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ABSTRACT i _ _ . o
n this study we find the informatioratrix for the random effect models which is

used to find the variance of maximum likelihootireators of variance components of these
models under normality condition.
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(1-1) Introduction

The matter of finding the information matrix hashestudied by many authors because
of its importance in finding the estimation of \arce components for balanced or unbalanced
linear model but these studies for unbalanced diagamore difficult than the balanced once
because of their complexities in regard with thdciudations and the elements of the
information matrix for the variance components ¢ tlinear model involve, under
normality,the invers of the covariance matrix etior of observations which is essential to
finding the information matrix.
Searle (1970) [5] developed general method to fiived explicit expression for elements of
information matrix of variance components undemmality condition and used this matrix in
finding the variance of maximum likelihood estimatoof variance components and he
displayed this result for 2-way nested classif@matiandom model . Rudan and Searle (1971)
[6] used these results for 3-way nested classiinatandom effect model . Abdullah (1997)
[1] used them for 3-way random effect with unba&hdata .
The aim of this paper is to find the informationtmafor the random effect models which
are have all measurements have the same variadcetlan correlation for observations at
different level k isps, the correlation for observations at differentelej is p, and the
correlation for observations at different levehflek is p; and used this matrix to find thke
variance of maximum likelihood estimators of vaceancomponents of these models and
results of this paper can be used to find the médon matrix for the certain 2-way random
effect model, for the certain
3-way random effect model and for the certain 4-wayed effect model and we can find

the variance of maximum likelihood estimators of @age components of these models.

(1-2) Notation

Letl, be thenxm identity matrix, let J,x,, be the nxm matrix of 1 in every
position. If Aisnxm matrix and B = (bj;) is pxq matrix then the Kronecker product of A
and B written asA [0 Bis the npxmqg matrix (Abj)[4]. If Aisann an matrlx the tr(A) IS
the sum of elements of leading diagonal .Clearly(A B) A~t0OB™ and
tr(AOB) =tr(A)[tr(B) .
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(1-3) The method

Suppose thaw? = (01 02 Gtz) is the vector of variance components of random
effect in the linear models and 161" is the vector corresponding to the maximum liledith
estimator.To find the variance @f“we must find the information matrix T for these dets
where the explnilt expression for elements of thatrix T can be found by useing the form

i =tr(V~ V Y, VJ) When V™ is the covariance matrix and; is the partial derivative
11 éth resp?ct too ,therefore to find this variance we will use Searldorm (1970) [5]
Var(6<) = 2T
2.The Model

Suppose that in aexperiments there are n treatments and every otigesé treatments

has d; of experiment unit W|thr ofobservatlons Let)/I k Is the observation k of the
unit j from treatments i with =1,2, - , 1712, ,d; ahdk = ZLZ,---,rij and let
Yij Yil Y1
Yij2 Yi2 Y2
Yi =l o | 2 Yi = I A
Yijr; Yid, Yn

Now suppose that all measurements have the sanamee and every pair of measurements
came from:
(1) Same treatments of same experiment unit with reiffe observations .
(2) Same treatments of different experiment unit weime observations
(3) Same treatments of different experiment unit wifferent observations .

Have the covarianceﬁng : 02p2 and 02p1

Therefore
B =it j=j k=K
o2ps3 Cisitj=j k2K
cov(Yik . Vi) =| 0 %P2 Cisitizj k=K @)
o py ci=i'j2j k2K
0 AN
Suppose y’s are _independent and have the covarmaatrixF >0 for all i , whereF is
positive definite matrix [2] so the covariance mafor measurements vector is :
F 0O -~ O
F, - 0
V =var(y) = S
0 0 - K

Now we will set up the covariance matrix by use{dg.To explain the structure of this
matrix ,we suppose that n=2 and so

| =1 j=2__j=8
rij 3 3 3

Therefore we will get measurements vector to tesuimption as follows:
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Y = (Vi1 Yiz2r Yirz: Yio1r Yioos Yizzs Yists Yiz2s Yias)

so the covariance matrix V for the vector Y is
V =0?F

Where

1 P3 P3 P2 P1 P1 P2 P1 P1
P3 1 P3 P1 P2 P1 P1 P2 P1
P3 P3 1 P1 P1 P2 P1 P1 P2
F= P2 P1 P1 1 P3 P3 P2 P1 P1
P1 P2 P1 P3 1 P3 P1 P2 P1
P1 P1 P2 P3 P3 1 P1 P1 P2
P2 P1 P1 P2 P1 P1 1 P3 P3
P1 P2 P1 P1 P2 P1 P3 1 P3

P1 PL | P2 2 PL | P2 | P3 | P3 1
The matrix F can be partioned inth™ of block matrices,where in the diagonal matricés o
orderr;; xr;; defined as:

Fj = @-pa)ly, +Paly, ~(2)
whereas the nondiagonal matrices of orger ;.
We can extend the matrix F from special form toegahform as follows:

F:(Flj,lj i,i':lz,"',n
ij'=12---,d. 3

where
L-p3)l,. +p3dy. i=i',j=7
ijij' = i i L - (4)
' (p2 - pl)lru + leru =1 J % J
also we can get that
F=@0-p3—P2+P)lgy +(P2—PDly UJg +(P3—P1 Ny Ulg +pPdgy - (5)
Without the loss of generatily,we supposes thiat=d , r; =r; andf = F for alli ,where this
assumption changes the order of the matrix and nlmtesﬁec{ the structure of F; therefore

F=@-p3—p2*+pD)ldy +(P2=PDIr, UJg +(P3 =P Ny Ulg +Prday, -+ (6)
whereas covariance matrix is

V=0%FOI,
:02(1_p3_pz+pl)|ndrj +02(pz_pl)|rj 0 Jg D|n+02(p3_pl)~]rj Dlnd+02pl~]drj Olp - (7)
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3.The inverse of the covariance matrix

In this section,we give the inverse of tbgariance matrix V ,whereri(=r). Gabbara
(1994) [ 3 ] found that the inverse of the covacmmatrix V for this model is by useing
tearing method and the expression of this invesse i

vi=F1lol, )
Where
F_lzq-'lldr"'q-'zlrDJd+qJ3JrD|d+qJ4Jdr (9)
in which

_1 _—(p2-pP1) _—(p3—pP1)
UL} A , WUo —}\1)\2 M UES —}\1)\2 :

[(P3 = P1)(A3A g —=A1A o) —dpiAiA o]
W, = P83 TPLNEAA T AN 1M1A 2 (10
dA1A2A3A 4

A =1-p3-p2+p1 A2 =A1+r(p3—p1) ;A3 =Ap+d(p2 —p1)
and Ay =Az+r(p3—pp)+dpg (10
4.The information matrix

To find the information matrix for these dats which have the covariance in (1), we use
the Searle”s form

tj = tr(V_lViV_le), whereV ! is the inverse of the covariance matrix V and
is the partial derivative of V with respect ig; iz_
Let
_ 2 _ 2 _ 2 _ 2
a=0°p1,b=0%(p3 —p1). c=0(p2 —p1)ande=0“(1-p3 —p2 +pP1) (12
Therefore from (9)

Va:aa_\;:Jdrljln - (13
vb:%%:erlm, -4
VC:%%:IrDJdDIn - (@19
Ve :aa_\e/zldrn -+ (16)

Now by the Searle’s form we find the elements of thermétion matrix T which is
defined as

taa tab tac tae
t t t t
T= ba bb bc be (17)

tca tcb tcc tce

tea leb lec tee
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This matrix is symmetric(tj =t;j) so we will evaluate only the elements of the main
diagonal and the elements of uppre or lower magahal.
Now from (8), (9), and (13)

taa = tr(V VoV VL) =tr[(V V) 2 = (VL O 1) Ggr O1n))?

2.2 2 nd2r2
=nred® (g +ddp +rPg +dgiy)” = g (L9
4
Now let
A:n_czir @9
)‘4

nrid) (r - @ -DT A3 +AZNGER)
_nrdl -9t @-FIN aZa3) 00

ik = 2k~ 20-K) 2
A2\20)\2
co ndl[)\zz)\% —A5(P2 = P1)(A1 +A3) + (P3 ~P1)(@A 2 (P2 —P1) ~MA3(P3 —py)
NAZAS
L (P3=P1)A3A4 —Asho) —dpiAiAs (2)\4 —r(p3—pP1) - rdpl)] 2D
dA A oA A4 A3k g
Therefore
t,, = rdA ey,
Similarly the other elements of the matrix are
1 1
—tap =~ tac = lpe Stae =A - (23
r d
1
Ftbb:tbe:Blol (@29
i _. _
atcc—tce—Bmo (25)
tee=C -+ (26)

Now the information matrix is
rdA rA dA A

rA Bijor A Bion @7
A Bjo1 Boiwo C

Atfter finding the inverse ?f ; we can fir&d thariance of the maximum likelihood estimator
of variance componentsg , op , 0 andog by useing Searle’s form
-1
V(62) =o11= 2(tjj) ,which can be written by the matrix as:
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. "o . o . "9 . -1
v(62) cov@3,68) cov@3,52) cov@2, 52 taa tab tac tae
cov(GE, 62) v(GE) cov(GE,62) covEE,62) | _ tha b the the
~2 A2 ) ~2 ~2 A2 =2 - (28)
cov(@g,03) cov(@g,Op) Vv(G%) cov(G¢, Gs) tca teb tec tee
cov(G2,62) cov@2,68) cov@3,62)  v(62) tea tep lec lee

By use the matlab program we can find the invefgbeinformation matrix and we will get :

K= erZABlOJ_BOl(')C"' 3rdA281018010 + rdA3C— erA8101BZ - rdZABmeOlo

010
~r2dA2B1C-2rA%Bg10+r2A2B2,, +d?A?B2,, ~rd?A?B11C-2dA%B g + A% -+ (29)

Then

2, _ 1 2 2 2
V(03) —E(r0||3101|3010C+2A|3101|3010‘A C-rB101Bg10~dBi9:B0o10) -+ (30)
V(63) = % (rd®Bo1oC+dABg1o—d?AC+rdB3, ) - (3))
V(62) = % (r?dBy1C+rABg; —r2AC+rdBZ,,) (32
V(62) :%(r2d281018010+ rdA? —r?dABg;g+rd*AB1q7) (33

5.Applications

In this section,we give some applicationscivtare taken from models which have the
covariance in (1) to show how our resultes cangpdied.
5.1 Consider the 2-way random effect model

Yijk = G+ai + b'] + (ab)ik +eijk (34)

With i=1,2,...,n, j=1,2,....d and k=1,2,...,r aiﬁjunknown parazmeter and

aj =n(0,03) , b =n(0,0f ), @)y =n(0,0,) , gk =n(0,0¢), ajand b; are
random effects such the secod effect is nes?ﬁmbinrst effect and the secod effect is
iteraction with the first effect with

a? Ci=itj=j k=K
02 p3 ci=itj=j k2K

cov(Yik . Vi) =| 0 %P2 Ci=itiz| k=K
o py ci=i'j2j k2K
0 i

Therefore the covariance matrix of this model rasesstructure of (7 )with

0% =0°p1, 0°p3 = 03 +0f ,0°py =03 +03,aNd0” =03 +0F +03p+ O

therefore the information matrix of this m%%fl lsgsne structure of ( 27 ).Also the maximum
Op ,

likelihood estimator of variance compone 04, ando? have same structure of
(30), (31),(32)and(33)

5.2 Consider the 3-way random effect model

Yij =08+a +bj +Ci + e -39
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With i=1,2,...,n ,j=1,2,...,d and k=1,2,...,r artds unknown parameter .The
3; ,bjj ,Cik gndzeijkz are an observed independent random variableagithh mean and
variance 0g,04,0¢ andog respectively and the effects;; andc;, are nested in the
effect a; . The covariance matrix of this model has sameé‘stre of ( I§)
with

Gg = Gzpl, 02p3 = Gg +0§ ,02p2 :Gg +0§ ando? = Gg +0§ +0§ +0§
therefore the information matrix of this model e strugture ofz( 27). Also the maximum
likelihood estimator of variance components; , 0% ,0¢c andog have same structure
0f(30),(31),(32)and(33)
5.3 Consider the 4-way mixed effect model

Yijk :6+ai +bij + Cik +djk +eijk ...(36)
With i=1,2,...,n ,j=1,2,...,d and k=1,2,...,r da®,d are unknown parameteysch that
>.d, =0and a =n(0,03) . bj=n0.07) . (@K =n0.0f), ejx =n(0,035).

The covariance matrix of this model has same siracif ( 7 )with

03=0%1,0%p3 = 0% +05 0%, =03 +0%ando? =03 +7 +03 +03
therefore the information matrix of this model lsgsne 2structurf of (27 ).Also the maximum
likelihood estimator of variance componewot§ , of, , 0 andog has same structure of (
30), (31),(32)and(33

6.Conclusions

The information matrix is used to find vaganof maximum likelihood estimator of
variance components for the linear model whichraasom effects in the linear model which
depend upon normal distribution and note that &selts which are obtain in this study not
for general statistical models but it is for modeith the covariance given in (1).

We can get the one-way random effect modegbgring the b”s and c”s in (34) and

putting 0% = Oandcgbz Othe effect of this on the t’s is to ignotgy, tpy »than: the
tabas tabab andtab%AIso we can obtain the 2-way random effect mdeignoring the c’s
in (?{/5\) and putingo¢ =0 the effect of this on the t’s is to ignotg., tyc,tec,andtqe .
We can use these results in finding the mftron maftrix for the models
satisfied (1) by the addition of the fixed effeatthis model which is not
interactive with random effect.
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