J.Basrah Researches (Sciences) Vol.32. Part.1.317¢2006) st s

TWO-WAY MULTIVARIATE REPEATED MEASUREMENTS
ANALYSIS OF VARIANCE M ODEL

Abdul-Hussein Saber Al-Moud® & Jawad Mhmoud Jassim®
1-Department of Mathematics-College of Education-Warsity of Basrah
2- Department of Mathematics-College of Science-inisity of Basrah

Received 6/7/2005, Accepted 6/2/2006

Abstract

The two-way multivariate repeated measurementsysiaadf variance (2-way MRM
ANOVA) model for complete data is studied by cadlesing the case of multivariate response
variables. The test statistics of various hypothese between-units factors, within-units
factors and the interaction between them are given.

Key Words: Two — way Multivariate Repeated Measurements, lysig of Variance,
Likelihood Ratio Criterion.

1.Introduction

Repeated measurements analysis is widely used my rirlds, for example, the
health and life sciences, epidemiology, biomedieakarch and so on. Many literatures have
been given to the univariate repeated measureraeatgsis of variance (RM ANOVA), see
Crowder and Hand (1990)[3], Vonesh and Chinchil897)[9]. The focus of this paper is the
multivariate repeated measurements analysis oAnvegi (RM ANOVA) model for complete
data. A complete MRM design means that measurenaeatavailable at each time point for
each experimental unit [9]. The MRM generalizes RMhe sense that it allows a vector of
observations at each measurement. Al-Mouel and W20Q4) [1], studied the one — way
multivariate repeated measurements analysis onvegi (1-way MRM). The terminology we
use for the MRM design in this paper is a two-waRMl ANOVA which refers to the
situation with only two within-units factor.

2. Two —Way MRM Design

There is a variety of possibilites for thetween units factors in a two-way design. In a
randomized two-way MRM experiment, the experimentais are randomized to two or
more between units factors or groups. The respwasables are measured on each of p
occasions, which are regarded as p levels of anmthunit factor, which we lable as “Time”
for convenience. We consider the case of a muisitaresponse variables and two between-
units factors. Also, we assume that we have twaiwi units factors (suppose we call them
“Time” and “Day” ) and two groups or treatment fat (factor A and factor B).

For convenience we use the following notation:

p=# of responses 4.d ;

t = # of levels of Times ;
d =# of levels of Days ;
g =# of groups =ab ;

a = # of levels of between-units factdy ;
b = # of levels of between-units fact® ;

N ;= # of experimental units assigned to le¢¢| k) of (A, B) ;
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n=ny, +---+ N, is total sample size ;

where “#” means the number.
For convenience, we consider the following lineaxdel and parameterization for the

two-way MRM design with two between-units factocanporating two univariate random
effects:

Yim =M+ + B +(@B) jk + Oy + Pigy T +Ym T (@D) 1 + (V) jm
+(BDw + (B + (TV)im +(@BT) g +(@BY) jkm + (@TY) jim where
+(BtY)um *+ (@BTY) jlam* Uijiam (2.1)

i=1..., N is an index for experimental unit of levgj, k) of the

treatment facto(#\, B) ,

,a is anindex for levels of the between—units fa¢@roup A),

] =1,...
k=1,...,b isanindex for levels of the between —unitsda¢Group B),
| =1,...,t is anindex for levels of the within-units fact@ime) ,
m=1,...,d is an index for levels of the within — units fac{®ay),

Yiikim =[Nijkinas -+ Yijme ] is the response measurements of within-units

factors (Time-Day) for uniwithin treatment factor§ A, B) ,

U=[y,.... ;4] is the overall mean vector,
a; =[aj,...a; ] is the added effect of thjeth levels of the treatment facté,

B =[ BB ] is the added effect of tHe™ levels of the treatment fact,
Ai(j) =[Bi(jyr-Gi(jyr] is the random effect due to experimental unif the ™ level of

treatment factorA |,

Pik) =[,0i(k)l,...,,0i( (] is the random effect due to experimental urif the k" level
OF {reatment factoB,

(@B) ik =[(aB) jk1s---(aB) jr ]’ is the added effect of the interaction betweenfaieors
A and B at levels j,k ,

1, =[11,...,7;; | is the added effect of tHd" levels of Time |

Yo =Vt Ve ] s the added effect of then™ levels of Day |,

(ar); =[(aT) jj1,---(aT) ] is the added effect of the interaction
between the treatment facdrand Time at leveldg,| |

(B =1(BD) 1, (LT, ] is the added effect of the interaction

between the treatment facB®rand Time at level,| |,
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(@) jm =[(@V) jm1s---AV) jr | is the added effect of the interaction

between the treatment facfdrand Day at levelg, m ,

(BY)km =BV ks BV || is the added effect of the interaction

between the treatment faclbrand Day at level&, m ,
() im =TV ims--(TV) 1 ] s the added effect of the interaction

between the Time and Day at Vg ,

(@B1) i =[(aB1) jurs---(ABT) jur " is the added effect of the interaction
between the treatment factdrsand B, and Time at their

jth, kth

, and| th levels respectively ,

(@BY) jkm =[(@BY) jkmas---(ABY) jume ] is the added effect of the

interaction between the tireent factorsA and B, and

- th kth

Day at theiy andm™" levels respectively ,

@7Y) jim =[(QTY) jimas---(ATY) jime ] is the added effect of the interaction
between the treatment facfbrand Time and Day at their

jth, |th

,and mth levels respectively ,

BV um =BT wms---(BTY) wme | is the added effect of the interaction
between the treatment fadband Time and Day at the

K™ 1™ and m™ levels respectively ,

(@BTY) jum = (ABTY) jums---(@BTY) jume ]’ is the added effect of the
interaction between the treatrfactorsA, B and Time,

' kth, Ith

Day at theijth , and mt" respectively, and

Dijim= Dijiam s+ Lijame ] i the random error of within-units factors
(Time, Day) at their leve(s, M) for unit i within between-units

factorsA, B at their levels( |, K) respectively.

where “” means the transpose.
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For the parameterization to be of full rank, wease the following set of conditions:

a b t
2.a;=0;>5=0;>1=0; Zym—o
i=1 k=1 =1

m=1
i(&'l’ )| =0= Zt:(a,z-)JI Z(UIB)JK =0= Z(UIB)JK
=1 =1 i=1 k=1

j=1 1 k=1 1=1

b d
kZl(:BV)km =v= mz:(lgy)km ! lZl(Ty)m =0= rrél(fy)m
S (@) =0= 2(apr)yy = 3 (ap)y

] =1 =1 1
b
3. (8% =0 3-(Bhum = 3 (B

i(aﬂTV)JMm_O z(aﬂry)ﬂ(lm Z::(UIBTV)J‘Mm :él(aﬁry)ij

=1

| I
'_\

We assume thakJjjm's '5i(j) 's, andg;i's are independent with

Dijklm:[Dijklrm’"-ll:lijklmr]’ ~||dNr (O, ZD)’ (23)
5|(J) :[5i(j)l""15i(j)r]’ ~||dNr (0,25) ,and (24)
Py =[Pigonr-Pigyr ] ~11d.N (0,2 ), (2.5)

2.2)

where N, is denoted to the multivariate-normal distributiamd, 2,2 5, and Zp are all

I Xr positive definite matrices.

Let Yk =Y Yijk2r-- Yijkp | - i-€4
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Yijkll Yijk12 ....... Yijkpl
Y;: Yikoo  eeeenes Y;:

Yijk — Ij|:(12 |JIfZZ : Ij|:<p2 2.6) Let
_Yijklr Yijk2r """" Yijkpr |

the covariance matrix o¥; is denoted by>, where A=Vec(A). The Vec(.) operator
creates a column vector #rom a mat#x by simply stacking the column vectors Af below
one another [9]. It follows from the random effe¢tmt 2 satisfies the assumption of
compound symmetry, i.e.,

=1, 055+, 055+J,0%, , (2.7)

where | , denote thep X p identity matrix, J , denote p*X p matrix of one’s, and | be
the Kroncker product operation of two matrices.

3. Analysis of Variance (ANOVA)
LetU be anyp x p orthogonal matrix is partitioned as follows :

1
UD:[ p ij UT UD UTxD]’ (3.1)

where |, denote thep x1 vector of one’sU1 is px (t —1) matrix, Up is

Up,><_(d —1) matrix, andU1,p is px(t —1)(d -1) matrix, Ut j, =0, U Ut =1,
yJp. M ' _

’ LE)TxDJ =0, UnpUmo = T t-nya-ay -

Wip o o W (-1 d-)

Upp =| . :

L thlYijlé':Y\,lj\{pL,J(f—l)(d—l) (3.2)

* * *

*
where Yijk _[Yijkl’ ijk2 17" ijkp]

COV (Y) =COV(Y; Up) =(U,O1,)ZUy01,)
=(Up01)(1,05,+3,055+J,0%,)Up01,) (3.3)

=1, 055 +ULJ,UgOl, S50, +ULI U0 21

We can write (3.3) above in the following matiaxm :
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(Zo+pZs+Z,) O . 0
v 0 20 e 0
CO\(YUK) = : : . :
i 0 0 ZD_rpxrp
(3.4)
* _; . i
Now, Yijkl :Yijk p2j, .e
o1l S SV |
ijk11 Jp |t=l rrg;l Jamt
’ 1 .
ijk12 | = Jp El mzzlYJIdmZ (3.5)
i?klr 1 S .Y
R AL
From (2.1), we obtain :
S i
Yiki =P 2 2 Yikm
=1 m=1
1 1 1 1 1 1
=p2u+pra; +p?B+prab)j + P i) t P?Pik
-1t d (3.6)
+p ?2Y ¥ Ujum
=1 m=1

Then the set of vectors

[
* *
A CUPPTTIOA § }
111 »
|: 1111 niq

have mean vectors :

@ﬂ+@al+@ﬂ1+ palﬂl’\/Bﬂ+\/Ba2 +\/B,81+ pa, B
Jpu+pag +pB+pa.B pu+pay+pBs + pay,,

U+ pay + 0B+ 0B P+ Pl + DB+ 0B,

........ \/7p,u +\/Baa +\/B,8b + paaﬁb, respectively, and each of them has

covariance matrix p2 5 + P2 5 + 2

'
* * . . | * *
Y1211,....,\(n21211] ..... Vo ] [Ylabl,....,vn . abl}

So, the null hypothesis of the same treatmentistfare :
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Hoi :aqy=a,=...=a,=0
Ho> : ﬂl:ﬂz :___:ﬂb =0
Hos : 11 =01 = .. =01 =B =03 =..= U 5o = ... =

Py =025 =... =05 =0

The ANOVA based on the set of transformed obsematabove theY. : 's provides
the ANOVA for between —units effects. This leadshe following form for e sum square
terms

a * * * * I
Sa = Zlnjk Ve Y)Y,y = Y1) L k=1,b (3.7)
J:
b NI A
SB = kz_lnjk (ijl _Yl )(ijl _Yl ) ,J:l,...,a (38)
a b * * * * I
SAXB =X X njk (ijl _Yl )(ijl _Yl) . k=1,...,b (3.9)
j=1k=1
a b an * * * * '
SJ(AXB) - ZZ Z (Yijkl _ij)(Yijkl _ij) ) (3.10)
j=1k=1i=1
where
" a bNjk
Yie =222 2 Yia /N (3.11)
j=1k=1i=1
— 1 a b n]k N
i =22 ZYijkl (3.12)
j=1k=1i=1

Thus:  (D)Syap) ~Wr(N—ab,(p(Z5+Z,)+Zn)) |
(2)Sa~W, (@-1(p(Z5+Z,) +Z7)) |
G)Sg ~W, (b-L(p(Zs+Z,)+20)) |
@Spg =W, ((@-D(b-1),(p(Zs+Z,) +Z7)) .

whereW, denote the multivariate-Wishart distribution.

Let S =Sp,S, = Sg, S3 = Spxp -Then the test statistics are as follows :

(1) The multivariate Wilks test (Wilks, 1932)[10]:

‘SU (Ax B)‘
‘Su (axB) T Sk‘
(2) The Lawley-Hotelling trace (Lawley, 1938; Hotelling947)[5,4]:

Ty = , whenH g, is true , for k =1,2,3. (3.13)
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Ty =trace(S, SJl(AXB) ),whenH gy is true , fork =1,2,3. (3.14)

(3) The Bartlett-Nanda-Pillai trace (Bartlett, 193@nda, 1950; pillai, (1955)[2,6,7] :
TBNP :trace{ Sk S]JZAXB) (I + Sk SJJzAX B) )_l}, when HOk is true for

k=123. (3.15)
(4) Roy's Union-Intersection (Ul) test or largesbt (Roy, 1953)[8]:
Tr = largest characteristics root dfS, SJl( AxB) ), WhenH g, is true , fork =1,2,3.

(3.16)

The ANOVA based on the set of transformed obsiem&herkl 's for each |1=2,...,t, and
m=2,...,d has the model which is partitioned as fofiow kim

t d
Yijklm = Z Z Yijkl'm’ Ug -1 foreachkl,...p, (3.17)
['=2 m'=2
. t d
Yijklm = Z Z Yijkl'm'vk"m'_l , foreach k=1,...,p, (3.18)
['=2 m'=2
. t d
Yijklm = |Z‘2 ’ZZYijkl,m, Wie' (17 =1)(m’=1) » for each k=1,...,p. (3.19)
= m =

Now[ Yijz .. Yijip 1 =Yg U =[ Vi Ut YiUp  YixUrxp]  (3:20)

Now, from (3.17) we obtain :

d
Yium = (U1 1l 2 Yijklm’] (3.21)

m'=2

From (2.1) and (3.21), we get:
Yim = (A =D(d -){ g +a; + By + i) + Pigo +(a B) )
[Upe +Uge ++-+Ugpe] +(d =1){ Upe Tp +Ugy Tg oo+ +
U Ted +(d =D{uye (a7) jp +Uye (@T) 53+ +
U (@ T) i} +(d =1 {Upe (BT)yp +Uge (BT) g+ +
Uy (BT)ie} +(d =1){uye (@ BT) jka +Uge (@ BT) 3 +

ot Uy (O BT) b H{Uye +Uge +-o+ U}
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d
[ Zz{ym' H(@Y)jmi + (B Y )km + (BY)im}] +
m=
d d d
Uy X (TV}om tUoe X (TY)am o FUgpe X (TY )i +
m=2 m=2 m=2
Uy Z (@Ty)jom +Ux Z (@Ty)jam +-+
oo
d d d
Uk 2 (QTY)jm tUye X (BTY)am tUae 2 (BTY)kam
m'=2 m=2 m=2

d d
et U 2 (BTY)im YU X (@BTY) jkom +
m=2 m=2

d d
Uger 2 (algry}jk3m’ ot U e 2 (algry}jktm’ +
m=2 m=2

d
Uy Z Uijom + Uz Z Uijkam -+t Ui 2 Dijeenr -
m=2 m=2 m=2
(3.22)
Because Uis an orthogonal matrix (3.22) becomes:
|Jk|m =(d - 1)2 Uye{ 7y +(ar) +(BT)y +(@BT)jart +
Z Z U {C TV )i (@ TY) jom + (BTY )i +
['=2 m'=2
(@B1Y)jum+Uijam } (3.23)
because the components[dn‘ c Uy ]sum to zero for each "K,..., p.

Now form (3.18) an(J(%Z 1), we obtaln
Vi ={ Vi +Voi + + Vg H(t=-D{p+aj + B + 05y + Pigo +

(@B 30 + @D 3 Vigease Wi (@9 o+ (B +
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t
(@BY) jun ] H{Vye + Vo +--+ Vg0 H Ez{ n+(ar)yy

(B @B+ 3 3 Yoy (BT +

+(@BTY) jum + Ui (3.24)
because Uis an orthogonal matrix then the Components[\qjl,vk _1]sum to
zeﬁo for d each ®l,..., % d becomes
Yijiim = (t=1) Z er ke {Vm (@Y jm +(,3V)|<mr +(a,31/)1km
+mz_2 Esz kT H@TY) i Y+ (BTY )i
+H(aBTY) jkm + Uijarm } (3.25)
Now, from (3.19) and (2.1), we obtain:
Yim = (=D (d D {p+a;+ B+ + Py +(a B) j} [Wae +
Woper oot Wigpe oo H Wy g e o Wiy @ ] H(E=1) [
t d
Ez '2—2 Wint-1y -0k $ Vet +(@Y) jmi +(BY )i (A BY) jimi}]
t t
"'EZ Wea{r +(an)y +(B1)y +(@BY) jum } + Ez W1k
{rp+(ar); +(BT) + (Yot (@ BT) g H(ATY) )i+
t
(Bry)a2t(@BTY)ij2t U2} + Ez Wory e {71 +(aT)
+H(BT)y + (1Y) st (@ BT +(ATY) iz +(BTY )3
t
H(aBry) st OijkI3}+ Ez Wy @-g i { T +(aT)
(BT +(TY)g H(@BT)ju +(aTy)jg +(BTY)uyg
+(aB1Y) gt Uija t- (3.26)
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Because U s an orthogonal matrix  then the components of
[Wk’lka’Zl---ka’,(t—l)(d—l) ] sum to zero for eachki,...,p. Then (3.26) becomes :
t d

Yij?(lm - Ez '2:2 Wit -k [(E"DXV e # (@) ji + (BY )it + (A BY) it }

+trp+(ar)y (B +(@BT) e +(TY)im +(ATY) jim +

(BTY)am (@ BTY) jumi + Uijam |- 13)
Then from above analysis we test the followingdilaesis :
Hos:Ty=7,=---=1, =0.
Hos:y1 =Vo=-=yq =0.
Hoo:(a7) = (@7) jp =+ = (@) =0.
H075(ay)j1:(ay)j2 =---=(ay)jd =0.

Hog: (BT)ia =(BT)k2 = =(BT) =0.
Hoo (BY)ii =(BY)kz2 = =(BV)a =0.

Howo (@ BT)jiu =(a BT) o = =(a BT)j = 0.

Howr (@ BY)ja=(@BY)j2 = =(@BY)ja =0
Howoi(T))11 = () )12 = =(T¥)1g =(TY) 21 =(TY)22 = =(T)) 2y
==Y = (T2 == (1)) = 0.
Howsi(ary)j=(ary)jpo=—=(ary)jg = =(ary)j =0.
Howa (BT Y a1 = (BTV)az == (BTY)ka = =(BT¥)wa = 0.
Hows (@ BTY) a1 = (@ BTY) jaz =+ = (@ BTY) jia = 0.

The ANOVA based on the set of transformed obgiEms above , ther ..... Y ]
provides the ANOVA for within-units effects. Thisdds to the following folffs for tHE sum
square terms :

S, =|in<? vy (3.28)
=2
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where
— & D S
Y =] ank ij|m/n foreachl= 2, ... t, (3.29)
=1 k=1
and
an
ZYJkIm/an foreachj=1, ...,a,andk=1,..., b. (3.30
i=1
d —— —
Sp =2 n(Yn(Ym)) . (3.31)
m=2
where
— a b  —
=> 2N Yp/n  form=2,..d (3.32)
j=1k=1
Sag = Z ank (ijlm YD)(YJkIm YD), for each k=1,...,b (3.33)
m=2 j=1

I

a - _
Saxp = Z > Njk ( % -Y )(ijlm YD) , foreach k=1,...,b (3.34)
m=2j=1

t b —\
ST = Z ank ‘Yj% YD) ijlm Y|D), for each j=1,...,a (3.35)
=2 k=1

d b —Y
Sexp = 2. 2Nk ijlm YrE) ijlm YrE), for each j=1,...,a (3.36)
m=2 k=1
t b a (7 5 —D’
SAxBxT :Z Z ank YJklm Y )(ijlm YI ) (3.37)
=2 k=1 j=1
d b a 5 —D’
Saxexd = Z Z ank (ijlm -Y, )(YJkIm _Ym) (3.38)
m=2 k=1 j=1
d b —D'
Sl’xD: Z Zn (ijlm Y )(ijlm YIm) (3.39)
m=2 =2
where
— a b
Y= Dy Yyn/n for each I=2,...,t, and m=2,...,d (3.40)
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d t a —\
SAxTx = Z Z ank (YJEIm YIEw)(YJkIm YIEw) (3.41)

m=2 =2 j=1
d t b [ —\f— —Y
SexxD = Z Z ank ( jKim YD)(YjDkIm _YIan) (3.42)
m=2 1=2 k=1
t b d Y
SaBrTxD = Z Zzznjk (ijlm YIan)(YJkIm YIan) (3.43)

m=2l=2k=1j=1

d t b a ”jk — _D,
Z Z Z Z Nie Yim = Yim ) Yidm = Yim (3.44)
Then from above sum square terms, we have:

1) S ~W (t-1%) .

(@) Sp~W,(d-13,) .

(3) Saxt ~W ((t-D(a-1,2p).

4) Saxp ~W; ((d-D(a-1),2y).

(5) Sgxr ~W ((1-D(b-1,2y).

6) Spxp ~W, ((d-1)(b-1,2p).

(1) Saxexr “W ((t-D(b-D(a-1D,2p).
(8) Saxpxp W, ((d-1)(b-1)(a-1),2y).
(9 Srxp ~W, ((d-D)(t-1),%p).

(10) Saxtxp ~W ((d-D)(t -1 (a-1),25).
(11) Sgxrxp ~W ((d =D (t-D(b-1),2y).
(12) Spxpxrxp ~W ((d =D (t -1 (b-1)(a-1,27).

(13) Sg ~W, ((d =D (t-D(n—-ab),zy),
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Let 54 =Sr, S5 =Sp: S =Saxt: S7 = Saxps S = Spxry S9 = S
S10 = SaxBxT s O11 = SaxexD: S12 = Srxp s A3 = SaxTxD

S14 = SexTxD+ S5 = SAxBxTxD -

Then the test statistics are summarized as follows
First : The multivariate Wilks test (Wilks, 1932){]:

, whenH  is true, fork =4,...,15. (3.45)

Second : The Lawley — Hotelling trace (Lawley, 19B8telling, 1947) [5,4]:
T,y =trace(S, Sg'). whenH,, is true, fork =4,...,15. (3.46)

Third : The Bartlett-Nanda-Pillai trace (Bartlet®39; Nanda, 1950; Pillai, 1955) [2,6,7]:
Tane =trace{ S, Se* (I +S, Sg*) 1}, whenH g is true, for

k=4,...,15. (3.47)

Forth: Roy's Union-Intersection (Ul) test or largesot (Ray, 1953):[8]:
Tk = largest characteristics root 65, Sg* ), whenH g is

true, fork =4,...,15. (3.48)

4. Conclusions

The ANOVA based on the first set of transformédervations provides the ANOVA for
the between-units effects, while the ANOVA basedranset of transformed observations the
Y s for eachl =2,...,t, and m=2,...,d provides the ANOVA for within-units
effétts. The hypotheses for the between-units tsffeadthin-units effects, and the interaction
between them are tested. The multivariate Wilkg temwvley — Hotelling trace test, Bartlett-
Nanda-Pillai trace test, and Roy's Union-Intersatt{Ul) test are obtained.
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