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Abstract

The main purpose of this paper is to generalize the paper entitled "( k, n; f)- arcs of type (1, n)
in PG(2, q)". We generalized the conditions and results of the existence of a (k, n; f)- arcs of
type (1, n) in PG(2, ) and we used this generalization to construct a (k, n; f) - arcs of type (m,
n) in PG(2, q) . In particular a (9, 6; f)- arc of type (2, 6), when the points of weight 0 form (12, 4)-
arc and a (7, 6; f)-arc of type (2, 6), when the points of weight 0 form (14, 4)-arc in PG(2, 4).
Finally, we proved there is no (k, n; f) - arcs of type (2,4) in PG(2,4) for points of maximum

weights are 3 and 4.

Introduction
The notion of sets weight (k, n)—arcs of projective space of dimension t> 0 was
introduced by Scafati (1973), then Barnabe (1979) studied arcs with weighted points . Latter,

D'Agostini (1980) studied (k, n; f) — caps of type (n-2, n). Reguso and Rella (1983) studied (k, n;
f) —arc of type (1,n) in PG(2, q). Wilson (1986) proved the existence of (10, 7; f) —arc of type (4,
7) in PG(2, 3) and (88, 14; f)-arc of type (11, 14) in PG(2, 9). Hameed (1989) discussed the
existence (81, 12; f) —arc of type (9, 12) and (85, 13; f) —-arc of type (10, 13) in PG(2, 9).
D'Agostini (1994) considered the weighted arcs with nonzero characters. Mahmood(1990),
Hameed, Hussen and Abass (2011) counted all the minimal (k, n; f) -arc of type (n-5, n) in PG(2,
5). Abass(2011), examined existence and non—existence of (k, n; f ) — arcs of type (n —3,n)in

PG(2, 9). Finally, Hameed (2012) studied a monoidal (k, g+m:; f) —arc of type (m, g+m) in PG(2,q).

Definition 1.1 [Falih]. Let GF(p) = Z/pZ, p prime and let f(x) be irreducible polynomial of
degree h over GF(p), then
GF(p")

GF(p)[x]/(f (x))
{ap+ait+-+a nat™™ @ in GF(p), f(t) = 0}.
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For example, GF(2?) =Z,[x]/(f (x)) = {a + bt:a,b in Z,}
={0,1,t,t>: 1+t +t’=2=0}.
Let f(x) = x*4+x*4x + w be a cyclic irreducible polynomial over GF(4).
Definition 1.2[Hirschfeld]. A projective plane over GF(q) is2-dimentional projective space and
denoted by PG(2, q) which contains g% + g + 1 points, g% + q + 1 lines, every line contains
q + 1 points and through every point there pass q + 1 lines and satisfy the following
axioms:
(i) Any two distinct points determine a unique line ;
(it) Any two distinct lines intersect in exactly one point ;
(iif) There exist four distinct points such that no three of them are on a line
Definition 1.3 [Hirschfeld]. A(k, n)-arc K in a finite projective plane is a set of k points such that
no (n+ 1) of them are collinear. A (k, 2)—arc denoted by k —arc which isaset of k points
such that no three points are collinear. Let £ be any line in PG (2, q), if € intersect a (k,n) —arc
K in i- points. Then ¢ is called i-secant to K, and let t; denoted the total number of i —secants to
K in PG(2, q).

Proposition 1. 4 [Hirschfeld]. For a (k,n) —arc K, the following equations are hold:

LoTi= q*+ q+1 1)

Yim ity =k(qg+1) 2
i(i—1 k(k—1

n, 2y = M ®

Proposition 1.5 [Hirschfeld]. The number of the points of (k,n) —arc K is satisfies the
inequality
k<(n-1)q+n.

Proposition 1.6 [Hirschfeld]. The following statements are true:
(i) If n|lg,qisevenand k = (n — 1)q + n, then k is maximal arc;
(i) If ntq, and k < (n—1)q +n— 2, then k is maximum arc .
2. (k,mn; f)- arcs of type (1, n) of a finite projective plane
Let 7 be a projective plane of order g and denoted by P, R are respectively the sets of points and
lines of m. Let f be a function from P into the set N of non-negative integers and call the
weight of p € P the value f(p) and the support of f the set of points of the plane having non-zero
weight. Using f we can define the function F:R - Z% such that for any r €R,

F(r) = Sper f(D)
We call F(r) the weight of line r.

66



Basrah Journal of Science (A) Vol.31(1),65-75, 2013

Definition 2.1[Raguso and.Rella]. A (k, n; f) —arc of the plane m is a subset K of the points of the
plane such that:

(i) K is the support of f;

(i) k= |K[;

(iii) n = max{F(r):r € R}. Observe
that a (k,n) —arc K is a (k,n; f) —arc if f is chosen as follows:

0, ifpekK
ro ={; g

Definition 2.2 [Hameed, 1989]. The characters of a (k,n; f) —arc are the integers t; (|t;| # 0)
which denote to the number of lines of weight i fori =0,1, ... ,n.

Definition 2. 3 [Hameed, 1989]. Denote:

i = |f~1(j)| the number of points having weight j for j =0,1,...,w,

where @ = max,epf(p) ;

(i) Vl.j is the number of lines of weight i through a point of weight j;
(i)W =X7_1jl = Xpep f(p) ; by counting the total weight of K;
(iv) k= X0,
Definition 2. 4 [Hirschfeld]. A(k,n; f) — arc is called monoidal if Imf = {0,1,w} and [, = 1.

by counting the points of weight j.

We summarizes the properties of a (k,n; f) —arc of type (1, n) by the following

Propositions[Hirschfeld]:

Proposition 2. 5. We have Imf< {0, 1, w} , where w > 2.

Proposition 2. 6. If p is any point of the plane, then Y.,¢p, F(r) = W+qf(p), where [p] denotes

the set of lines through .

Proposition 2. 7. The weight W of (k,n; f) —arc K of type (1, n) satisfies:
g+1sW<n-w@+)+w=MnN—-w)g+n

Proposition 2. 8. Let K bea (k,n; f) —arc of type (1,n), m > 0 and let p a point having

weigh s, then V3§ and V; are determined independently of p and given by:

. s _ q(n—s)—W+n_
(I) Vl - n—1 4
.. s _ q(s—1)+W-1
(i) oy = L

Proposition 2.9. The necessary condition for existence a (k,n; f) —arc K of type (1,n) is that:
q=0mod (n—1)
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Proposition 2.10. The characters of a (k,n; f) —arc K of type (1, n) are given by:
() &=

q+1 q?+q+1 _ .
n—1 (n q+1 W) ’

.. _ q+1 _ q%+q+1
(i) t, = 5w - T,

Proposition 2. 11. The weight W of the plane must be a root of the following equation of degree
two:
w2 — Wn(g+1)+1]1+n(@*+q+1) + quw(w— 1)1, = 0. (4)

Proposition 2. 12. (i) The necessary condition for the existence a (k,n; f) —arc of type (1, n)in
projective plane m of order g with w > 2 is that the total weight of m is:
W=mn-w)g+n.

(if) By (i) it is necessary to assume that W = (n — w)q + n with 2 < w < n —1, in this case we

have:
0 qu 1_q(a)—l) o _
4 Tn—-1 ii= n—1" =0
qw q(n — w)
0 _ _ [ 0 —
' =q n—1+1' V; —] +1, W q+ 1.

(iii) To calculate parameters [;, [, observe that, because the total weight W of the planeis a
solution of the equation (4), we obtained:
(n—w)g+n)?—-[(n—w)g+n]n(@+1D)+1]+n{@*+q+1)+q(w-1)1,=0
Thus,
l, = (@(nw — w?> —n) + w(n—-1))/w(w - 1)
And by using the equation W = }¢.; il;, it followsthatl; = (qw —n+1/w —1) + 1.

(iv) The necessary condition for the existence a (k,n; f) —arc of type (1,n) in projective plane

m of order g withw < 2is w/nqgand (w—1)/(qw —n + 1).

3. Properties of (k,n; f) —arc of type (m, n)

Lemma 3.1. [Hameed, 1989].

(i) Imf<{0,m,w},where2 <w<n-m;
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(ii) If p is any point of the plane, then Y. .cp,1F(r) = W + qf (p) , where [p] denote the set of

lines through p;

(iii) The weight Wof a (k,n; f) —arc satisfiesm(qg + 1) < W < (n — w)q + n;

(V) Va =(@n—s) =W +n)/(n—m), and V;’ = (q(s —m) + W —m)/(n —m);

(v) g =0mod (n—m);

i) t, =(@+1/n—m)n(qg* + q+1/q+1)— W], and
th=@+1/n-m)[W-m(g*+q+1/q+1)];

(vii) The weight W of the plane = must be a root of the following equation of degree two:

W—-Wn(g+1) +m]+nm(g®>+q+1) + qw(w —m)l, = 0.

Lemma 3. 2. The weight W of a (k,n; f) —arc K of type (m, n) satisfies
mi@g+D)<W<(n-w@+)+w.
Proof . Let p any point such that f(p) = w. Counting the weights of linesr, then we have:
Yrep F() =W +qf(p) sn(q+1);
W<n(qg+1)—qu;
Thus,
W<n-w)qg+n.
If Q isapointand f(Q) = 0, counting the weight of the lines through Q , therefore, we get:
W=>m(@q+1).

Theorem 3. 3. Let K be a (k,n; f) —arc of type (m,n), m > 0and let p bea point having

weight s, then V5 and V,; are determined of p and are given by:

(i) =t
(i) oy =L
Proof . (i) By counting the lines through p we get:
Va+ W =q+1 (5)
And by counting the weights of the lines through p we get:
mVn +nly = Yoepp F(r) =W + qf (p) (6)

Let f(p) = s and then subtract (6) from the result of multiplication (5) by n, it follows that:
_qn—s)—-W+n
B n—m

Vin

(ii) By the same argument, subtract (6) from the multiplication result of (5) by m, we get:
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_qs—-m)+ W-m
B n—m
According to the Theorem 3.2, whens = {0,m,w},2 <w <n—-m,and W = (n —w)q +n, we

VnS

obtain the following:

W=g+1-22, yn=104q po=g+1.

Corollary 3. 4. The necessary condition for the existence of (k,n; f) —arc K of type (m,n) is
that :

q = 0 mod (n — m).
Proof. The equation (n — m)(an -yt ) =q((j — 1) isvalid for any i,j, in particular, it must
hold for the case i = 0,j = w, SO we obtain

(n—m)(V® - ) = qu;
It also must hold for case i = 1,j = w, consequently we get
(n—m)(V - V) = qw — q;

Thus, (n-m)W -V =q.
Therefor , g = 0 mod (n — m).

Lemma 3. 5. The characters of a (k,n; f) —arc of type (m,n) are given by

g+1 q*+q+1
= n

™ n—-m q—1 )
q+1 g +q+1

t, = w-mt—1°y,

" n—m( m q+1 )

Proof. We have:
tm+th=¢*+q+1
And,
mt,, + nt, = W(q + 1).
By using the same technique in Theorem (3. 3) we get:
(n—m)t, =W(q+1) —m(q* +q + 1);

+1 Z+q+1
q (W_mq q )
n—m q+1

(7)

tn

Also,
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(n—-m)t, = n(g°+q+1)-W(qg+1)

Hence,

bty = L (R gy ®)

n—m q+1

Lemma 3. 6. The total weight W of the plane must be a root of the following equation of
degree two :

W2 —-wWin(qg+1)+m)]+nm(g*+q+ 1) + qu(w —m)lw = 0.
Proof. From the relation ¥7_,(2)t; = (%) + ¢ T, () Ui

For Imf={0, m,w}and 2 < w < n —m, it follows that :

Gt ) tw=(5 )and +a(5)tm+a (3t

nn—-Dt, +m(m—-Dt,, =WW —-1) + gm(m — 1L, + qw(w — 1)1, 9
Now, making use the relation 7, ji; = W, Lemma ( 3.5), and equation (9) we can conclude that:

W2 —-win(g+1)+m]l+nm(@*>+q+1) + quw(w—m)l, =0 (10)

Lemma 3. 7. For a maximal (k, n; f) —arc of type (m, n) in PG(2, q) when Imf = {0,m, w },
m<n-—2,and 2 < w <n-—m, we have,

() l=q¢*+q+1—(y+1,);

@i L,=wW-wl,/m;

(iii) 1, = (nq/w) — ((wg—n+m)/w —m).

Proof . To calculate the parameters [,,, observe that because the total weight W of the plane is a
solution of equation (10) so we get:

[(n—w)g+n]?—[(n—w)g+n]n(g+1)+m]+nm(g®> +q+1) +qu(w—m)l, =0,

where [, = (nqg/w) — ((wg—n+m)/ (w—m)) (11)
According to the Definition 2.3, it follows that
L, =W —-wl,/m (12)

Finally, form the relation Y ol = q* + q + 1, it follows that
lh=q¢*+q+1—(n—1,) (13)

Theorem 3.8. From the equation (11) the necessary condition for the existence a maximal
(k,n; f) —arc of type (m,n) in PG(2, q), with 2 <w <n—m is that:
(i) w/nqg, and (w —m)/(wq —n+m);

n wqg—n+m
() —>Hd— 7T
w w—m
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4. (k,6; f) —arc of type (2, 6) in PG(2, 4)

4.1 Thecase Iy =12.
Lemma4.1.1Let K be an (9,6;f) —arc of type (2, 6), then we have the following:
V=3 Vi=1 Vi=0;
VO=2 VZ=4, Vi=5.
Proof . Directly, by using Theorem (3. 3) and putting w = 3,n = 6,q = 4.
Theorem 4.1.2. For existence of (9, 6, f) —arc of type (2, 6) in PG(2, 4) we have the follo- wing:
(i) The number of 6-weighting lines t ¢ is12;
(i) The number of 2-weighting lines t, is 9;
(iii) The number of points of weight 2 [, is9;
(iv) The number of points of weight 3 I3 isO.
Proof . Directly, from the equations (7), (8), (12) and (11), we respectively get t; = 12,t, =
9,l,=9andl; =0.

Corollary 4. 1. 3. There are no points of weight 3 on any 6- weighting lines and on any 12-
weighting lines.
4. 2 Classification of lines of the plane with respect to the (9, 6; f) —arc of type (2, 6).

Let Ug be 6-weighting lines having on it @ points of weight 0, 8 points of weight 2, then
by counting points of n-weighting lines, we get:

a+f=q+1=5

And summing the weights of the pointson Ug, gives28 =n=6, sof =3,anda = 2.
Now, let U, be 2-weighting lines having on it a points of weight 0 and S points of weight 2, then
a+pf=5and 286=2,50 f=1and a = 4.

We summaries the above results in the following table (4. 2.1):

Table (4.2. 1)
Type of lines B a
Us 3 2
U, 1 4

Theorem 4. 2. 1. The lines of PG(2, 4) are partitioned into two sets with respect to the maximal
(9, 6; f) —arc of type (2, 6) as follows:
(i) UZ which contains 3 points of weight 2, 2 points of weight 0 and no points of weight 3;
(i) Uy which contains 1 point of weight 2, 4 points of weight 0 and no points of weight 3 .
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Proof. From Corollary (4. 1. 3) and Table (4. 2. 1) .
4.3 The case of maximal (9, 6; f) —arc when the points of weight 2 form a (9, 3)- arc .
We discuss the existences and non- existence of (9, 6; f) —arc of type (2, 6) when the
points of weight 2 for a (9, 3)-arc in PG(2, 4) . Firstly we begin with some results on (9, 3)-arc
from proposition (1. 4) we get:
To+ 171 + 17, + 13 = 21;
T, + 27, + 373 = 45;
7, + 313 =36,

where 7;; =0, 1, 2, 3 the number of i-secant of (9, 3)-arc in PG(2, 4).

Theorerm 4. 3. 1. The number of 7, and 7, for (9, 3)-arc formed by the points of weight 2 is zero .
Proof. From the table (4. 2. 1), the 6-weighting lines of the (9, 6; f) —arc are 3-secant of (9,
3)-arc and 2-weighting lines of (9, 6; f) — arc are 1-secant of (9, 3)-arc,so 7y, =7, = 0.

Consequently, from Lemma (4. 1. 2) wegetty =t, =9and 13 = t; = 12.

Theorem 4. 3. 2. From the proposition (1. 6), a (9, 3)-arc is a maximum arc in PG(2, 4) .
Recall the following well known theorem:

Theorem (Pappus). Given two lines L;,L, in PG(2, 4) such that A, B, Con L, and D, E,

Fon L,, then N=BFNCE, M=AFNCD, and L=AENBD, are collinear see Fig(4. 3. 1),

A B C
Ly
L, -
D E F
Fig(4. 3. 1)

where the points {1, 2,4,5,8,11,12,13,14} in PG(2,4) are Pappus configuration,
such that A=(1,0,0), B=(0,1,0), C=(1, w,0), D=(1,w,1), E=(1,0, w), F=(1,w?,w?).
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Theorem 4. 3. 3. There is (9, 6; f) —arc of type (2, 6) in PG(2, 4) where points of weight two
form a (9, 3)-arc of type (12, 0, 9, 0) and points of weight zero form a (12, 4)-arc of type (9, 0, 12,
0, 0).

4.4 Thecase ly =14

Lemmad4. 4.1. Let K bea (7,6; f) —arc of type (2, 6), then we have the following:
i V=4 Vi =2, Vi =0;

iy v2=1, VZ=3, Vi=5;
(|V) l2 = 7, l4 = 0 .

Proof. Put n=6, g=4, and w=4 and then using Theorem ( 3. 3), we get (i) and (ii) , from Lemma

(3.5) we obtain (iii) and finally, from Lemma (3. 7) we obtain (iv) .

4.5. The case of a maximal (7, 6; f) —arc when the point of weight 2 form a (7, 3)-arc in
PG(2, 4).

From the table (4.2.1)and Lemma (4.4.1)weget 1o =17, =0,73 =t; =7, and
T = tz = 14,

Theorem 4.5.1. A (7, 3)-arc represents subplane from the plane of order 4.

Theorem 4.5.2. Thereis (7,6; f) —arc of type (2,6) in PG(2, 4) when points of weight two
form a (7, 3)-arc of type (7, 0, 14, 0) and points of weight zero form (14, 4)-arc of type (14,0, 7,
0, 0).

Theorem 4.5.3. There is no (k, n; f) —arc of type (2, 4) in PG(2, 4) for w=2.

Proof . Directly, from Theorem (3. 8) by puttingn = 4,q = 4and w = 2.
References
M. Y. Abass, "Existence and non — existence of (k, n;f)—arcs of type (n— 3,n) and a

monaidal arcs in PG(2, 9)", M. Sc. Thesis, University of Basrah, Iraq (2011).
M. Barnabei, "On arcs with weighted points”, Journal of statistical planning and Inference, 3
(1979), 279 - 286 .

74



Basrah Journal of Science (A) Vol.31(1),65-75, 2013

E. D'Agostini, "Sulla caratterizzazione delle ( k, n; f )-calotte di tipo (n — 2,n)", Atti Sem. Mat.
Fis. Univ. Modena, XXIX, (1980), 263 — 27.

E. D'Agostini, "On weighted arcs with three nonzero characters”. Journal of Geometry, Vol.
50 (1994).

S. A. Falih, "on complete (k,4)-arc in PG(2,8)" , M.Sc. Thesis. University of Basrah, Irag (2009).
F. K. Hameed, "Weighted ( k, n ) — arcs in the projective plane of order nine Ph.D. Thesis,
University of London Royal Holloway and Bedford New College, England (1989).

F. K.Hameed," discussed a monoidal (k,q+m;f)-arc of type (m,q+m) in PG(2,q)", Basrah Journal of
Science (A) . Vol. 30 (1), 90—96,(2012).

F. K. Hameed, M. Hussein and Mohammed Y. Abass, "On (k, n; f )— arcs of type (n — 5, n) in
PG(2, 5)", Journal of Basrah Researches ((Sciences)) V.37. No.4 C (2011).

J. W. P. Hirschfeld, "projective geometries over finite fields" (second edition), Clarendon Press,
Oxford, 1998.

R. D. Mahmood,"(k, n; f)-arcs of type (n — 5, n) in PG(2,5) ",M.Sc.Thesis, University of Mosul,
(1990) .

G. Raguso, L.Rella,"Su i(k, n; f)-archi tipo ( 1, n ) di un piano proiettivo finito ", Note di
Matematica Vol. 11, (1983), 307 — 320

M. Tallini Scafati, "Calotte di tipo (m, n) in une spazio Galois spase S, , " Atti Accad. Naz.

Lincei Rend, 53: 71, (1973) .

B. J. Wilson, "(k,n; f) —arcs and caps in finite projective spaces" , Annals of Discrete Math-
ematics 30 (1986), 355-362 .

+ duadAl)

BB sl (& (1,m) g5l e (K, 1) Assall ol YL O sinall Canil) mant g8 Canil) 138 (e (oanst Nl Cangl)
paenl) Liasiind s PG (2, q) 2 (1,n) g5 el ) As5all ool 5891 25 b eilill 5 oy ) Laee 088, g 4l (g0
Ososal il 3 la L Cun g Al e (BB sl B (m,n) g ol n) Risse (el ) oLl
Laie (2,6) g5l (0 (7,6) 0ol usillse (12,4) sl JSE jhm o) Bl Laxie (2, 6) g5l 0= (9, 6)
Lsise ol apas pae Ll QNS | Anl N A0 (g Bl (5 siaall (B (14,4) (sl JSE i )5 Lol
4 S35 s S 06 Leie Al 1 A g ) (g siaall i (2,4) g5 e (K, )

75



