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Abstract 

         In this paper, we introduced modified summation-integral Beta operator 𝑅𝑛,𝑟 𝑓; 𝑥  in the  

space 𝐶𝛼
𝑟  of r-times differentiable functions. The definition of these operators is closely connected 

with considered functional space. we studied simultaneous approximation for a new  sequence of 

linear positive operator 𝑅𝑛,𝑟 𝑓; 𝑥 . First, we establish the basic pointwise convergence theorem and 

the proceed to discuss the Voronovsicoskaja type asymptotic formula. Finally, we obtain an error 

estimate in terms of  modulus of continuity of the function being approximated. 
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1. Introduction 

     Beta operators are important and applied widely in probability theory and approximation   

theory R.Upreti (1985). Let 𝑓 ∈ 𝐶𝛼  0,∞ = {𝑓 ∈ 𝐶 0,∞ :  𝑓 𝑥  ≤ 𝑀 1 + 𝑡 𝛼 , 𝑀, 𝛼 > 

0}, with the norm: 

 𝑓 .   = sup
𝑥∈(0,∞)

 𝑓 𝑥  .                                                                      (1.1) 

we can define classical Beta 𝐵𝑛(𝑓; 𝑥), QI Qiu Lan, GUO Sheng and LI Jian Kun (2009), as: 

𝐵𝑛 𝑓; 𝑥 =
1

𝑛
 𝑏𝑛,𝑘 𝑥 ;

∞

𝑘=0

 𝑥 ∈  0,∞ , 𝑛 ∈ 𝑁. 

Where 𝑏𝑛,𝑘 𝑥 =
 𝑛+𝑘 !

𝑛! 𝑘−1 !
𝑥𝑘 1 + 𝑥 −𝑛−𝑘−1. 

 The generalized summation- integral type operators with Beta basis functions are widely  

studied V.Gupta, M.Gupta and V.Vasishtha (2003), is defined as: 
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𝑅𝑛 𝑓; 𝑥 =
1

𝑛
 𝑏𝑛,𝑘(𝑥) 𝑏𝑛,𝑘 𝑡  𝑓(𝑡)𝑑𝑡

∞

0

∞

𝑘=0

;  𝑓 ∈ 𝐶𝛼 [0,∞). 

At present, L.Rempulska and Z.Walczak (2004), defined the following sequence: 

𝑆𝑛,𝑟 𝑓; 𝑥 =  𝑞𝑛,𝑘 𝑥  
𝑓 𝑗   

𝑘
𝑛 

𝑗!
 𝑥 −

𝑘

𝑛
 
𝑗

,

𝑟

𝑗=0

 𝑥 ∈  0,∞ , 𝑟 ∈ 𝑁0 .

∞

𝑘=0

 

Where 𝑓 ∈ 𝐶𝛼 
𝑟 [0,∞) =  𝑓 ∈ 𝐶𝛼  𝑕𝑎𝑣𝑖𝑛𝑔 𝑑𝑒𝑖𝑣𝑡𝑎𝑡𝑖𝑣𝑒𝑠 𝑓 𝑘 ∈ 𝐶𝛼 , 𝑘 = 1,… , 𝑟    and the norm 

defined by (1.1)  𝐶𝛼
𝑟 ≡ 𝐶𝛼 . 

Here, we use a similar technique to introduce a summation-integral Beta operator 𝑅𝑛,𝑟(𝑓; 𝑥)  as 

follows.  

𝑅𝑛,𝑟 𝑓; 𝑥 =
1

𝑛
 𝑏𝑛,𝑘 𝑥  𝑏𝑛,𝑘 𝑡 

∞

0

 
𝑓 𝑗  (𝑡)

𝑗!
 𝑡 − 𝑥 𝑗𝑑𝑡,

𝑟

𝑗=0

    𝑓 ∈ 𝐶𝛼
𝑟  0,∞                      (1.2)

∞

𝑘=0

 

Note, if 𝑟 = 0, then 𝑅𝑛,0 𝑓; 𝑥 = 𝑅𝑛  𝑓; 𝑥 . It easily verified that the operator (1.2) are  

linear positive operator, In the present paper, we prove the convergence theorem for this  

operator. Then, we study asymptotic formula of  the Voronovskaja type and an error estimate  

in terms of modulus of continuity of the function being approximated. 

Before we study the operator 𝑅𝑛,𝑟 𝑓; 𝑥 , we need to know some properties of operator 𝑅𝑛  𝑓; 𝑥   

Lemma 1.1 

For 𝑥 ∈ [0,∞) P.Maheswari (2006) and V.Gupta and A.Lupas (2006), we get 

1) 𝑏𝑛,𝑘 𝑥 = 𝑛

∞

𝑘=0

;   2) 𝑘𝑏𝑛,𝑘 𝑥 

∞

𝑘=0

= 𝑛 𝑛 + 1 𝑥 ; 

3) 𝑘2𝑏𝑛,𝑘 𝑥 = 𝑛 𝑛 + 1 𝑥 + 𝑛 𝑛 + 1 (𝑛 + 2)𝑥2

∞

𝑘=0

. 

4) 𝑏𝑛,𝑘 𝑥 𝑡
𝑚𝑑𝑡 =

 𝑚 + 𝑘 !  𝑛 − 𝑚 − 1 !

𝑘!  𝑛 − 1 !

∞

0

, 𝑡 ∈  0,∞  𝑎𝑛𝑑 𝑚 ∈ 𝑁0 

5) Suppose that 𝜑𝑛,𝑚 𝑥 =  𝑘𝑚𝑏𝑛,𝑘 𝑥 ,
∞
𝑘=0  then 

𝜑𝑛,𝑚+1 𝑥 = 𝑥 𝑥 + 1 𝜑𝑛,𝑚 𝑥 + 𝑛 𝑛 + 1 𝜑𝑛,𝑚  𝑥                                                                  (1.3) 

6) 𝑘𝑚𝑏𝑛,𝑘 𝑥 

∞

𝑘=0

=
 𝑛 + 𝑚 !

 𝑛 − 1 !
𝑥𝑚 +  

 𝑛 + 𝑚 − 1 !

 𝑛 − 1 !
𝑥𝑚−1 

                                       +𝑡𝑟𝑒𝑚𝑠 𝑖𝑛 𝑙𝑜𝑤𝑒𝑟 𝑝𝑜𝑤𝑒𝑟𝑠 𝑜𝑓 𝑥;                                                             (1.4)  
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Lemma 1.2  

Let the m-th  order moment 𝐸𝑛,𝑚(𝑥) for the operator 𝑅𝑛(𝑓; 𝑥), QI Qiu Lan, GUO Sheng and LI Jian 

Kun (2009), be defined as: 

𝐸𝑛,𝑚 𝑥 = 𝑅𝑛  𝑡 − 𝑥 𝑚 ; 𝑥 =
1

𝑛
 𝐵𝑛,𝑘 𝑥 

∞

𝑘=0

 𝐵𝑛,𝑘 𝑡 

∞

0

(𝑡 − 𝑥)𝑚𝑑𝑡, 𝑛 > 𝑚 𝑎𝑛𝑑 𝑚 ∈ 𝑁0 

We have: 

1) 𝐸𝑛,0 𝑥 = 1,                                      𝐸𝑛,1 𝑥 =  
1+2𝑥

𝑛−1
     and 

 𝑛 − 𝑚 − 1 𝐸𝑛,𝑚+1 𝑥 

= 2𝑚𝑥 1 + 𝑥 𝐸𝑛,𝑚−1 𝑥 + 𝑥 1 + 𝑥 𝐸′ 𝑛,𝑚 𝑥 +  𝑚 + 1 (1 + 2𝑥)𝐸𝑛,𝑚 𝑥  

2)         𝐸𝑛,𝑚 𝑥  is a polynomial in 𝑥 of degree  
𝑚

2
 ; 

3) For every 𝑥 ∈ [0,∞), 𝐸𝑛,𝑚 𝑥 = 𝑂  𝑛− 
𝑚+1

2
  . 

4)        
1

𝑛
 𝑏𝑛,𝑘 𝑥  𝑘 −  𝑛 + 1 𝑥 2𝑗

∞

𝑘=0

= 𝑂 𝑛𝑗  ; 𝑗 ∈ 𝑁0 

Lemma 1.3: V.Gupta and A.Lupas (2005) [6], There exist the polynomials 𝑄𝑖,𝑗 ,𝑟(𝑥)  

independent of n and k such that  

 𝑥(1 + 𝑥) 𝑟𝐷𝑟 𝑏𝑛,𝑘(𝑥) =   𝑛 + 1 𝑖 𝑘 −  𝑛 + 1 𝑥 𝑗𝑄𝑖,𝑗 ,𝑟 𝑥 𝑏𝑛,𝑘 𝑥 .2𝑖+𝑗≤𝑟
𝑖,𝑗≥0≥

 where 𝐷 =
𝑑

𝑑𝑥
. 

Lemma 1.4 For 𝑚 ≥ 1, we have: 

𝑅𝑛  𝑡
𝑚 ; 𝑥 =

1

𝑛
 𝑏𝑛,𝑘 𝑥 

∞

𝑘=0

 𝑏𝑛,𝑘 𝑡 

∞

0

𝑡𝑚𝑑𝑡

=
(𝑛 − 𝑚 − 1)!

𝑛!
  

(𝑛 + 𝑚)!

 𝑛 − 1 !
𝑥𝑚 +

𝑚2(𝑛 + 𝑚 − 1)!

 𝑛 − 1 !
𝑥𝑚−1

+ 𝑡𝑒𝑟𝑚 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑖𝑛𝑔 𝑙𝑜𝑤𝑒𝑟 𝑝𝑜𝑤𝑒𝑟𝑠 𝑜𝑓 𝑥 .  

Proof: 

By using Lemma 1.1, we have: 

𝑅𝑛  𝑡
𝑚 ; 𝑥 =

1

𝑛
 𝑏𝑛,𝑘 𝑥 

∞

𝑘=0

 𝑏𝑛,𝑘 𝑡 

∞

0

𝑡𝑚𝑑𝑡 =
1

𝑛
 𝑏𝑛,𝑘 𝑥 

∞

𝑘=0

 𝑚 + 𝑘 !  𝑛 − 𝑚 − 1 !

𝑘!  𝑛 − 1 !
 

𝑅𝑛  𝑡
𝑚 ; 𝑥 =

 𝑛 − 𝑚 − 1 !

𝑛!
 𝑏𝑛,𝑘(𝑥)  𝑘𝑚 +

𝑚(𝑚 + 1)

2
𝑘𝑚−1

∞

𝑘=0

+ 𝑡𝑒𝑟𝑚 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑖𝑛𝑔 𝑙𝑜𝑤𝑒𝑟 𝑝𝑜𝑤𝑒𝑟𝑠 𝑜𝑓 𝑥 . 
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Using (1.4), we obtain: 

                        =
 𝑛 − 𝑚 − 1 !

𝑛!
 

(𝑛 + 𝑚)!

(𝑛 − 1)!
𝑥𝑚 +

𝑚(𝑚 − 1)

2

(𝑛 +𝑚 − 1)!

 𝑛 − 1 !
𝑥𝑚−1

+
𝑚(𝑚 + 1)

2

(𝑛 − 𝑚 − 1)!

 𝑛 − 1 !
𝑥𝑚−1 + 𝑡𝑒𝑟𝑚 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑖𝑛𝑔 𝑙𝑜𝑤𝑒𝑟 𝑝𝑜𝑤𝑒𝑟𝑠 𝑜𝑓 𝑥  

                     =
(𝑛 − 𝑚 − 1)!

𝑛!
  

(𝑛 + 𝑚)!

 𝑛 − 1 !
𝑥𝑚 +

𝑚2(𝑛 + 𝑚 − 1)!

 𝑛 − 1 !
𝑥𝑚−1

+ 𝑡𝑒𝑟𝑚 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑖𝑛𝑔 𝑙𝑜𝑤𝑒𝑟 𝑝𝑜𝑤𝑒𝑟𝑠 𝑜𝑓 𝑥 . 

2. Auxiliary Results 

Theorem 2.1 

  For 𝑟 ∈ 𝑁0, 𝑛 ∈ 𝑁 𝑎𝑛𝑑 𝑥 ∈  0,∞ , the following conditions are hold when 𝑛 → ∞: 

1)𝑅𝑛,𝑟 1; 𝑥 = 1; 

2)𝑅𝑛,𝑟 𝑡; 𝑥 =  
2(𝑛 + 1)

𝑛 − 1
− 1 𝑥 +

1

𝑛 − 1
; 

3)𝑅𝑛,𝑟 𝑡
2; 𝑥 =  

4(𝑛 + 1)(𝑛 + 2)

 𝑛 − 1 (𝑛 − 2)
−

4(𝑛 + 1)

(𝑛 − 1)
+ 1 𝑥2 +  

16(𝑛 + 1)

 𝑛 − 1 (𝑛 − 2)
−

4

𝑛 − 1
 𝑥

+
8

 𝑛 − 1 (𝑛 − 2)
 . 

Therefore by using the well-know Korovkin`s Theorem, we get 

𝑅𝑛,𝑟 𝑓; 𝑥 → 𝑓 𝑥  𝑎𝑠 𝑛 → ∞ . 

Proof: the consequence (1), is easily as follows. The proof of (2), is given below: 

𝑅𝑛,𝑟 𝑡; 𝑥 =
1

𝑛
 𝑏𝑛,𝑘 𝑥  𝑏𝑛,𝑘 𝑡 

∞

0

 
 𝑡 − 𝑥 𝑗

𝑗!
𝐷𝑗 𝑡 𝑑𝑡

𝑟

𝑗=0

                       

∞

𝑘=0

=
1

𝑛
 𝑏𝑛,𝑘 𝑥  𝑏𝑛,𝑘 𝑡 

∞

0

 𝑡 +  𝑡 + 𝑥 + 0 + 0 +⋯+ 0         
𝑟−1 𝑡𝑖𝑚𝑒𝑠

 𝑑𝑡                         

∞

𝑘=0

 

By using Lemma 1.1, we get 

𝑅𝑛,𝑟 𝑡; 𝑥 =  
2(𝑛 + 1)

𝑛 − 1
− 1 𝑥 +

1

𝑛 − 1
→ 𝑥 𝑎𝑠 𝑛 → ∞. 

The consequence (3) can be proved by using the same technique. 

Therefore, the operator 𝑅𝑛,𝑟 𝑓; 𝑥 → 𝑓 𝑥  𝑎𝑠 𝑛 → ∞. 

Lemma 2.1 

The m-th order moment of the operator 𝑅𝑛,𝑟 𝑓; 𝑥   is defined as: 

𝑉𝑛,𝑚 𝑥 =
1

𝑛
 𝑏𝑛,𝑘 𝑥  𝑏𝑛,𝑘 𝑡 

∞

0

 
 𝑡 − 𝑥 𝑗

𝑗!
𝐷𝑗 (𝑡 − 𝑥)𝑚  𝑑𝑡.

𝑟

𝑗=0

                       

∞

𝑘=0
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Then 

𝑉𝑛,0 𝑥 = 1,        𝑉𝑛,1 𝑥 = 2 
1+2𝑥

𝑛−1
 and 

𝑉𝑛,𝑚 𝑥 = 2𝑚𝐸𝑛,𝑚 𝑥 ,      𝑚 ≥ 0                                                                                                  (2.1) 

Further, we have the following consequences of 𝑉𝑛,𝑚 𝑥 : 

(1) 𝑉𝑛,𝑚 𝑥  is a polynomial in x of degree  
𝑚

2
 ; 

(2) For every 𝑥 ∈  0,∞ ,  𝑉𝑛,𝑚 𝑥 = 𝑂  𝑛− 
𝑚+1

2
  .  

Proof 

It is easy to show that 𝑉𝑛,0 𝑥 = 1 𝑎𝑛𝑑  𝑉𝑛,1 𝑥 = 2 
1+2𝑥

𝑛−1
. 

Next , we prove (2.1). For 𝑥 = 0 it is clearly holds for all 𝑚 ≥ 1. 

Now, for 𝑥 ∈  0,∞ and 𝑣 ≥ 𝑚, we have 

𝑉𝑛,𝑚 𝑥 =
1

𝑛
 𝑏𝑛,𝑘 𝑥  𝑏𝑛,𝑘 𝑡 

∞

0

 
 𝑡 − 𝑥 𝑗

𝑗!
𝐷𝑗 (𝑡 − 𝑥)𝑚  𝑑𝑡.

𝑟

𝑗=0

                       

∞

𝑘=0

 

               =
1

𝑛
 𝑏𝑛,𝑘 𝑥  𝑏𝑛,𝑘 𝑡 

∞

0

 
 𝑡 − 𝑥 𝑗

𝑗!
𝐷𝑗 (𝑡 − 𝑥)𝑚  𝑑𝑡 + 0

𝑚

𝑗=0

                       

∞

𝑘=0

 

               =
1

𝑛
 𝑏𝑛,𝑘 𝑥  𝑏𝑛,𝑘 𝑡 

∞

0

  
𝑚
𝑗  (𝑡 − 𝑥)𝑚  𝑑𝑡.

𝑚

𝑗=0

                       

∞

𝑘=0

 

               = 2𝑚
1

𝑛
 𝑏𝑛,𝑘 𝑥  𝑏𝑛,𝑘 𝑡 

∞

0

(𝑡 − 𝑥)𝑚𝑑𝑡 = 2𝑚𝐸𝑛,𝑚 𝑥 ,                       

∞

𝑘=0

 

For which (2.1) is immediate. then by using Lemma (1.2) the consequences (1) and (2) are hold. 

Lemma 2.2 For 𝑟 ≥ 𝑚, we get 

𝑅𝑛,𝑟 𝑡
𝑚 ; 𝑥 =   

𝑚
𝑗    

𝑗
𝑖
 

𝑗

𝑖=0

𝑚

𝑗=0

(−1)𝑗−𝑖
 𝑛 −  𝑚 − 𝑗 + 𝑖 − 1 !

𝑛!
 
 𝑛 + 𝑚 − 𝑗 + 𝑖 !

 𝑛 − 1 !
𝑥𝑚

+
 𝑚 − 𝑗 + 𝑖 2 𝑛 + 𝑚 − 𝑗 + 𝑖 − 1 !

 𝑛 − 1 !
𝑥𝑚−1

+ 𝑡𝑒𝑟𝑚 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑖𝑛𝑔 𝑙𝑜𝑤𝑒𝑟 𝑝𝑜𝑤𝑒𝑟𝑠 𝑜𝑓 𝑥 . 

Proof:  

𝑅𝑛,𝑟 𝑡
𝑚 ; 𝑥 =

1

𝑛
 𝑏𝑛,𝑘 𝑥  𝑏𝑛,𝑘 𝑡 

∞

0

 
 𝑡 − 𝑥 𝑗

𝑗!
𝐷𝑗 𝑡𝑚  𝑑𝑡.

𝑚

𝑗=0

                       

∞

𝑘=0
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                        =
1

𝑛
 𝑏𝑛,𝑘 𝑥  𝑏𝑛,𝑘 𝑡 

∞

0

 
𝑚!

𝑗!  𝑚 − 𝑗 !
𝑡𝑚−𝑗 (𝑡 − 𝑥)𝑗  𝑑𝑡.

𝑚

𝑗=0

                       

∞

𝑘=0

 

                       =
1

𝑛
 𝑏𝑛,𝑘 𝑥  𝑏𝑛,𝑘 𝑡 

∞

0

  
𝑚
𝑗    

𝑗
𝑖
 (−𝑥)𝑗−𝑖𝑡𝑚−𝑗+𝑖

∞

𝑖=0

 𝑑𝑡.

𝑚

𝑗=0

                       

∞

𝑘=0

 

                      =   
𝑚
𝑗    

𝑗
𝑖
  −𝑥 𝑗−𝑖𝑅𝑛(𝑡𝑚−𝑗+𝑖

∞

𝑖=0

; 𝑥) 

𝑚

𝑗=0

 

By using Lemma 1.4, we have 

=   
𝑚
𝑗    

𝑗
𝑖
 (−1)𝑗−𝑖

∞

𝑖=0

 
(𝑛 −  𝑚 − 𝑗 + 𝑖 − 1)!

𝑛!
  

(𝑛 + 𝑚 − 𝑗 + 𝑖)!

 𝑛 − 1 !
𝑥𝑚

𝑚

𝑗=0

+
 𝑚 − 𝑗 + 𝑖 2(𝑛 + 𝑚 − 𝑗 + 𝑖 − 1)!

 𝑛 − 1 !
𝑥𝑚−1

+ 𝑡𝑒𝑟𝑚 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑖𝑛𝑔 𝑙𝑜𝑤𝑒𝑟 𝑝𝑜𝑤𝑒𝑟𝑠 𝑜𝑓 𝑥  

Theorem 2.2 

Suppose that 𝑟 ∈ 𝑁, 𝑓 ∈ 𝐶𝛼
𝑟  0,∞ , 𝛼 > 0 and 𝑓 𝑟  exists at a point 𝑥 ∈  0,∞ , then 

lim𝑛→∞ 𝑅𝑛,𝑟
 𝑟  𝑓 𝑡 ; 𝑥 = 𝑓 𝑟  𝑥 .                                                                                                (2.2)  

Further, if 𝑓 𝑟  exists and is continuous on  𝑎 − 𝜂, 𝑏 + 𝜂 ⊂  0,∞ , 𝜂 > 0, 

Then (2.2) holds uniformly on [𝑎, 𝑏]. 

Proof: By Taylor`s expansion of 𝑓, we get 

𝑓 𝑡 =  
𝑓 𝑖 (𝑥)

𝑖!
(𝑡 − 𝑥)𝑖 + 𝜀 𝑡, 𝑥  𝑡 − 𝑥 𝑟 .

𝑟

𝑖=0

 

Where 𝜀 𝑡, 𝑥 → 0 as 𝑡 → 𝑥, hence 

𝑅𝑛,𝑟
 𝑟  𝑥 =  

𝑓 𝑖  𝑥 

𝑖!
𝑅𝑛,𝑟
 𝑟 ((𝑡 − 𝑥)𝑖 ; 𝑥) + 𝑅𝑛,𝑟

 𝑟 (𝜀 𝑡, 𝑥  𝑡 − 𝑥 𝑟 ; 𝑥)

𝑟

𝑖=0

≔ 𝐽1 + 𝐽2 . 

By using Lemma 2.2, if 𝑗 < 𝑟 we have 𝑅𝑛,𝑟
 𝑟  𝑡𝑖 ; 𝑥 = 0. Hence 

𝐽1 =  
𝑓 𝑖 (𝑥)

𝑖!

𝑟

𝑖=0

  
𝑖
𝑗
  −𝑥 𝑖−𝑗𝑅𝑛,𝑣

(𝑟)

𝑖

𝑗=0

 𝑡𝑗 ; 𝑥 =
𝑓 𝑟  𝑥 

𝑟!
𝑅𝑛,𝑟
 𝑟  𝑡𝑟 ; 𝑥 = 𝑓 𝑟  𝑥  𝑎𝑠 𝑛 → ∞. 

Next, making use of Lemma 1.3, we have 
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 𝐽2 ≤  
(𝑛 + 1)𝑖

𝑛

 𝑄𝑖,𝑗 ,𝑟(𝑥) 

𝑥𝑟(1 + 𝑥)𝑟
 𝑏𝑛,𝑘(𝑥) 𝑘

∞

𝑘=02𝑖+𝑗≤𝑟
𝑖,𝑗≥0

−  𝑛 + 1 𝑥 𝑗  𝑏𝑛,𝑘(𝑡) 
(𝑡 − 𝑥)𝑗

𝑗!
𝐷𝑗  𝜀(𝑡, 𝑥)(𝑡 − 𝑥)𝑟  𝑑𝑡

𝑟

𝑗=0

∞

0

. 

Since 𝜀 𝑡, 𝑥 → 0 𝑎𝑠 𝑡 → 𝑥, then for given 𝜀 > 0, there exists 𝛿 > 0 such that  𝜀(𝑡, 𝑥) < 𝜀,  

whenever 0 <  𝑡 − 𝑥 < 𝛿. For  𝑡 − 𝑥 ≥ 𝛿, there exists a constant 𝑀 > 0 such that  𝜀 𝑡, 𝑥 (𝑡 −

𝑥)𝑟≤𝑀(𝑡−𝑥)𝛼 ,𝛼>0. 

Hence, 

≤ sup
2𝑖+𝑗≤𝑟
𝑖,𝑗≥0

 𝑄𝑖,𝑗 ,𝑟(𝑥) 

𝑥𝑟(1 + 𝑥)𝑟
 

(𝑛 + 1)𝑖

𝑛
 𝑏𝑛,𝑘(𝑥) 𝑘

∞

𝑘=02𝑖+𝑗≤𝑟
𝑖,𝑗≥0

−  𝑛 + 1 𝑥 𝑗  𝜀  𝑏𝑛,𝑘 𝑥 𝜀 
(𝑡 − 𝑥)𝑗

𝑗!
𝐷𝑗

𝑟

𝑗=0

 𝑡 − 𝑥 𝑟𝑑𝑡

 𝑡−𝑥 <𝛿

+ 𝑀  𝑏𝑛,𝑘 𝑥  
(𝑡 − 𝑥)𝑗

𝑗!
𝐷𝑗

𝑟

𝑗=0

(𝑡 − 𝑥)𝛼𝑑𝑡

 𝑡−𝑥 ≥𝛿

 . 

≤ sup
2𝑖+𝑗≤𝑟
𝑖,𝑗≥0

 𝑄𝑖,𝑗 ,𝑟(𝑥) 

𝑥𝑟(1 + 𝑥)𝑟
 

(𝑛 + 1)𝑖

𝑛
 𝑏𝑛,𝑘(𝑥) 𝑘 −  𝑛 + 1 𝑥 𝑗  𝜀2𝑟  𝑏𝑛,𝑘 𝑥  𝑡 − 𝑥 𝑟𝑑𝑡

 𝑡−𝑥 <𝛿

∞

𝑘=02𝑖+𝑗≤𝑟
𝑖,𝑗≥0

+ 𝑀2𝛼  𝑏𝑛,𝑘 𝑥 (𝑡 − 𝑥)𝛼𝑑𝑡

 𝑡−𝑥 ≥𝛿

  

≔ 𝐽3 + 𝐽4. 

Let   𝜀2𝑟 sup2𝑖+𝑗≤𝑟
𝑖,𝑗≥0

 𝑄𝑖,𝑗 ,𝑟(𝑥) 

𝑥𝑟(1+𝑥)𝑟
 = 𝐶 be fixed. Now, using Cauchy-Schwarz inequality for integration 

and then for summation, we are led to: 

𝐽3 ≤ 𝐶  (𝑛
2𝑖+𝑗≤𝑟
𝑖,𝑗≥0

+ 1)𝑖  
1

𝑛
 𝑏𝑛,𝑘(𝑥) 𝑘 −  𝑛 + 1 𝑥 2𝑗

∞

𝑘=0

 

1 2 

 
1

𝑛
 𝑏𝑛,𝑘(𝑥)

∞

𝑘=0

 𝑏𝑛,𝑘(𝑡) 𝑡

 𝑡−𝑥 <𝛿

− 𝑥 2𝑟𝑑𝑡 

1 2 

  𝑏𝑛,𝑘(𝑡)

 𝑡−𝑥 <𝛿

𝑑𝑡 

1 2 

. 
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From Lemma 1.1 and Lemma 1.2 , we get 

= 𝐶   𝑛 + 1 𝑖  𝑂 𝑛𝑗 2  𝑂 𝑛−𝑟 2  = 𝑂 𝑛 𝑟−𝑟 2  = 𝜀𝑂 1 .
2𝑖+𝑗≤𝑟
𝑖,𝑗≥0

 

Next, Let   𝑀2𝛼 sup2𝑖+𝑗≤𝑟
𝑖,𝑗≥0

 𝑄𝑖,𝑗 ,𝑟(𝑥) 

𝑥𝑟(1+𝑥)𝑟
 = 𝐺 again using Cauchy-Schwarz inequality for integration 

and then for summation, we get 

𝐽4 ≤ 𝐺  (𝑛
2𝑖+𝑗≤𝑟
𝑖,𝑗≥0

+ 1)𝑖  
1

𝑛
 𝑏𝑛,𝑘(𝑥) 𝑘 −  𝑛 + 1 𝑥 2𝑗

∞

𝑘=0

 

1 2 

 
1

𝑛
 𝑏𝑛,𝑘(𝑥)

∞

𝑘=0

 𝑏𝑛,𝑘(𝑡) 𝑡

 𝑡−𝑥 ≥𝛿

− 𝑥 2𝛼𝑑𝑡 

1 2 

  𝑏𝑛,𝑘(𝑡)

 𝑡−𝑥 ≥𝛿

𝑑𝑡 

1 2 

. 

From Lemma 1.1 and Lemma 1.2 , we have: 

 

    =  𝐺   𝑛 + 1 𝑖  𝑂 𝑛𝑗 2  𝑂 𝑛−𝑠 2  = 𝑂 𝑛 𝑟−𝑠 2  = 𝑜 1 ; 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑠 > 0, 𝑠 > 𝑟.  
2𝑖+𝑗≤𝑟
𝑖,𝑗≥0

  

Now, since 𝜀 > 0 arbitrary, it follows that 𝐽3 → 0 𝑎𝑠 𝑛 → ∞. Also, 𝐽4 = 𝑜(1), and hence 

 𝐽2 = 𝑜 1 , combining the estimates of 𝐽1  𝑎𝑛𝑑 𝐽2 (2.2) is immediate. 

Theorem 2.3  

Let 𝑓(𝑡) ∈ 𝐶𝛼
𝑟[0,∞), 𝛼 > 0 and 𝑓 𝑟+2 (𝑥) exists at a point 𝑥 ∈ (0,∞), then 

lim
𝑛→∞

𝑛 𝑅𝑛,𝑟
 𝑟  𝑓 𝑡 ; 𝑥 − 𝑓 𝑟 (𝑥) = 𝑓 𝑟 (𝑥)  

𝑟
𝑗   

𝑗
𝑖
 

𝑗

𝑖=0

𝑟

𝑗=0

 −1 𝑗−𝑖 𝑟 − 𝑗 + 𝑖  𝑟 − 𝑗 + 𝑖 + 1  

                                     +𝑓 𝑟+1  𝑥   
𝑟
𝑗   

𝑗
𝑖
 

𝑗

𝑖=0

𝑟

𝑗=0

 −1 𝑗−𝑖  2 𝑟 − 𝑗 + 𝑖 𝑥 +
 𝑟 − 𝑗 + 𝑖 + 1 2

𝑟 + 1
  

         +𝑓 𝑟+2  𝑥   
𝑟
𝑗   

𝑗
𝑖
 

𝑗

𝑖=0

𝑟

𝑗=0

 −1 𝑗−𝑖  𝑥2 +  
 𝑟 − 𝑗 + 𝑖 + 2 2

𝑟 + 2
−
 𝑟 − 𝑗 + 𝑖 + 1 2

𝑟 + 1
 𝑥  

Proof. Using Taylor`s expansion of  f, we have 

𝑓 𝑡 =  
𝑓 𝑖 (𝑥)

𝑖!
(𝑡 − 𝑥)𝑖 + 𝜀 𝑡, 𝑥  𝑡 − 𝑥 𝑟+2,

𝑟+2

𝑖=0

 

Where 𝜀 𝑡, 𝑥 → 0 𝑎𝑠 𝑡 → 𝑥. Then 
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𝑅𝑛,𝑟
 𝑟  𝑓 𝑡 ; 𝑥 =  

𝑓 𝑖  𝑥 

𝑖!
𝑅𝑛,𝑟
 𝑟   𝑡 − 𝑥 𝑖 ; 𝑥 + 𝑅𝑛,𝑟

 𝑟  𝜀 𝑡, 𝑥  𝑡 − 𝑥 𝑟+2; 𝑥 = 𝐽1 + 𝐽2 .

𝑟+2

𝑖=0

 

Using the same technique of theorem 2.2, we get 𝐽2 → 0 𝑎𝑠 𝑛 → ∞. 

        𝐽1 =  
𝑓 𝑖 (𝑥)

𝑖!
  

𝑖
𝑗
  −𝑥 𝑖−𝑗𝑅𝑛,𝑟

 𝑟  𝑡𝑗 ; 𝑥 =

𝑖

𝑗=0

 
𝑓 𝑖 (𝑥)

𝑖!
  

𝑖
𝑗
  −𝑥 𝑖−𝑗𝑅𝑛,𝑟

 𝑟  𝑡𝑗 ; 𝑥 

𝑖

𝑗=𝑟

𝑟+2

𝑖=𝑟

𝑟+2

𝑖=0

; 

Since 𝑅𝑛,𝑣
 𝑟  𝑡𝑗 ; 𝑥 = 0 𝑤𝑕𝑒𝑛 𝑗 < 𝑟. Then by using Lemma 2.2, we get 

𝐽1=  
𝑓 𝑟  𝑥 

𝑟!
  

𝑟
𝑗   

𝑗
𝑖
 

𝑗

𝑖=0

𝑟

𝑗=0

 −1 𝑗−𝑖  
 𝑛 −  𝑟 − 𝑗 + 𝑖 − 1 !

𝑛!

 𝑛 + 𝑟 − 𝑗 + 𝑖 !

 𝑛 − 1 !
𝑟! 

+
𝑓 𝑟+1 (𝑥)

 𝑟 + 1 !
  

𝑟
𝑗   

𝑗
𝑖
 

𝑗

𝑖=0

𝑟

𝑗=0

 −1 𝑗−𝑖   
 𝑛 −  𝑟 − 𝑗 + 𝑖 − 1 !

𝑛!

 𝑛 + 𝑟 − 𝑗 + 𝑖 !

 𝑛 − 1 !
𝑟!  𝑟

+ 1  −𝑥  

+
 𝑛 −  𝑟 − 𝑗 + 𝑖 − 2 !

𝑛!
 
 𝑛 + 𝑟 − 𝑗 + 𝑖 !

 𝑛 − 1 !
 𝑟 + 1 ! 𝑥

+
 𝑟 − 𝑗 + 𝑖 + 1 2 𝑛 + 𝑟 − 𝑗 + 𝑖 + 1 !

 𝑛 − 1 !
 𝑟!   

+
𝑓 𝑟+2 (𝑥)

 𝑟 + 2 !
  

𝑟
𝑗   

𝑗
𝑖
 

𝑗

𝑖=0

𝑟

𝑗=0

 −1 𝑗−𝑖  
 𝑟 + 1  𝑟 + 2 

2

 𝑛 −  𝑟 − 𝑗 + 𝑖 − 1 !

𝑛!

 𝑛 + 𝑟 − 𝑗 + 𝑖 !

 𝑛 − 1 !
𝑟! 𝑥2

+  𝑟 + 2 
 𝑛 −  𝑟 − 𝑗 + 𝑖 − 2 !

𝑛!
 −𝑥  

 𝑛 + 𝑟 − 𝑗 + 𝑖 + 1 !

 𝑛 − 1 !
 𝑟 + 1 ! 𝑥

+
 𝑟 − 𝑗 + 𝑖 + 1 2 𝑛 + 𝑟 − 𝑗 + 𝑖 + 1 !

 𝑛 − 1 !
 𝑟! 

+
 𝑛 −  𝑟 − 𝑗 + 𝑖 − 3 !

𝑛!
 
 𝑟 + 2 !

2

 𝑛 + 𝑟 − 𝑗 + 𝑖 + 2 

 𝑛 − 1 !
𝑥2

+
 𝑟 − 𝑗 + 𝑖 + 1 2 𝑛 + 𝑟 − 𝑗 + 𝑖 + 1 !

 𝑛 − 1 !
  𝑟 + 1 ! 𝑥   

lim
𝑛→∞

𝑛 𝑅𝑛,𝑟
 𝑟  𝑓 𝑡 ; 𝑥 − 𝑓 𝑟 (𝑥) = 𝑓 𝑟 (𝑥)  

𝑟
𝑗   

𝑗
𝑖
 

𝑗

𝑖=0

𝑟

𝑗=0

 −1 𝑗−𝑖 𝑟 − 𝑗 + 𝑖  𝑟 − 𝑗 + 𝑖 + 1  

                               +𝑓 𝑟+1  𝑥   
𝑟
𝑗   

𝑗
𝑖
 

𝑗

𝑖=0

𝑟

𝑗=0

 −1 𝑗−𝑖  2 𝑟 − 𝑗 + 𝑖 𝑥 +
 𝑟 − 𝑗 + 𝑖 + 1 2

𝑟 + 1
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              + 𝑓 𝑟+2  𝑥   
𝑟
𝑗   

𝑗
𝑖
 

𝑗

𝑖=0

𝑟

𝑗=0

 −1 𝑗−𝑖  𝑥2 +  
 𝑟 − 𝑗 + 𝑖 + 2 2

𝑟 + 2
−
 𝑟 − 𝑗 + 𝑖 + 1 2

𝑟 + 1
 𝑥 . 

Theorem 2.4: 

Let 𝑓 ∈ 𝐶𝛼
𝑟 0,∞  for some α > 0 𝑎𝑛𝑑 𝑟 ≤ 𝑞 ≤ (𝑟 + 2) . if 𝑓 𝑞 (𝑥) exists and is continuous on  

 𝑎 − 𝜂, 𝑏 + 𝜂  then for sufficiently large n: 

 𝑅𝑛,𝑟
 𝑟  𝑓 𝑡 ; 𝑥 − 𝑓 𝑟 (𝑥) 

𝐶[𝑎,𝑏]

≤ 𝐴1𝑛
−1   𝑓(𝑖) 

𝐶[𝑎,𝑏]
+ 𝐴2𝑛

−
1
2

𝑣

𝑖=𝑟

𝜔𝑓(𝑣)  𝑛
−

1
2; (𝑎 − 𝜂, 𝑏 + 𝜂) + 𝑂 𝑛−2 . 

Where 𝐴1 , 𝐴2 are constants independent of 𝑓 and 𝑛. 𝜔𝑓(𝛿) is the modulus of continuity of 𝑓 on  

(𝑎 − 𝜂, 𝑏 + 𝜂), and  .   denotes the sup-norm on the interval [𝑎, 𝑏]. 

Proof: 

By Taylor`s expansion of 𝑓, we have 

𝑓 𝑡 =  
𝑓 𝑖 (𝑥)

𝑖!
(𝑡 − 𝑥)𝑖 +

𝑓 𝑞  𝜉 − 𝑓 𝑞  𝜉 

𝑣!
 𝑡 − 𝑥 𝑞𝜒 𝑡 + 𝑕 𝑡, 𝑥  1 − 𝜒 𝑡  .

𝑞

𝑖=0

 

Where 𝜉 lies between 𝑡, 𝑥 and χ(t) is the characteristic function of the interval (𝑎 − 𝜂, 𝑏 + 𝜂). 

For 𝑡 ∈ (𝑎 − 𝜂, 𝑏 + 𝜂) and 𝑥 ∈  𝑎, 𝑏 , we get: 

𝑓 𝑡 =  
𝑓 𝑖 (𝑥)

𝑖!
(𝑡 − 𝑥)𝑖 +

𝑓 𝑞  𝜉 − 𝑓 𝑞  𝜉 

𝑞!
 𝑡 − 𝑥 𝑞 .

𝑞

𝑖=0

 

For 𝑡 ∈ [0,∞) ∖ (𝑎 − 𝜂, 𝑏 + 𝜂) and 𝑥 ∈  𝑎, 𝑏 , we define 

𝑕 𝑡, 𝑥 = 𝑓 𝑡 − 
𝑓 𝑖 (𝑥)

𝑖!
(𝑡 − 𝑥)𝑖 .

𝑞

𝑖=0

 

Now, 

𝑅𝑛,𝑟
 𝑟  𝑓 𝑡 ; 𝑥 − 𝑓 𝑟  𝑥 

=  
𝑓 𝑖 (𝑥)

𝑞!

𝑞

𝑖=0

𝑅𝑛,𝑟
 𝑟  (𝑡 − 𝑥)𝑖 ; 𝑥 − 𝑓 𝑟 (𝑥)

+ 𝑅𝑛,𝑟
(𝑟)
 
𝑓 𝑞  𝜉 − 𝑓 𝑞  𝜉 

𝑞!
 𝑡 − 𝑥 𝑞𝜒 𝑡 ; 𝑥 + 𝑅𝑛,𝑟

 𝑟 (𝑕 𝑡, 𝑥  1 − 𝜒 𝑡  ; 𝑥) 

                        : = Σ1 + Σ2 + Σ3.  

𝛴1 =  
𝑓 𝑖 (𝑥)

𝑖!
  

𝑖
𝑗
 (−𝑥)𝑖−𝑗𝑅𝑛,𝑟

(𝑟)
 𝑡𝑗 ; 𝑥 − 𝑓 𝑟 (𝑥)

𝑖

𝑗=0

𝑞

𝑖=0

 

By using Lemma 2.2, we get: 
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=  
𝑓 𝑖 (𝑥)

𝑖!
  

𝑖
𝑗
 (−𝑥)𝑖−𝑗

𝑑𝑟

𝑑𝑥𝑟
   

𝑚
𝑗    

𝑗
𝑖
 

𝑗

𝑖=0

𝑚

𝑗=0

(−1)𝑗−𝑖
 𝑛 −  𝑚 − 𝑗 + 𝑖 − 1 !

𝑛!
 
 𝑛 + 𝑚 − 𝑗 + 𝑖 !

 𝑛 − 1 !
𝑥𝑚

𝑖

𝑗=0

𝑞

𝑖=0

+
 𝑚 − 𝑗 + 𝑖 2 𝑛 + 𝑚 − 𝑗 + 𝑖 − 1 !

 𝑛 − 1 !
𝑥𝑚−1 + 𝑂(𝑛−2)  − 𝑓 𝑟 (𝑥) 

Consequently,  

 Σ1 𝐶[𝑎,𝑏] = 𝐴1𝑛
−1    𝑓(𝑖) 

𝑐[𝑎,𝑏]

𝑞
𝑖=𝑟  + 𝑂 𝑛−2 , uniformly on  𝑎, 𝑏 . 

To estimate 𝛴2, we proceed as follows: 

 Σ2 ≤ 𝑅𝑛,𝑟
(𝑟)
 
 𝑓 𝑞  𝜉 − 𝑓 𝑞  𝑥  

𝑞!
 𝑡 − 𝑥 𝑞𝜒 𝑡 ; 𝑥  

          ≤
𝜔𝑓(𝑞)  𝛿;  𝑎 − 𝜂, 𝑏 + 𝜂  

𝑞!
𝑅𝑛,𝑟

(𝑟)
  1 +

 𝑡 − 𝑥 

𝛿
  𝑡 − 𝑥 𝑞 ; 𝑥  

≤
𝜔𝑓(𝑞)  𝛿;  𝑎 − 𝜂, 𝑏 + 𝜂  

𝑞!
 
1

𝑛
  𝑏𝑛,𝑘

(𝑟)
(𝑥)  𝑏𝑛,𝑘(𝑡) 

 𝑡 − 𝑥 𝑗

𝑗!

𝑟

𝑗=0

∞

0

∞

𝑘=0

𝐷𝑗   𝑡 − 𝑥 𝑞

+ 𝛿−1 𝑡 − 𝑥 𝑞+1 𝑑𝑡 , 𝛿 > 0 

For 𝑠 = 𝑜, 1,2, …, we have 

1

𝑛
 𝑏𝑛,𝑘(𝑥) 𝑘 − 𝑥 𝑛 + 1  𝑗  𝑏𝑛,𝑘(𝑡) 

 𝑡 − 𝑥 𝑗

𝑗!

𝑟

𝑗=0

∞

0

∞

𝑘=0

𝐷𝑗  𝑡 − 𝑥 𝑠𝑑𝑡                                 

= 2𝑠
1

𝑛
 𝑏𝑛,𝑘(𝑥) 𝑘 − 𝑥 𝑛 + 1  𝑗  𝑏𝑛,𝑘 𝑡  𝑡 − 𝑥 𝑠𝑑𝑡                                                          (2.3)

∞

0

∞

𝑘=0

 

≤
2𝑠

𝑛
 𝑏𝑛,𝑘(𝑥) 𝑘 − 𝑥 𝑛 + 1  𝑗   𝑏𝑛,𝑘(𝑡)𝑑𝑡

∞

0

 

1 2 
∞

𝑘=0

  𝑏𝑛,𝑘(𝑡) 𝑡 − 𝑥 2𝑠𝑑𝑡

∞

0

 

1 2 

 

≤ 2𝑠   𝑏𝑛,𝑘(𝑥) 𝑘 − 𝑥 𝑛 + 1  
2𝑗

∞

𝑘=0

 

1 2 

 
1

𝑛
 𝑏𝑛,𝑘(𝑥) 𝑏𝑛,𝑘(𝑡) 𝑡 − 𝑥 2𝑠𝑑𝑡

∞

0

∞

𝑘=0

 

1 2 

. 

From Lemma 1.2, we get Σ2 = 𝑂  𝑛
𝑗

2 𝑂  𝑛
−𝑠

2  = 𝑂  𝑛
𝑗−𝑠

2   uniformly on  𝑎, 𝑏 . 

Therefore, by using Lemma 1.3, (2.3), we get 
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2𝑠
1

𝑛
  𝑏𝑛,𝑘

 𝑟  𝑥   𝑏𝑛,𝑘 𝑡  𝑡 − 𝑥 𝑠𝑑𝑡 

∞

0

∞

𝑘=0

≤ 2𝑠
1

𝑛
   𝑛 + 1 𝑖 𝑘 +  𝑛 + 1 𝑥 𝑗

2𝑖+𝑗≤𝑟
𝑖,𝑗≥0

∞

𝑘=0

 𝑄𝑖,𝑗 ,𝑟 𝑥  

𝑥𝑟
 𝑏𝑛,𝑘(𝑥) 𝑏𝑛,𝑘 𝑡  𝑡 

∞

0

− 𝑥 𝑠𝑑𝑡                                                                                                                                             (2.4) 

≤  2𝑠 sup
2𝑖+𝑗≤𝑟
𝑖,𝑗≥0

sup
𝑥∈[𝑎,𝑏]

 𝑄𝑖,𝑗 ,𝑟(𝑥) 

𝑥𝑟 1 + 𝑥 𝑟
 

 

 
 

  𝑛
2𝑖+𝑗≤𝑟
𝑖,𝑗≥0

+ 1 𝑖  
1

𝑛
 𝑏𝑛,𝑘(𝑥) 𝑘 −  𝑛 + 1 𝑥 𝑗  𝑏𝑛,𝑘(𝑥) 𝑡 − 𝑥 𝑠𝑑𝑡

∞

0

∞

𝑘=0

 

 

 
 

 

= 𝑀  𝑛 + 1 𝑖𝑂  𝑛
𝑗−𝑠

2  = 𝑂  𝑛
𝑟−𝑠

2  2𝑖+𝑗≤𝑟
𝑖,𝑗≥0

, uniformly on  𝑎, 𝑏 . Since 

 2𝑠 sup2𝑖+𝑗≤𝑟
𝑖,𝑗≥0

sup𝑥∈[𝑎,𝑏]
 𝑄𝑖,𝑗 ,𝑟(𝑥) 

𝑥𝑟  1+𝑥 𝑟
 = 𝑀 𝑥 , but fixed. 

Choosing 𝛿 = 𝑛
−1

2  and applying (2.4), we are led to 

 Σ2 𝐶[𝑎,𝑏] ≤
𝜔𝑓(𝑞)  𝛿;  𝑎 − 𝜂, 𝑏 + 𝜂  

𝑞!
 𝑂  𝑛

𝑟−𝑞
2  + 𝑛

1
2𝑂  𝑛

𝑟−𝑞−1
2   . 

 Σ2 𝐶[𝑎,𝑏] ≤ 𝐴2𝑛
−(𝑟−𝑞)

2 𝜔𝑓(𝑞)  𝛿;  𝑎 − 𝜂, 𝑏 + 𝜂  . 

Since 𝑡 ∈  0,∞ ∖  𝑎 − 𝜂, 𝑏 + 𝜂 , we can choose 𝛿 > 0 in such a way that  𝑡 − 𝑥 ≥ 𝛿 for all 

𝑥 ∈  𝑎, 𝑏 . 

 Σ3 ≤ 2𝑠
1

𝑛
   𝑛 + 1 𝑖 𝑘 +  𝑛 + 1 𝑥 𝑗

2𝑖+𝑗≤𝑟
𝑖,𝑗≥0

∞

𝑘=0

 𝑄𝑖,𝑗 ,𝑟 𝑥  

𝑥𝑟
𝑏𝑛,𝑘(𝑥)  𝑏𝑛,𝑘(𝑡) 𝑕(𝑡, 𝑥) 𝑑𝑡

 𝑡−𝑥 ≥𝛿

 

For  𝑡 − 𝑥 ≤ 𝛿, we can find a constant 𝑀 > 0 such that  𝑕(𝑡, 𝑥) ≤ 𝑀 𝑡 − 𝑥 𝛼 . 

Finally using Schwarz inequality for integration and then for summation, we get  Σ3 =

𝑂 𝑛−𝑠 , 𝑠 > 0 uniformly on  𝑎, 𝑏 . 

Combining the estimates of Σ1, Σ2, Σ3 the required result is immediate. 
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تكاهل هن نوع بيتا – التقريب الوتعذد باستخذام الوجووع 

 

صفاء عبذ الشهيذ عبذ الحويذ 

 قسن الرياضياث– كليت التربيت – جاهعت البصرة 

 

الخلاصت 

,𝑅𝑛,𝑟 𝑓تكايم نًؤثز تٍتا وانذي سىف َزيز نه تانزيز– سىف َقذو تحسٍٍ جذٌذ يٍ َىع يجًىع , فً هذا انثحث 𝑥  فً انفضاء  

𝐶α
r انقاتم نهتفاضم انذانً ل r واٌ تعزٌف هذا انًؤثز ٌكىٌ يغهق ويتصم تانُسثح نفضاء انذوال.  يٍ انًزاخ .

,𝑅𝑛,𝑟 𝑓سىف َذرس َظزٌح انتقزٌة انًتعذد تانُسثح نهًتتاتعح انجذٌذج نهًؤثز انخطً انًىجة  𝑥   .   فً انثذاٌح سىف َستعزض

. انتقزٌة  انُقطً و يٍ ثى َُاقش صٍغح فىروَىفسكً نهتقارب نهذا انًؤثز

.  وأخٍزا حصهُا عهى انخطأ انًخًٍ تاستخذاو يقٍاس الاستًزارٌح نهذانح انًقزتح

 

هفتاح الكلواث 

 .انتقزٌة  انًتعذد, انتخًٍٍ انُقطً , َظزٌح فىروَىفسكً , انتقزٌة تاستخذاو انًؤثز انخطً انًىجة 


