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Abstract

In this paper, we introduced modified summation-integral Beta operator R, ,.(f; x) in the
space C,, of r-times differentiable functions. The definition of these operators is closely connected
with considered functional space. we studied simultaneous approximation for a new sequence of
linear positive operator R, , (f; x). First, we establish the basic pointwise convergence theorem and
the proceed to discuss the Voronovsicoskaja type asymptotic formula. Finally, we obtain an error

estimate in terms of modulus of continuity of the function being approximated.
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1. Introduction

Beta operators are important and applied widely in probability theory and approximation
theory R.Upreti (1985). Let f € C,[0,0) = {f € C[0,0): |[f(x)| <M1+ t)*,M,a >
0}, with the norm:

IfFOIN = sup [fFCI. (1.1
x€(0,0)

we can define classical Beta B, (f; x), QI Qiu Lan, GUO Sheng and LI Jian Kun (2009), as:

1 o0
B,(f;x) = Ez by i (x); x € [0,0), n € N.
k=0

(n+k)!

D] xk(1 4 x) kT

Where b, . (x) =

The generalized summation- integral type operators with Beta basis functions are widely
studied V.Gupta, M.Gupta and V.Vasishtha (2003), is defined as:
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1 © 0
Rl =2 buic0) [ s F(©)dt 1 € C[0,),
k=0 0

At present, L.Rempulska and Z.Walczak (2004), defined the following sequence:
o N (k .
SFOG) Ry 0
Spr(f3x) = Z an(x)z,—(x ——) , x €[0,00),r € N°,
’ ’ Jj! n
k=0 j=0
Where f € C}, [0,0) = {f € C, having deivtatives f*) € C,,k = 1, ..., } and the norm
defined by (1.1) (C. = C,).
Here, we use a similar technique to introduce a summation-integral Beta operator R, - (f; x) as

follows.

1 2 ° LI0) ,
Ras () =1 s Of bn,k(t);f 2 e-xa fe o (12)

Note, if r = 0, then R, o (f;x) = R,, (f; x). It easily verified that the operator (1.2) are

linear positive operator, In the present paper, we prove the convergence theorem for this
operator. Then, we study asymptotic formula of the Voronovskaja type and an error estimate

in terms of modulus of continuity of the function being approximated.

Before we study the operator R, ,- (f; x), we need to know some properties of operator R,, (f; x)
Lemmal.l

For x € [0, o) P.Maheswari (2006) and V.Gupta and A.Lupas (2006), we get

1) bn,k (x) =n; 2) kbn,k (x) =n(n+ Dx;

3) Z k%b, ; (x) =n(n+ Dx +n(n+ D(n + 2)x2
k=0
(m+ k! (n—m—1)!

K= D) ,t € (0,0) and m € N°

4) j by (x)t"dt =
0

5) Suppose that ¢, ,, (x) = Xi—g k™ b, , (x), then
DPnm+1 (X) = x(x + 1)<pn,m (X) + n(n + 1)(pn,m (X) (13)

- - m+m)! ~ (n+m-1)"!
6)2"" bu () = =" + o '
k=0

+trems in lower powers of x; (1.4)
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Lemma 1.2
Let the m-th order moment E,, ,,, (x) for the operator R, (f; x), QI Qiu Lan, GUO Sheng and L1 Jian
Kun (2009), be defined as:

1w r
Enmx) =R, ((t —x)™;x) = Ez Bn,k(x)f B, (t) (t —x)™dt,n >mand m € N°
k=0 0

We have:
1) En,O(x) =1, En,l(x) =

(n—m—1DEy n11(x)
=2mx(1 +x)E, 1 (x) + x(1 + x)E’n,m (x)+(m+1)(1+2x)E, ,, (x)

142
X and
n—1

2)  Enn(x) is apolynomial in x of degree [%]

m+1

3) For every x € [0, ), E, ,,(x) =0 (n_ 2 )

4) %kzzobn,k(x)(k—(n+1)x)2j =0(n/);jeN®

Lemma 1.3: V.Gupta and A.Lupas (2005) [6], There exist the polynomials Q; ;  (x)

independent of n and k such that
[x(L + )] D7 [by k()] = Faisyr(n+ 1 [k = (n + 1DV Q1 (X)byy i (x). where D = =
i,j=0=

Lemma 1.4 For m = 1, we have:

1< (
Ra (75 = =) bui() [ oo e e
k=0 0

_(n—m-1)! {(n+m)! o omfnt+m—-1)!

n! R (n—1)!

+ term containing lower powers of x}.

Proof:

By using Lemma 1.1, we have:

m, _100 ( m _100 (m+k)!(n—m—1)!
R, (¢ ,x)—;kzzobn,k(x)ofbn,k(t)t dt_"kzobn'k(x) = D)

m. _(n—m—l)!OO oo omm+1)
R, (t"0) =— ——= kzzobn,k(x)(k LT ) m

2
+ term containing lower powers of x).
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Using (1.4), we obtain:

_(n—m—l)!((n+m)! o omm-)n+m-1!

n! (n—l)!x 2 (n—1)!

mm+1)(n-m-1! o
> =D x™~1 + term containing lower powers of x)
_(-m-=D!((n+m)! - mPnt+m-1!
- n! -1 (n—1)!

+ term containing lower powers of x).

2. Auxiliary Results
Theorem 2.1

Forr € N% n € N and x € [0, o), the following conditions are hold when n — oo:
DRy, (1x) = 1;

(At D@+2) 4+ 1) le(n+1) 4
DR = (G0 e ) e n 1)

8
+(n—1)(n—2)'
Therefore by using the well-know Korovkin's Theorem, we get
R.,(f;x) = f(x)asn - .

Proof: the consequence (1), is easily as follows. The proof of (2), is given below:

1% r S (t—x)
Rar (60 =2 ) by @) [ bua(0 Y =Dl e
k=0 0 =0

Jj!

1 r
=;an,k(x)f bn,k(t){t+(t+x)+o+o+---+o}dt
k=0 0

r—1 times
By using Lemma 1.1, we get

The consequence (3) can be proved by using the same technique.

1

n—

—1>x+ - Xasn — .
Therefore, the operator R, . (f; x) = f(x) asn — .

Lemma 2.1

The m-th order moment of the operator R, .(f; x) is defined as:

1% [ S (t—x)
Vo () =;; b () Of bn,ka);“ -y e
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Then
Vao() =1, Voi(x) =2 ——and
Vim(x) =2MEy ;n(x), m=0 (2.1)

Further, we have the following consequences of 1/, ,, (x):
m
2

1) Vo m () is a polynomial in x of degree [ ] ;

2 For every x € [0,00), V, ,,(x) = O (n_[mTH])

Proof

It is easy to show that V,, o (x) = 1 and V,, 1(x) = 2 Hex

n—1
Next , we prove (2.1). For x = 0 itis clearly holds for all m > 1.

Now, for x € (0,)and v > m, we have

1< r (t—x)
im0 =53 b Of bn,ku);(t i (e~ .

Jj!

1 Z‘” r S (t—x)
= - bnk(x)f bnk(t) E ; D/ (t—X)m dt+0
n ’ ’ ' ]!
k=0 0 j=0

=23 @ [ @y (7) -
k=0 0 =0

1¢ [
=2m Ez bn,k (x) f bn,k (t) (t—x)"dt = 2mEn,m (),
k=0 0

For which (2.1) is immediate. then by using Lemma (1.2) the consequences (1) and (2) are hold.
Lemma 2.2 For r > m, we get

m J

R, (t™;x) = Z (TJn)Z (Jl) (—1)/ (n—(m—j+i)—1)! <(n +m—j+ i)!xm

I — 1!
j=0 i=0 n (n—1)!

. N2 . .
(m—j+1i) (n+m—]+1—1)!xm_1

* (n—1)!

+ term containing lower powers of x).

Proof:

(o] S m ,

1 t—x) .
Rn,r(tm;x)=—z by () f bn,k(t)z( ) piem at.
nk_o - Jj!

= 0 j=0
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zbnk(x)f nk(t)z Tm tm_](t—x)’ dt.
Ebnkoof nk(wZ |
i i ) (~2) R, (Em T )

By using Lemma 1.4, we have

( X)] ltm—]-l-l dt
=0

m [oe]

; L (n=m—-j+D-D! (n+m—j+D!
X)) N AR R R (A RV

j=0 i=0

+(m—j+i)2(n+m—j+i—1)! -
(n—1)!

+ term containing lower powers of x}

Theorem 2.2

Suppose that r € N, f € €7 [0,),a > 0 and f ) exists at a point x € (0, ), then

lim,, oo Ry, (f (85 %) = O (x). (2.2)
Further, if £ exists and is continuous on (a — n,b + 1) < (0,0),1 > 0,

Then (2.2) holds uniformly on [a, b].

Proof: By Taylor’'s expansion of f, we get

@
f(@®) _zf l( )(t—X)l+€(t x)(E—x)".

i=0
Where £(t,x) —» 0ast — x, hence

®
Ry (x) = Zf u )R(r)((t )’ x) + Ry (e(t, ) (t = X)) = J1 + ],
By using Lemma 2.2, if j < r we have R()(¢%; x) = 0. Hence
@ ; ()
h = Z G Z C) () TR() (¢;%) = f—rfx) RID(E5) = fO(x) asn - oo,
=0

Next, making use of Lemma 1.3, we have
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1i i,j,r -
o < }:("+) m*(ﬂliﬁmmmm
k=0

r T
2t n x"(1+x)

i,j=0

[00]

—(n+ Dxp f bk (t)z C ;!x)] Di |e(t, x)(t — x)7 |dt.
0 j=0

Since €(t,x) - 0 as t — x, then for given € > 0, there exists § > 0 such that |(t, x)| < &,

whenever 0 < |t — x| < 8. For [t — x| = §, there exists a constant M > 0 such that |e(t, x)(t —

X)r<M(t—x)a,a>0.

Hence,
ir(x n+ 1) ¢
<m0y 3, g el
zllj”jr 2T7<r i=o
= )

o (t—x)
. —x .
—(n+ x| | € b, (x)e - D) |t —x|"dt
» ]!
j=0

|t—x|<8

(t—

x) .
D/ (e - )t |

+ M f bn,k(x)z

r
|t—x|=6 j=0

e +1)ic :

< 4 @) + 1N, (Olk— (n+ Dx) | e2" by (X)|t — x|"dt
2itj<r X" (1 + x)" n ok "
L 2itj=r k=0

= i,j=0

[t—x|<6

+ M2¢ j by x (X)(t — x)%dt

|[t—x|=6

= J3 +J4

Let (szr Sup2i+j<r LQ‘(flzr(j))l) = C be fixed. Now, using Cauchy-Schwarz inequality for integration
i,j>0

and then for summation, we are led to:
J3=C 2 (n
2i+j<r
i,j=0
1/2

LS i) | buoc
k=0

[t—x|<6

+ 1) (%Z bk 0 (k — (n+ 1)x)21'>
k=0

1/2 1/2

— x)?"dt f b, (t) dt

|t—x|<6
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From Lemma 1.1 and Lemma 1.2 , we get

=C Z (n+1Do(m/2)o(n7/2) = 0(n"/2) = £0(1).
2i+j<r
ij=0

|Qi,j,r (x)l
xT(1+x)"

Next, Let (MZ"‘ SUp2i+j<r

) = ( again using Cauchy-Schwarz inequality for integration
0j>0

and then for summation, we get

J.<G Z (n
24 <r
i,j=0

o 1/2 o0
(1 . 1
+1) (;;bn,ux)(k—(nﬂ)x)@) ;kzzobn,k(x) | b

[t—x|=6

1/2 1/2
— x)%%dt j b, (t) dt
|t—x|=6

From Lemma 1.1 and Lemma 1.2 , we have:

=G Z (n+ 1D o(/2)o(n=s/2) = 0(n"=Y/2) = o(1); for all s > 0,5 > 1.
2=
120

Now, since € > 0 arbitrary, it follows that J; - 0 as n — oo. Also, J, = 0(1), and hence
J» = 0(1), combining the estimates of J; and J, (2.2) is immediate.

Theorem 2.3

Let £ (t) € CL[0,),a > 0 and fT*+2)(x) exists at a point x € (0, o), then

r i
lim n[RO(F@;0) - FO0] = 1O Y (7)Y () O/ —j+00-j+i+1)
=0

i=0

r+1

i=0

J
- . (r—j+i+2)? (r—j+i+1)2
+f( 2)(")2 Zo (-1 I { r+2 r+1 }xl

Proof. Using Taylor's expansion of f, we have

T j .
#1000 Y (7)Y () v o -+ o+ LT 1)2}
=0

®
f(t)—zf ()(t— x)' + e(t, x)(t — %),

i=0
Where e(t,x) > 0ast — x. Then
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r+42

r ( ) r ] r
R (F(£);x) = Zf RU)((t = )55 %) + RU) (e(t, x) (¢ — x) 425 %) = ]y + .
Using the same technique of theorem 2.2, we get J, - 0 as n — co.

=S () ot =S T () cop e

Since RY)(/;x) = 0 when j < r. Then by using Lemma 2.2, we get

f(”(x) 4 (=G —j+ D) =D +T—j+ D)
Z Z (—1y~ { . =D r.}

J

f(r“)(x) (=G —=j+D)-Dn+r—j+0)
(r + 1)' Z (-1 { n! (n—1)! Y
+1)(—x)}
(n—(r jHi) =2 ((n+r—j+i)!
— { = D! (r+1D!x
r—j+i+1D?’(n+r—j+i+1)! '}
+ o ]
f<r+2>(x) 4 l (r+1)(r+2)(n—(r—j+i)—1)!(n+r—j+i)!
T T2 Z Z (-1~ [ nl CE

i=0

+(r+2)(n_(r_Hl)_z)!(_x){(n+r—1+z+1)'

nl mopr DX

r—j+i+1D*(m+r—j+i+1)! '}
+ D) !

- —j+D)-3)(+D!n+r—j+i+2) ,
* { 2 I

n!

+(r—j+i+1)2(n+r—j+i+1)! (’"+1)!x}l
(n—1)!
T J
lim 7| Ry (f (0; %) — O =0 (1 —j+ D —j+i+1)
| 20020

r

J L 2
+f<r+1>(x)z )Y () -1y- l{z(r iroxs T 1:1+ 1)}
j=0 i=0
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J
; (r—j+i+2)>? (r—j+i+1)2
=0 ( Ol [ { r+2 r+1 }xl

f(””(x)i

Theorem 2.4:

1

Let f € C1[0,00) for some o > 0 and r < q < (r + 2) . if £(9(x) exists and is continuous on

(a —n, b + n) then for sufficiently large n:

< An! Z”f(l)” + A;n” 2 W) (n 2;(a—n,b+ 77)) +0(n™2).

Where A;, A, are constants independent of f and n. w,(8) is the modulus of continuity of f on
(a—mn,b +n), and ||. || denotes the sup-norm on the interval [a, b].

Proof:

By Taylor's expansion of f, we have

N0 @(F) — F@
py = > T LT (o) 4 e (1 - 0)

Where & lies between t, x and x(t) is the characteristic function of the interval (a —n, b + 7).

Fort € (a—n,b+n)and x € [a, b], we get:

PG @(zy — £@
f(t)=zf i!(x)(t—x)i+f (f)q!f (5)(t_x)q_

Fort € [0,00) \ (a —n,b + 1) and x € [a, b], we define

f(l)( )

h(t, %) = f(£) - Z ey

Now,

RO (F(0); %) — F(x)
0

Zf (x )R(T)((t )i;x) _ f(r)(x)

+ g™ <f(q)(f) — @

q!
::ZI-I_EZ +Z3

" iﬂi;( - 2 (5) R @) - £

By using Lemma 2.2, we get:

(t — x)9x(t); x) + RO (h(t, x)(1 = x(©)); %)
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SIS (o £ S ()3 (v O e

L

m—j+)*(m+m—j+i—1)!
(n—1)!

T+ 0(n‘2)> — )

Consequently,
121 ll¢jap) = Ain™! [2?=r”f(i)||c[a,b]] + 0(n=2), uniformly on [a, b].

To estimate X', we proceed as follows:

e R(r) (|f(q)(§) F@O(x )l x|q)((t);X>
q!
wf(q) (8 (a—nb+mn) (r) 1+| il [t — x| x
q! °

P (6;(a—n,b+n) li
- q! n

—(t—x)
wi8) ) DI (fe =l
0 j=0 7

k=0

+ 671t — x|7™Ddt]|,6 > 0

Fors =o0,1,2,..., we have

1o o S(t—x)
= bn,k(x)lk—x(n+1)|ffbn,k(t)z 22Dl — x|*de
) 0 j=0 J:

1w o
e ;Z bk (Ol — x(n + D)V f by (O)(t — x)°dt (2.3)
k=0 0
oo o0 1/2 , 1/2
25 .
<= bl =2 OV | [ bua@de | ([ bua -0z
k=0 0 0
1/2 - oo 1/2

25 by () (k — x(n + 1))2’> = b (®) | bar(®)(t —x)%dt

From Lemma 1.2, we get X, = 0 (nji) 0 (n_Ts) =0 <n7> uniformly on [a, b].

Therefore, by using Lemma 1.3, (2.3), we get
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[00]

1
25—
n

bf:g(x)U bk (DIt — x|*dt
k=0 0
.1 - ; Qi )|
<2 —z Z m+D'k+ M+ Dxl) ——— by (x) | bnp(@®t
s, 2itj<r x 0
i,j=0

— x|%dt (2.4)

|Qlj r(x)l
<| 2% su su
21+}gr X€E al:;) x" (1 + x)r

i,/ 0 i+j<r

i,j=0

5.
(i

+ 1) %ibn,k(xﬂk—(n+1)x|fofwbn,k(x)|t—x|5dt )

=MY2i+j<(n+ 10 (n%s) =0 (nrz;s) uniformly on [a, b]. Since
i,j=0

Qi,',r( ) .
(25 SUP2i+j<r SUPxe[q,b] %) = M (x), but fixed.
1,0

-1
Choosing § = n2 and applying (2.4), we are led to

@ (8;(a=nb+n) r—q m
122l cpa,p) < 2ra ( p )[ )+n20< )]

—(r-q)

q
IZ2llcrap) < 42 2 @@ (6;(@—n,b+n)).
Since t € [0,00) \ (@ —n,b + 1), we can choose § > 0 in such a way that |t — x| > ¢ for all
€ [a, b].

|23|325%2 Z (n+1)i|k+(n+1)x|jwbn_k(x) J bk (D1R(E, x)|dt

k=0 2i+]<r |t—x|>5
ij=0

For |t — x| < &, we can find a constant M > 0 such that |h(t, x)| < M(t — x)*.
Finally using Schwarz inequality for integration and then for summation, we get |2;| =
0(n~*),s > 0 uniformly on [a, b].

Combining the estimates of £, 2,, 25 the required result is immediate.
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