the
uniqueness of the solution (u, p) [5]. approximate solution (u,, p,) to (u, p) be

the solution of the following problem:

(U, V) +a(u,,v) —n(u,,u,,v) —b(v, p,) = (f,v), veV,, (1.4a)

b(u,,a)=0, qeQy, (1.4p)
Also, the discrete problem of the steady Navier—Stokes equations is as follows:

Seek (u,,p,) eV, xQ, such that:

a(u,,v) —n(u,,u,,v)—b(v, p,) =(f,v), veV,, (1.5a)
b(u,,a)=0, qeQy, (1.5b)
2. Abstract Results bilinear forms on VxV and V xQ
Let Vand Q be two real Banach spaces respectively [7],n(-,-) € L* be continuous
with norms ||, and | o respectively. Let trilinear form on V xV xV [14]:

a(,) and b(,)el” Dbe continuous
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la(u,v)|<|a L ull, v, Yu,veV, (2.0
In(u,u,v)|<|n . |u||\2/ [ v, Yu,veV, (2.2)
|b(u, p)|<|b L ull, | p||Q YueV;vpeQ. (2.3

We now state several further assumptions which we will require in the proofs of our main
results [7].
(H1) Thereisaconstant « >0( « independent of h) such that
a(v,v) >« v||\fv wWweZ,
where
Z, ={veV,b(v,q)=0, VpeQ,}.
(H2) S(h) isanumber satisfying
IMy<smvl, — wveV,.
(H3) There is a linear operator II, :Y —V, satisfying
b(y-I1,y,9) =0 VyeY and VeeQ,.
Definition 2.1 [9] Cauchy-Schwarz inequalities:

‘ (v, W) v,we L2(Q) (2.4)

<[Vl 1%

LZ(Q)‘ L*(©) (o)

and
‘(V’W)HZ(Q)‘ < ” V||H2(Q) ” W”HZ(Q) ! V,We Hl(Q) (2.5)

Lemma 2.1 There exists a linear operator IT, : H — H, such that, [8]

(divIIh 7 ,vph) =(div ¥, Vvp) VVh €Vh, y €H,

| TTh ;(—;(||3Ch5||;(||s for s=12.
3. Error Estimated Theorem 3.1 Let u eV be the solution of
We shall now study the errors u—u, problem (1.3) and wu,eV, is the
and p—p, where u and pare the approximated solution of problem (1.5).

solution of weak form and u, and p, are Then, there exists a constant C>0

the solution of the mixed finite element Independent of h such that:

problem (V, and Q).

Jlu-uy[<Ch. (3.1
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Proof: Using (1.3a) we see that

a(I1,u,v) —n(IT,u,I1,u,v) —b(v, p)
=a(Il,u—-u+u,v)—n(1,u—u+u,Il,u—u+u,v)-b(v,p)
=a(IT,u-u,v)—n(IT,u—u,IT,u—u,v)—b(v, p) +a(u,v) —n(u,u,v)
=a(IT,u-u,v)—n(IT,u—u,IT,u—u,v)+(f,v),

let p,=qeQ,, byusing (1.5a) we get

a(IT,u,v) —n(IT,u,IT,u,v) —b(v, p)

=a(Il,u-u,v)—n(IT,u—u,Il,u—-u,v)+a(u,,v) —n(u,,u,,Vv)-b(v, p,)
a(It,u—u,,v)—n(1,u—u,,IT,u-u,,v)—-b(v,p—-p,)

=a(IT,u—-u,v) —n(IT,u—u,IT,u—u,v) (3.2)

a(It,u—u,,v)—n(II,u—-u,,IIu-u,,v)-b(v,p-p,)
=a(Il,u-u,v)—-n(II,u—u,IT,u—-u,v) (3.2)

and from (1.3b) and (H3) we see that b(IT, u,q) =0, we have:
b(IT,u-u,,q)=0, (3.3)
choosing v=II, u—u, in (3.2) we have

a(It,u—u,,IT,u-u,)-n(I1,u—-u,,ITu-u,IIu-u,)-bIlLu-u,p-p,)
=a(Il,u—-u,IT,u—u,)-n({IT,u—-uIlu-ulIlu-u,),

by applying (3.3) we get
a(It,u—u,,IT,u-u,)-n(I1,u—u,,ITu-u,ITu-u,)
=a(Il,u-u,IT,u—u,)-n{ITu—-uIlu-uIl,u—-u,)—-bIlu-u,p-q)

by using (2.1), (2.2) and (2.3), we get

a|u- uh||2 + B[,u —uh||3 <|a

IT,U—up || [T —ul|+ [, [ITu—uy||T,u —u||2

LOO LOO

+lpl., Sty —u, fjtu—uf | p—d].

altu—u,|+Bmu-u, [ <|a Mu—u* +|b

Hhu—u||+||n

LS| p—d,

L. L.

thus ,
Ju—uy|+u=u, | < Ju —ur1,u —u, |+ 1,0 -, | th“_“ H2 '

choosing f=«a

1
Ju=uy+[u-u[" <~ a],, + @) [1u—ul+ nl,, +a) [u-u [ +[b]_ S| p-all.
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since, |u-u,|°>0 and HHhu—u H2 >0, then,

1
Ju-u < tiqal,, +olmu-ul b, solp-dl @

from Lemma 2.1 we have
Ju-uy[<Cih, +C,h, ,

suppose that h, =h, =h and C=max{C,,C,], we get

Jlu-uy[<Ch.
Theorem 3.2 Let p € Q be the solution of then there exists a constant C >0
problem (1.3)and p, €Q, isthe independent of h such that:
approximated solution to problem (1.5),
Ip-py<Csh. 35)

Proof: Subtracting (1.3a) from (1.5a) we find
b(v,p-p,)=-au-u,,v)—n(u-u,,u—u,v),
put v=u-—u,, then
b(u-u,,p-p,)=-au-u,,u-u,)-n(u—u,,u—u,,u-—u,)
by using (2.1), (2.2) and (2.3), we get
b

SO p-pifJu-uf<afu-u["+slu-ul",

then, ||I0— ph”S ” ||u—uh||,

@
b||Lx S(h)

where |u — uh||2 >0 , by using equation (3.4) we get

1

BT st~ Itu=ul+[5l_ sl o=l

| p— P

from Lemma 2.1, we have

Ip—p,|<Csh+C,h

where, C; =max{C,,C,} we get:  |p—p,|<Csh. O

Theorem 3.3 Let (u, p) eV xQ is the solution to problem (1.5), then, there
solution of problem (1.3) and exists a constant C, > 0 independent of h
(u,, py) €V, xQ, is the approximated such that:
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Ju—uy|+] p-p,[<Cqh- (3.6)
Proof: We can prove this theorem by using approximated solution to problem (1.4).
the proof of Theorem 3.1 and Theorem 3.2, Then, there exists a constant C, >0
where, C; =C +Cs . O independent of h such that

Theorem 3.4 Let u eV is the solution of

problem (1.2) and u, eV, is the

Jlu-u,[<C;h- (3.7)
Proof: Using the continuous problems u=veV in equations (1.2a) and (1.2b)
(1.2) and (1.4). Put p=gqeQ and respectively, we have
(u,,v) +a(u,v) —n(u,u,v) = (f,v), (3.8)

put p,=qeQ, and u, =v eV, inequations (1.4a) and (1.4b) respectively, we have
(Ugp,v)+aug,v)—n(u,,u,,v) = (f,v), (3.9
subtracting equation (3.9) from equation (3.8) we get
(U, —u.p,v)+a(u-ug,v)-n(u-u,u-u,v)=0, (3.10)
Let IT, u be the interpolate value of W1 then we can write
u-u, =@Uu-TIL,u)—(, -I,u)=p-6, (3.11)
by using triangle inequality, we have
Ju-u<] ol+]dl,
from Lemma 2.1
| o] <Ch|u. (3.12)
To estimate 4, from equation (3.10), and use the elliptic projection (p,v)=0 and
n(p, p,v) =0, we get
@,,v)+a(0,v)—n(6,0,v) = (p,,v),
by choosing v =6
@,,0)+a(0,0)—n(0,0,0) = (p,,0), (3.13)

since

do 1dy 2
6,,0)=[—= adx==—| 6|,
‘ idt 2dt|| ”

a(0,0)> a6
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By using Cauchy-Schwartz inequality (2.4) &=C, and 3C, respectively, we get
and applying Young's inequality with

1 C
n©.0.0)< plef o)< By Lol + 6],

1 3C
o<l llo] < ol ol + 1o

Then, equation (3.13) become

1
2C,

1d C 1 3C
Sl +alol + slol" + o 1=l ol + =110l

. d B’ 1

by choosing a”e”z +?||9||4 S_3C | o, ||2
B\i o -

where, (?)” 6| =0, integrate from t=0to t=T

T
1
lomIF<[o@[ + [olo I dt
0
or
Tl 2
lomi<lo@]+([ clel a2,
0

the first term on the right hand side gives,
|60 = v, @11, u()
<[ uy (0) —u(0)[+ | u(0) - IT,, u(0)
< u, (0) —u(0)[+ C hfu(o)|, (3.14)

whereas, the second term is
1 I 2
(Jag=lalon? =([gelu -y [ dy
T 1
<(feh® Ju’ dt)?
0 ; 2 1
<Ch([ [u dt)?
0

<Ch|u, (3.15)

L?(Hg)."

Then,
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| o) | <] u, () ~u() |+ Ch|u©)|+Chfu 2 . (3.16)
Ju=u, [<Chfuf+]u,©)~u(@]+Ch[u@)]+Chlu: .
since, | u, (0)—u(0)| =0, we get
|u=u,| <Chjjul+Chfu(0)]+Chlu, | . (3.17)
hence the proof is complete. m
Theorem 3.5 Let peQ is the solution Then, there exists a constant C; >0
of problem (1.2) and p, is the independent of h such that
approximated solution to problem (1.4).
| p—p,| < Cgh- (3.18)
Proof: By using the continuous equations equation (1.2a) and v=u in equation
(1.2) and (1.4), by choosing v=u, in (1.4a) we have
(u,,u,)+a(u,u,)—-n(u,u,u,)—b(u,, p)=(f,u,), (3.19)
and
(u,,,u)+a(u,,u)-n(u,,u,,u)-bu, p,) =(f,u), (3.20)
subtracting equation (3.20) from equation (3.19) yields
-n(u-u,,u—-u,,u, —u)=b(u, —u,p-p,)=(f,u, —u)- (3.21)

Let IT, p be the interpolate of p then we can write
p-p, =(p-IL,p)-(p, -1, p) = p -4, (3.22)
by using triangle inequality, we have
[p=pufl <]l +] 4.
from Lemma 2.1
|of<ch] ] 629
To estimate ¢ , from equation (3.21) and use the elliptic projection

n(p’puo)zo ) n(p,p,&)zo, n(p’019):0 )
b(p,w)=0 , b(p,¢)=0 , b(0,w)=0

and (f,p)=0, we get
-n(0,0,0)+b(0,¢)=(f,0) , (3.24)
by using (2.19) and (2.20), we get
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plef+smlalel <] fllel.

since, || 9||2 >0 we have

il
LB
_ 111,
o= n<chl o+ (o) (3.25)
Hence the proof is complete. m
Theorem 3.6 Let ueV and peQ are the problem (1.4). Then, there exists a constant
solutions of problem (1.2) and u, €V, and C, >0 independent of h such that
p, € Q, are the approximated solutions to
Ju—uy+]p=ps|<Csh. (3.26)

Proof: We can prove this theorem from equations (3.7) and (3.18), where, C, =C, +C; . O

4. Conclusions approximation space of the mixed finite
We consider the discretization of the element method for the velocity and the

steady and unsteady states incompressible pressure.

Navier-Stokes problem in two dimensional The error estimate considered for six

domain by a mixed finite element method. cases, first to steady-state of our problem

We use the standard formulation of this for velocity only, we get the following

problem in primitive variables and take as result

Ju—u,[<Ch

second for pressure only, we get the following result

[ p=pyf[<Csh

and the third for adding velocity with pressure, we get the following result
Ju—ui+]p—pif<Csh

however, all the other cases are for unsteady state of semi discrete, first for velocity only, we

get the following result
Ju-u,[<C,h
second for pressure only, we get the following result

| p—py[=Csh
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and the third for adding velocity with pressure, we get the following result

Ju=uy [+ p=pif<Cyh-
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