Journal of Kerbala University , VVol. 9 No.2 Scientific . 2011

Certain Forms of g -Continuous Functions
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Abstract:

In this work, we obtain new weak and strong forms of ,B -continuous functions Using the
concept of g ﬂ -closed set.

We also obtain a characterization of ,3 'T1 spaces.
2

rgaliioal)
g B Ailad) e sanall o sgio aladinly B 5 paiasall Jl sl (o &y 5 Adgraia Lalail Lo Canll 130
_ﬂ- T1 Sleliatll jua liloas Loayl
2
1- Introduction:
In this paper , we introduce Weak form of ﬂ**-continuous functions called M-,B**-continuous

functions by using gﬂ-closed sets obtain some basic properties of such functions also we
introduce and study contra- /3 ™ continuous functions.

This notion is a stronger form of M-ﬁ**-continuous functions.

Finally we introduce and study perfectly contra- ﬂ**-continuous functions which is a strong form

*x R R
of ,B -continuous functions.

Throughout this paper (X,7) and (Y, O) (or X and Y) denote topological spaces on which no
separation axioms are assumed unless explicitly stated.

2- Basic definitions:
In this section we recall the basic definitions needed in this work.

2-1 Definition:[1]
Let (X, 7 ) be a topological space , let AC X then we say that:
I- A is semi-open if ACcl Int A . The complement of semi-open set is called semi-
closed.
ii- Ais & -open if AC Int cl Int A The complement of ¢ -open set is called ¢ -closed.

- Als ,B-open if AC cl Int cl A The complement of ,B-open set is called ,B-closed.
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2-2 Definition:[?2]

i- the intersection of all semi-closed sets containing A is called the semi-closure of A and
is denoted by SclA

ii- the intersection of all « -closed sets containing A is called the ¢ -closure of A and is
denoted by  clA.

iii-  the intersection of all /3 -closed sets containing A is called the /3 -closure of A and
denoted by [ clA.
2-3 Definition:[1]

i- the family of all semi-open sets in X is denoted by SO(X).

ii- the family of all ¢ -open sets in X is denoted by & O(X).

iii-  the family of all /3-open sets in X is denoted by /3 O(X).
2-4 Definition:[2]

A subset F of (X, 7) is said to be :

i- g- closed in (X, 7)[2] if FC O and O is open =>cl(F) C O.

ii- g - closed in (X,7)[2]ifFC OandOis - open = acl(F)cO.
iv- gs- closed in (X, 7)[2] if FC O and O is open = scl(F) C O.
V- sg-closed in (X, 7)), [2] if FC O and O is semi-open =scl(F) < O.

Vi- gﬂ-closed in (X,7)IfFCOandOis ,B-open = ﬂcI(F) cO.
A subset W is said to be ( g-open, g -open, gs-open, sg-open, g,B-open ) if its complement
W €=x-W is (g-closed, g & - closed, gs- closed, sg- closed, g,B- closed ).

2-5 Definition:[3]
A functionf: (X, 7)—> (Y, O) is called:

**

i- ,B -continuous[3] if for each veE ,BO(Y, o)
(thatis vis /3 -openin Y)wehave T~ (vye Bo X, 7).ae f F(v)is B-open inX).
ii- 3 - closed if for every [3- closed set W of (X, 7 ), f(W)is - closed in (Y, ).

ii- ,B**-open if for every ,B-open set W of (X, 7T ), f(W) is ,B openin (Y, O).
ii- contra-,B- closed if f(U) is ,B-open in'Y for each closed set U of X.

3- Main Results:
Before, we state the main results of this paper , we introduce the following definitions.

3-1 Definition:
A function f: (X,7)—> (Y, O') is said to be M- /3 -continuous if Scl(F) = f ™ (0) whenever

Oisa ﬂ-open subset of (Y, O),Fisa g,B- closed subset of (X,7),and F C f! (O).
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3-2 Definition:
A function f: (X,7)—> (Y, O) is said to be M-ﬂ- closed if , f(W) C ﬂintA whenever A is a
gﬂ- open subset of (Y, O). Wis a ﬂ closed subset of (X, 7 ), and f(W) C A.

3-3 Theorem:
i- . X, T)— (Y, O)is M-,B**-continuous if f _1(0) is ,B closed in (X, 7 ) for every ﬂ
open O in (Y, O), (that is if f is contra- ﬂ**-continuous) [3].
i- (X, 7)—> (Y, O0)is M-,B- closed if f(W) is ,B-open in (Y, O) for every ,B closed
subset W of (X, 7 ) (that is if f is contra- ﬂ**- closed).
Proof:
i- Let FC f! (O), where O is ,B openin (Y, O)andFisa gIB-cIosed subset of (X, 7).
Therefore [ cl(F) < B cl( f! )= f B (0).thus f is M-,B**-continuous.
ii-  Letf(W) C A, where W isa /3 - closed subset of (X,7 ) and A is a g /3 - open subset of
(Y, 0), therefore [ int(f(W)) < [Sint(A) then f(W) < [ int(A) thus f is M- /3 - closed.

3-4 Remark:

R ** R R ** R
i- Clearly /5 -continuous functions are M- /3 -continuous.

ii- ﬂ**-closed functions are M- /3 - closed.
Proof:

i- let: (X, 7)—> (Y, ) be B -continuous, let O be /3 - open in (Y, 0°), hence

f _1(0) isalso /3 - open. Now Fis g 3 - closed so FC f! ©0)= BclF) < f _1(0)
let f: (X,7)—> (Y, O) be ,B**-closed, let W be ,B closed in (X,7), so f(W) is also ,B
closed. Now A is g /3 - open so f(W) C A => f(W) < [ int (A) ( take the dual of the definition
of g 3 - closed ).

3-5 Theorem:
Letf: (X,7)— (Y, O) be a function from a space (X, 7 ) to space (Y, O):

i- let all subsets of (X, 7 ) be clopen , then f is M- ﬂ -continuous if and only if f is contra-

[~ -continuous(that is T~ (O)is - closed in (Y, T°)).

ii-  Letall subsets of (Y, &) be clopen, then f is M- /3 - closed if and only if fis contra- 3 -
closed .(that is f(W) is /3 - openin (Y, O') for every [3- closed subset W of (X, 7).
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Proof:

i- Assume that f is M-ﬂ**-continuous. Let A be an arbitrary subset of (X,7) such that
ACV, where V is ﬂ open in (X, 7 )then by hypothesis ,BCI(V): V therefore all subsets
of (X,7) are gﬂ-closed (and hence all are gﬂ-open). So for any O which is ,B-open in

v, o), f B (O) is g B ~closed in (X, 7). Since f is M- ﬂ**-continuous, Pl f _1(0))
c f 7 (0), therefore Bei( f () =T *(0),

le. f - (O)is ,B closed in (X, 7 ), so f is contra- ,B**-continuous.

ii- Assume that f is M- ﬂ closed as in (i), we obtain that all subsets of (Y, O )are gﬁ-open.
Therefore for any ﬂ-closed subset W of (X,7), f(W) is gﬂ- openinY.

since fis M- [3 - closed, f(W) < [ int (f(W)). Hence f(W)= [ int(f(W)), i.e, f(W)is /3 -open.
O

3-6 Corollaries:

Letf: (X,7)—> (Y, O) be a function from a topological space (X, 7 ) to a topological space (Y,

0):

i- Let all subsets of (X, 7 ) be clopen, then f is M- ﬂ**-continuous if and only if fis ﬂ**-
continuous.

ii- Let all subsets of (Y, O )be clopen, then f is M-ﬂ- closed if and only if fis ,B**-closed.

3-7 Example:
Iff: X—> Yis ,B**-continuous, then f need not be contra- ﬂ**-continuous, for example:
The identity function on the topological space (X, 7T )where T :{¢,X, {a}, {a, b}}, X={a, b, c}, is

**

**
[ -continuous but not contra- /3 -continuous.

3-8 Definition:
A function f: (X,7)—> (Y, O) is called perfectly contra- ﬂ**-continuous if the inverse of every
/3 -open setin Y is [3-clopen in X.

3-9 Remark:
Every perfectly contra- ,B -continuous function is contra- ﬂ

**

- ** -
-continuous and IB -continuous.

3-10 Theorem:
If a function f: (X,7)—> (Y, &) is 3 -continuous function and M- /3 - closed, then f ~*(A) is
a gﬂ -closed whenever Alisa g ,B -closed subset of (Y, O).
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Proof :
Let A be a g,B-cIosed subset of (Y, O) suppose that f_l(A) C O where O is ,B-open in

x,7), now O° < f (A%, so f(O%c f(A%), but f is M-S- closed then
f(O%)y< Bint(A%) =( Bcl(A)° . It follows that :

O° < f *(Bcia) and hence : T (Bcl(a)) co. -

Since fis ,B**-continuous, f_l(,BcI(A)) is ﬂ-closed thus we have:

Bef ey < Bef H(Beaay= fH(BclAa)) co. This implies that f ™ (A) is g B-
closed in (X, 7).

3-11 Remark:
Letf: (X, 7)— (Y, O0)and g: (Y, O)—> (Z,)) be two functions such that gof: (X,7)—>

(Z,y ) then:

i-  gofiscontra- f -continuousif gis /5 -continuous and f is contra- /3 -continuous.

ii- gofiscontra- f -continuous if g is contra - /3 -continuous and fis /5 -continuous.
3-12 Theorem:

Iff: (X,7)—> (Y, O)is M- B -continuous and is an open, g /3 -closed subset of (X, ), then

the restriction f,=f/A: (A, 7,)—> (Y, ) isM- 8 -continuous.
Proof:
Assume F is a gﬂ-closed subset relative to A and G is a ,B-open subset of (Y, O) for which

Fe(f, ) @) thenFc f ) NA

On the other hand , F is g/3-closed in X. since f is M-,B**-continuous, then [ cl(F)
 f 7 (G).this implies that Bcl(F) NA < f 7(G) MA, using that fact that Bcl(F) MA
=Bl ,(F) [3].

wehave: Bl , (F) < (f,) (@)

Thus T, (A 7,)— (Y, O)is M- 3" -continuous. O

4- A Characterization of -T, Spaces
2
In this section, we give a characterization of the class of - T, spaces.
2
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4-1 Definition :[4]
A space (X, 7)) issaid to be ,B-Tl space, if every gﬂ-closed set isﬂ-closed.
2

4-2 Theorem:
Let (X,7) be a space, then (X,7) is a ﬂ-Tl space if and only if f: (X,7)— (Y, O)
2

IS M-ﬂ**-continuous, for every space (Y, 0) (and every function f: (X, 7 )— (Y, O)).
Proof:
=)
Let F be a gﬂ-closed subset of (X,7)and F C f _1(0) where O is ,B-open in (Y, O) since
X,7)isa [-T, space Fis [ -closed(l.e. F= [ cI(F))
2
Therefore ,BcI(F) (- f! (O) and hence fis M-ﬂ**-continuous.
<)
Let W be a g 3 -closed subset of (X, 7 ) and Y be the set X with the topology & ={@, Y, W}
Letf: (X,7)—> (Y, O) be the identity function by assumption f is M-,B**-continuous since W

is gﬂ-closed in (X,7)and ﬂ-open in (Y, O)and W C f! (W), it follows that ﬂcI(W)

C f_l(W) = W. Hence W is ﬂ-closed in  (X,7), therefore (X,T) is
a,B -Tlspace. m
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