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Abstract

In this paper, we introduce and study a new type ofg-Szasz Mirakjan operators W,,(f, q,; x)
in the case g, € (0,1). First, we prove that these operators are converging to the function being
approximated. Then, we define the m-th order ofg-moments and find a recurrence relation for these

g-moments. Finally, we prove Voronovskaja-type asymptotic formulas for the operators
W (f) qn; X).
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Introduction:

The approximation of functions by using linear positive operators introduced via g-Calculus
is currently under intensive research. The pioneer work has been made by [Lupas, 1987] and
[Phillips, 1997] they proposed and studies generalizations of Bernstein polynomials involving
q-integers. After that, [Mahmudove, 2010] defined the m-th orderqg-moments for the g-Bernstein
polynomials. [Aral, 2008] introduced and studied the g-Szasz-Mirakjan operators. [Aral and Gupta,
2006] and [Mahmudove, 2010]study a modifications for g-Sz&sz-Mirakjan operators.

This paper is organized as follows: In section 2, we give standard notations that will be used
throughout the paper, introduce the g-Sz&sz operators. Section 3, gives some lemmas which are

helping us to study the convergence for the operators W, (f,q,; x). Section 4, imports the
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qg-moments of these operators. Section 5, derives the recurrence relation for the g-moments. Finally

section 6, gives the quantitative VVoronovskaja-type asymptotic formula.

2. Construction the operatorsW,,(f, q,; x):
Throughout the paper, we employ the standard notations of g-calculus, for more details see
[Ernst, 2000] and [Kac and Cheung, 2000].
Let g, € (0,1). For any n€ N° ={0,1,...} the g-integer [n] and theq-factorial [n]!
respectively defined by:
nl=1+qg,+q¢2++q+*(n=123..), [0]=0;
[n]! = [1][2][3] ... [n — 1][n](n = 1,2,3,...), [O]! = 1.

For given integers n, k the g-binomial or the Gaussian coefficients are defined by:

[Z] = % ,(0 <k <n)and [Z] = 0, otherwise.

The g-derivative of the function f(x), denoted by D, f, is defined as:

f(gx) — f(x)
(@—Dx ’
Note that, D, (u(x) + v(x)) =D, (u(x)) + D, (v(x)).

(Dyf)(x) = x #0, g € R"\{1}.

The formula for the g-derivative of a product of two functions is defined by:
D, (u(x) v(x)) =D, (u(x)) v(x) + u(gx) Dy (v(x)).
The g-analuge of (t — x)™ is defined as:

(t =)™ = (t —0)(t — g (t — g2x) ... (t — %) = [T (¢ — ¢/x).

k
The g-exponential function is defined ase, (x) = Z?f:o% such that

D, (eqn(ax)) = aey (ax)andDy,q (eqn (x)) = eq (' %).
Let C[0, o) denote the class of all continuous functions on the interval [0, ). For & > 0, and

f € Ca[0,00) = {f € C[0,0):|f(t)| < CegtforsomeC > 0}.

Definition 1:
Let0<g, <1,x€[0,0),(p=>0),n€eEN,keN’={01,..},q, > 1landq? - C,as n >

oo,where C is a constant. For f € C,[0, «0),we define the operator as;

N k
Wl (0,030 = Y Yo (@) £ (1) 2D
k=0

1 [n+p]kxk _
where, Yn,k(qn; x) = k(k-1)/2 [k]! eQn(_[n + p]anx).
an '
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3. Some properties of the weight functionsY,, x(q,; x).
The next lemmas expose some importance properties of the weight functionY;, , (g; x).

Lemma 1:For x € [0,), (p = 0),andm € N° we have:

) Z Yn,k(Qn; x)=1; (ii) XanYn,k(Qn; x) = ([k] = [n+ p]x)yn,k(Qn; x); 3.1
k=0
D)W, (E™, 45 X)
_x m o qnlp] m o Mo
= mean(t ,Qn; X) + _[n] W, (™, qp; x) + xWy, (™, qn; X); (3.2)

o)

(iv)Suppose that @, ,(qn; x) = Z[k]mYn,k (qn; x), then

k=0
(Pn,m+1(Qn; x) = XanQDn,m(Qn; x) +[n+ p]X(Pn,m(Qn; x); (3.3)
m-—1
and@ym(gai %) = [+ pI™em +( > (m—1-)) g} |fn+pI™-am=t
j=0
+T.L.P.(x); (3.4)

where; T. L. P. (x)is the terms in lower powers of x.

Proof:(i)For a fixed x € [0, »),the g-Taylor's expansion [Kac and Cheung, 2000], for the function
g(t), is

g = Y S pr o),

k=0 [k]!l/qn
Also we have; (—x)’l‘/qn - (_1)kxqu—lk(k—1)/2 .
ANdD}, eq, (=[n +p] x) = (=D¥[n + pl*q; “ "D %e,, (<[n + plaz*x) .

Hence we get,

o]

(_x Il(/Qn k
1= eqn(O) = Z |—D1/qneqn(_[n +plx)

=0 [k]-l/q
N 1 [n + p]*xk ~ >
= ) i e (I PG = ) Vasgai )
k=0 qn ' k=0
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(i) xDg Yok (qn; x)

[k]  [n+ p]Fx® _
= D72 - Ug! i eq, (—[n + plgy"x)

1 [n + p] qk k+1 _ B
PRGE it planeq, (< n + plapt)
n

= ([k] = [n + plx)Y i (qn; X) -

k m
(iii)xDQan(tm: An; x) %) ([k] - [Tl + p]x) Yn,k (qn; x)

0

- (KN [k [K1\™
=[n]z<[7] (%—X) nk(Qn X) Qn x2<n> Yn,k(qn;x)
k=0

k=0

m+1 ®

[k] [k]
[7> Yok (Gn; x) — xz < [n] ) Yk (qn; x)

k=0

Il
Ms
/'\

" LA .
—(qn [p]x ; <m> Yn,k (Qn: x)
= [V, (™, qus %) — qRIp]x W (E™, g %) — [n]x Wa(E™, qn; X).

(iv) xan(pn,m(Qn; x) = Z [n+p x)Ynk (qn; x)
k=0

o)

XD P (@ X) = ) I Vo (@03 ) = [+ p1x ) (K] Fo e (43 )

k=0 k=0
Pnm+1(Gn; X) = XDg, Prm (qn; %) + [+ P1X@n 1 (Gn; X) -
We prove (3.4), by induction on m, From(3.3), we get:
Pn1(qn; ) = [+ plx, Pn2(qn; %) = [n +pl*x® + [n + plx,
and @, 3(qn; %) = [n+ p*x3 + (2 + g ) [n + p]*x* + T.L. P. (x).
Suppose that the relation is true for m, then we must prove it for m + 1.

By using(3.3), we have:

m—1

Prmss (@i ) = {[m] [+ pImm + (Z (m=1-)) qf;) [m — 1[n +p]™1xm2

j=0

+T.L.P. (x)}

+ [n+ plx {n+p (Z m—1-— ])qn> n+p]m‘1xm‘1+T.L.P.(x)}
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m-1

Z (m—-1-)) q,{ + [m]) [n+p]™x™ + T.L.P.(x)

j=0

— [n+p]m+1xm+1 +<

=[n+p]™x™+ (m+(m—1Dq, + -+ 2¢7 2+ g™ D[n+p]™x™ + T.L.P.(x)

= [n + p]™tixm*t 4+ (Z(m ) q,’l> [n+p]™x™ + T.L.P.(x). O
j=0
Lemma 2:For x € [0, ), the following conditions are hold:
OW,(1, g5 %) = 15 DWW, (L qn; x) = qﬁz]j] X+x —->xasn-w;
2 N 2qz[p] q%”[pF) 5 <i qﬁ[p]) 2 D
(D)W, (t%, qn; x) = <1 + ] + e x“ + ] + e x x“ asn ;
. s N 3qrlp]  3q;"[p)? q%”[p]3> s
(i)W, (t>, qn; x) = (1 + ] + e + E X
2+ qn  (4+2¢0)anlp] | 2 +awa"Pl* o (1 aalpl)
[n] [n]? [n]? [n]2 ° [n]3 )7

(W)W (t*, qn; x)
n 2n 2 3n 3 4n 4
_ (1 n 4qnlp] = 6q:"[p] n 4q5" [p] n qn" [p] >x4

ml [ mF [

(3 +2q, + 45 N (9 + 64, + 393)q5p] N (9 + 64, + 393) 7" [p]?
[n] [n]? [n]3

(3+2q, + q%)q%”[pF) 3

[n]*

<3 +3q, + g7 L (6+6q, + 2g3)qr1p] L B+3a+ q%)q%”[pF)xz
[n]? [n]3 [n]*
1 qnlp]

+ <W + _[Tl]4 > X

Proof: From Lemma 1, we can prove(i).

We will prove the last one (v) and by the same way we prove{ii, iii, iv}.

Now; put m = 3in (3.2), we get

4 N X 3qnlp]  3ai"[p)*  axplP
Wn(t;Qn,x)—men<<1+ ol + BSE + BE >x3

\ <2 +an , (4+2q)alp] | 2+ qn)q%”[p]z)xz . < 1 qr’%[p]>x>

[n] [n]? [n]?
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q"[p]x<<1+3qﬁ[p]+3q%”[p]2 q%”[p]3>x3

2+ qn (4 +249,)qx(p] (2+qn)q%”[p]2> ) (i q%[p])
+< ] + 2 + BE x°+ X

3qrlp]  3a:"lp)® @ '[plP) .
+x(<1+ IRt TR ™ £ )x

+<2+qn (4+2qn)qn[ ]+(2+qn)q%”[p]2>x2+<L+qﬁ[p]>x
[n]3 [n]Z2 * [n]3
1+ qn + qn 3lanlp]  3[3lqa"pl* = [3laa"[p]®
( O ER T

+

(2 + 4n) | [21¢4+ 20,)qm(p] | [212 + )71\
[P [n]* ¥

—+

_.|_

qnl arlp]  3q7*[p]? | 3q3"[p]® | @x[p]*\ ,
) ([n] Mz [ )x

]3
(2 + n)qn (4+2qn)q "[p]? +(2+qn)q%”[p]3 s
[n]? [n]* g

qn 3qrlp]  34:"[p)* | aap]?\
<n13 ) <1+ DR EEE )

+

—+

2+

CERNTE

—+

[n]?

q
4qn [p]2 +4q%”[p]3 a"p1*\ ,
n)? BE )"

3+ 2qn + qn (9 + 64, + 395)qnp] N (9 + 64, + 3q3)q:" [p]?
[n]? [n]3

(3 +2q, + q7)q3"[p] >x3
[n]*

3 + 3q, + q; L (6+6q, + 2g3)qr1p] L B+3a+ a7)qx" [p]? 2
[n]? [n]3 [n]*

1 qnlpl
+<W+ ] >x O

Theorem 1:( Korovkin Theorem for W, (f, qn; x)).

n (4+2qn)qn[ ]+(2+qn)q%”[p]2)x3+< 1 qﬁ[p]>x2

1+

Suppose that f € C,[0, ) for some a > 0 and f exists at a point x € (0, »), then
lim W, (f, g3 %) = F()(3.5)
Further, if f exists and is continuous on (a —n,b + 1) c (0,%), n > 0, then(3.5)holds uniformly on
[a, b].
92



Basrah Journal of Science (A) Vol.31(1),87-98, 2013

Proof: By using Lemma 2, the proof of the above theorem is held. o

4. The g-moments of the operators W,,(f, qn; x).

Definition2:Form € N° the m-th order g-moments U,, ,, (q; x) for the operators W, (f, g,; x)are
defined as:

[oe} k m
Unm (@n; ) = Wa((t = 003, qn; X) = Z Ve (4ni ) <% - x>
k=0

dn

Lemma 3:For the function U, ,,(q,; x)we have:

(D Uno(qns 1) = 1; (i) Up 1 (4i %) = q’[rfg] x;
a0 = (S EE) o (4 )
(i) Up3(qn; ) = <(1 q" + 4u)dalp] | @ _[Tgil)qgn[p]z + qg[r;[],;p) 3
N <1 = L B+an [n]ci%)qﬁ[p] MGk q[nrg]ci%”[pF)xz N (# N q[li_[]p;]> .
(W)U (s %) = ((1 ~n =t ‘f:lr 4n — 4n)anlp] | (3 —2¢n — 2q5 — [c;]+ ar + a3)ai" )

B—aqn—ai —aa"[p]?\ ,
+ X
[n]3
<1+qn—q%—q3+q3 (5 + qn — 205 — 4q3 — a5 + 43)q7[p]
+ + e
[n] [n]
(7 +3q, — 305 — a)ai P> (B +2q, + a)an[p]®\ .
+ X
[n]3 [n]*
2+2q,+qn  (5+5q,+qi —qDarlp]l (3 +3qx + ar)ai[p]?\
+ + x
[n]? [n]3 [n]*

1 qnlp]
+<W+ [n]4>x.

Proof: we will prove (v) and by the same way we can prove {i, ii, iii, iv},
(U)UnA»(CIn; x) = Wn((t - x)gn: dn; x) = Wn(t4' qn; X) — [4]x Wn(tg' qn; X)

+(qn[5] + g)x* Wy, (t2, qn; x) — qa (413 W, (8, qr; x) + qax* W (1, gp; x)
By using Lemma 2, we get
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N 4qplU] | 6qa"[p)*  4qx"[p)° an"lp]® - [413qzlp] [4]3¢7"[p]?
"‘*(q“'x)‘<“ W e e T T m [l
3n 3 3 n 3 2n 2
_ Bax"lpl” (@ul5] + ) + (@nl5] + gn)2anlpl | (anl5]+ 4n)an"lp]

[n]? [n] [n]?

2l4]an
GG qg>x4
<3 +2q,+q7 | (9+6q, +3q7)qrlp] | (9 +6q, +3q7)q7" [p]?
+ +
[n] [n]? [n]?
LB+ 26, +4)a PP (4240  [41(4+20,)qzp]
[n]* [n] [n]?
412 + gn)qz"[p]? L @1+ 5, L @51+ q%)%‘[p]) 3
[n]® [n] [n]?

( 3qn + qn (6 + 6q, + 293)q7 [p] N (B +3qn + q5)qi"[p]* 4]

_ [4] [])
[n]?

[n]® [n]* [n]?
_ ((1 ~dn Gt dnt n — ADRP] | B~ 205 — 205 — Ga + gn + 49" [P)°

—qal4] —

1 qnlp]
<W+ [ >x
[n] [n]?

(B=an—aqr — aax[P1?\ ,
+ [n]3 X
1+qgn—qs—qu+an  (5+qn— 292 — 495 — an + a2 [p]
" [n] * BSE

(7 + 3¢, — 3¢5 — q2) 5" [p]? N (3 +2g, + q3)qn"[p]® 3
[n]3 [n]*

2+2q,+q5 (5+5q, +a; —a)arlp] B +3q, +a2)ar [Pl ,
+ + + x
[n]? [n]? [n]*

1 qrnlp]
+<W+ [n]4>x. O

5. The recurrence relation for the g-moments of the operators W.,,(f, q.; x).

In this section we give some lemmas which help us to prove the VVoronovskaja-type asymptotic
formula for the operators W,,(f, g,,; x).
Lemma 4:Form € N% p > 0,
(U1 (@i %) = XDg, Un (@ %) + G IP1X U (G %) + [0 (L = G)2Un 3 (G %)
+HmIxUn,m-1(qn; qnx) . (5.1)
Furthermore

1. Upm(qn; x)is a polynomial in xof degree m.
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2. For everyx € [0,0), Uy, n(qn; x) = 0([n]~™).
Proof:By using Lemma 1, we get
N [K] " o \"
DQnUn,m(CIn; x) = Z _[m] m — (qnX Yn,k(Qn; an) + Z m -X DCln Yn,k(qn; x)
k=0

k=0 dn dn

o k m
%D, Unn (@ %) = —[MIxUp 1 (@i Gux) + z Yok (@n; ) ([k] = [n]x — qr[p]x) <% - x>
=0 an

3 k k m
= _[m]xUn,m—l(CIn; an) + [n] Z Yn,k(qn; x) <% B qTanx) <% - x)
=o an

[n]

= _qg[p]xun,m(Qn; x) — [m]xun,m—l(Qn; qnx) + [n] Un,m+1(qn; x)
-1 -q) [n]XUn,m(Qn; x).
Now, The consequence (1) can be proven easily by using(5.1) and the induction onm, so the

o k m
~(1 = gD ) Vg ®) (U - x) — GR[P1xUn (4 )
k=0 dn

details are omitted.
Now, we prove(2)by using induction on m.
The consequence is true for m = 1.
Now, let the consequence be true for m, we must prove that the consequence is true for m + 1.
[M1Unm+1(qn; ¥) = 0([n] =) + 0([n]=™) + 0([n]="~D) + 0([n]~C"~V)
= 0([n]—(m)) + 0([n]—(m—1))
Unm+1(@n; ¥) = 0([n]0"*D) + 0([n] ™)
Unm+1(@n; X) = 0([n]~™*D), s0 the result is true for (m + 1).

Hence, Up m(qn; x) = 0([n]~(™) for every x € [0, ). O

Lemma 5: Let §anda be any two positive real numbers and [a, b] < (0, ).

Then, for any s > 0 we have:

sup E Yo (q; x)edt| = 0([n] ™).
x€[a,b] (K]
|m—x|25

Making use of g-Taylor's expansion, Schwarz inequality for summationand Lemma 4(2), the proof
of this lemma easily follows, hence the details are omitted.
6. Voronovaskaja — type asymptotic formula forW,,(f, q,; x).

The next theorem is a Voronovskaja-type asymptotic formula for the operatorsW,, (f (t), qn; x) ;
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Theorem 2:Let f € C,[0,0)for somea > 0. If D, f,Dj f are exist at a point x € (0, o), then for

sufficiently large n we have:

lim [n] (W, (f (), @i %) = £ () ——DZ f)

Proof: By using g-Taylor's expansion of f, we get:
(Pa.f ) (p2.f)
T (t —x)q, T
wherer(t;x) > 0 as t - x.

Then;

W, (f (2), qn; x)

O =f)+ (t = x5, +r60)(E— 07,

(Dg, f ()

= fWa(L, 4 2) + =y,

S ()
%W ((t - x)qn» n; x) + W, (T(t x)(t — x)CIn' Qn x)

4 ((t x)CIn’ dn; X)

2
- f(X) + (anf(x)) n, 1(Qn' x) + (q[nz—f]fX))Un,Z (Qn; X)

N (KN (k]
+ kzzo Yok (@n; x) <m — x)qn € <m, x>. (6.1)

_N (N (T
= kZO Yok (Gn; X) <[n] x)qn £ <[n] ,x) .
[k]

Since r(t;x) >0 as t » x, for a given € > 0 there exists § > 0 such that |r (ﬁx)| <,

Suppose that

whenever 0 < |% - x| < §, for |— - x| > §, there exists a constant C > 0 such that
W N (I o(f5) .
([n] x)an([n],x) < Ceqn , hence;
[kl \*  (Ik] L
lJl < Z Yok @) |—=—x] r{—=:x][+ Z Yoi (qn; x)Ce, (i)
[k] [n] dn ] [kl
m x|<6 nl x‘>6
= ll + l2.

Then, by using Schwarz inequality for summation, we get:

o 2, o 4\ /2
k
li<e¢ (Z Yn,k (Qn; x)) <Z Yn,k (Qn; x) <% - x> > .
k=0 k=0 dn
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In view of Lemma 4 and since ¢ is arbitrary, then,

L<e (Un,4(qn;x>)1/ *=20(In]"%) = 0(1) = o(1).
From Lemma 5 we have:l, = C 0([n]~%) = 0([n]~5) .

|/ =0(1), as n > oo.

- k 2 [k
r{i_{goZYn,k(qn;x)<%—x> r<%;x>=0.
k=0 dn

By applying this result in(6.1), we get:

Then;

X

Jim (] (Wa(f(0), 405 2) = f()) = D3, )

To prove the uniformity assertion, it is sufficient to remark that §(¢) in the above proof can
be chosen to be independent of x € [a, b], and also the other estimates hold uniformly in x € [a, b],

The proof is completedo
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