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Abstract

In this paper, a new technique is applied to develop the treatment of initial boundary value
problems for one dimensional heat-like and wave-like partial differential equations [3]
(ordinary or fractional) by mixed initial and boundary conditions together to obtain a new
initial solution at every iteration using homotopy perturbation method (HPM). The structure
of a new successive initial solutions can give a more accurate solution in a first step.

Keywords: initial boundary value problems, one dimensional, heat-like and wave-like partial
differential equations, homotopy perturbation method.

1. Introudaction

Many researchers discussed the initial
and boundary value problems such as
[4,10,11,13,15,16,1718]  Although the
problems of these researches contain initial
boundary value problems, but the
researchers discussed those problems by
using either initial or boundary conditions.
So we present a reliable framework by
applying a new technique for treatment
initial and boundary value problems by
mixed initial conditions with boundary
conditions together to obtain a new initial
solution at every iteration using homotopy
perturbation method. Such as technique was
applied by[1,2] for treatment of initial
boundary value problems. In this paper, a
new technique is applied to develop the

treatment of initial boundary value
problems for one dimensional heat-like and
wave-like partial differential equations
(ordinary or fractional) by construct a new
successive initial solutions using homotopy
perturbation method, which can give a more
accurate solution, some examples are given
to illustrate the effectiveness and
convenience of this technique.

We give some basic definitions and
properties of the fractional calculus theory
which are used further in this paper.

Definition 1.1. Jumarie (2009) is defined
the fractional derivative as the following
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limit form This definition is close to the standard
definition of derivatives, and as a direct
. result, the at" derivative of a constant,
f@ = limhﬁow. (1.1) 0 < a < 1iszero.
Definition 1.2. Fractional integral operator
of order a = 0 is defined as

I%f(x) = % [ =0 f(Ddr, a>0, (1.2)

where T'is a gamma function.

Definition 1.3. Fractional derivative of f(x) in the [Caputo, 1967] sense is defined as

1

Tn—a) fox(x —)m-a-l wdr,m —1<as<mmeNx>0. (1.3)

dtm

Dy f(x) =

a is the order of the derivative. For the Caputo’s derivative we have:

1-D“C =0, C isconstant, (1.4)

2-D%F =0, B<a-1, (1.5)
_payB = LA*B)  p-a _

3—-D% ra e X B>a—1, (1.6)

Definition 1.4. Fractional derivative of compounded functions [Jumarie, 2009] is defined as
d°f =T(1+a)df, 0<a <1 (1.7)

Definition 1.5. The integral with respect to (dx)® [Jumarie, 2009] is defined as the solution
of the fractional differential equation

dy = f(x)(dx)*, x>0, y(0)=0, 0<a<1. (1.8)

Lemma 2.1. Let f(x) denote a continuous function [Jumarie, 2009] then the solution of the
Eq. (1.5) is defined as

y = foxf(r)(dr)“ =af0x(x -0 f(D)dr, 0<a<1. (1.9)
For example f(x) = x* in Eq. (2.6) one obtain

X _y @ _ I'a+1)I(y+1) a+y
fo 7V (dr) e < 0<ac<l.
(1.10)

2-Homotopy perturbation method.

Consider the following nonlinear differential equation;

-21-



Ali & Jassim :Development treatment of initial boundary value problems for one dimensional ...

Alw) = f(r) req, (2.1)
with boundary conditions:

du
B(w2)=0, rer, (2.2)

where A is a general differential operator, p is a boundary operator, f(r)is a known analytic

function, T is the boundary of the domain Q,The operator A can be generally divided into two
parts L, and N, where | is linear, and N, is nonlinear, therefore equation.(2.1) can be written
as,

L(uw) + N(u) = f(r), (2.3)

By using homotopy technique[7,8], one can construct a homotopy v(r,p): Q x [0,1] = R
which

H(,p) = (1 =p)IL(W) — L(up)] + p[A(w) = f(r)] =0, p € [0,1], (2.4)
or
H(v,p) = L(v) — L(uo) + pL(up) + pI[N(v) — f(r)] =0, (2.5)

where r ¢ ( and p € [0,1] is an embedding parameter, and w is the initial approximation
of equation.(2.3)which satisfies the boundary conditions. Hence, obviously we have

H(v,0) = L(v) — L(uy) =0, (2.6)
Hw,1) =Aw)—f(r) =0, (2.7)
and the changing process of p from 0 to 1 is the same as changing H(v,p) from L(v) —
L(ugy) to A(v) — f(r). In topology, this is called deformation, and L(v) — L(u,) and
A(v) — f(r) are called homotopic. If, the embedding parameter p; is considered as a small
parameter, applying the classical perturbation technique, we can assume that the solution of
equation.(2.7) can be given as a power series in p, i.e.

v =vy+pv, +p*v, + - (2.8)
and setting p = 1 results in the approximate solution of equation.(2.3) as ;
u=lim, 1 v=vy+v; +v,+ (2.9)

3. New technique for solving one dimensional heat-like and wave-like equations
(ordinary or fractional) using HPM

To convey the basic idea for modified treatment of initial boundary value problems by
homotopy perturbation to solve one dimensional heat-like and wave-like equations of the
form

a

Wu(x, t)
the initial conditions associated with Eq. (3.1) are of the form
ou (x,0)
u(x,0) = fo(x), — = fikx),, 0<x<1, (3.2)

and the boundary conditions are given by

u(0,t) = go(t), u(l,t) =g41(t), t>0, 3.3)
where f,(x), f1(x), g¢o(t) and g4 (t) are given functions. The initial solution can be written as
ug(x, ) = fo(x) + tfi(x).

The initial values are usually used for selecting the zeroth approximation wu, but in this paper
we accredit a new technique to calculate the zeroth approximation ug by construct a new
initial solutions u;, by mixed initial conditions in Eg. (3.2) with boundary conditions in Eq.
(3.3) at every iteration as follows [1,2]
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Un (x,8) = up (x,8) + (1 — ) [g0(8) — un (0,8)] + x[g1 (1) —u, (1, 0)], n =
0. (3.4)
It is obvious that the new successive initial solutions w; in Eq. (3.4) satisfying the initial and
boundary conditions together as follows
if x=0 then u;(0,t) = gy(t),

if x=1 then u;(1,t) =g,(t),
if t=0 then u,(x,0)=u,(x,0). (3.5)
The second and third terms in right side of Eq. (3.4) will be vanish when we applying the

second derivative by x which was appearing in a right side of Eqg. (3.1), so to establish these
terms we can be modified Eq. (3.4) and rewritten in a new formulation as

U (2, t) = up (x,8) + (1 = x*)[go (1) — u, (0, )] + x*[g1(t) — u, (1, )], n 2 0. (3.6)
Such as treatment is a very effective as shown in this paper.
4. Applications and results

Example 1[13]: Consider the following one-dimensional heat-like problem
Ju 1 2 62_u

——-x"—=0, 0<x<1,t> 0, 4.2)
at 2 dox o .

subject to the initial conditions

u(x,0)=x% 0<x<1, (4.2)

and the boundary conditions
u(0,t) =0, u(1,t)=e', t>0, 4.3)
By applying a new approximations u,, in Eq. (3.6) we obtain

u‘;kl (x, t) =

u, (x,t) + (1 — x2)[0 —u, (0,t)] + x%[e* —u,(1,1)], (4.4)
Now, we begin with a new initial approximation uy (when n = 0)

ug(x,t) = x? e, (4.5)

we construct the following homotopy

- D -2) (2 b ) =0 49

where the initial approximation u, (x, 0) = x2,

ou 1 _0%u\

re(-32*53)=0 (4.7)
we consider u as
u=1ug + puq + pzuz + - (48)

substituting (4.8) in (4.7) and equating the coefficients of powers of p, we get following set

of differential equations with solving the systems accordingly, we obtain,
a
0:% =0,uy(x,0) = x? = uy(x,t) = x?
1.0m _ 1 20w — 2 g 2t
P T X g T WM = Xt xTe

through, the solution of two steps iteration and by setting p = 1 in equation.(4.8), the
solution of (4.1) can be obtain as

u(x, t) = uglx, t) + uy(x, t)
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u(x,t) = x%et, which is the exact solution.

Table.1.Approxamation(analytic) solutions, t=1.

x Exact solution ADM VIM HPM(1) HPM(2)
n=10 n=10 n=10 n=1

0 0.00000000000 0.00000000000 0.00000000000 0.00000000000 0.00000000000
0.1 0.02718281828 0.02718281803 0.02718281803 0.02718281803 0.02718281828
0.2 0.10873127310 0.1087312721 0.10873127210 0.10873127210 0.10873127310
0.3 0.24464536450 0.24464536230 0.24464536230 0.24464536230 0.24464536450
0.4 0.43492509250 0.43492508850 0.43492508850 0.43492508850 0.43492509250
0.5 0.67957045700 0.67957045080 0.67957045080 0.67957045080 0.67957045700
0.6 0.97858145810 0.97858144910 0.97858144910 0.97858144910 0.97858145810
0.7 1.33195809600 1.33195808300 1.33195808300 1.33195808300 1.33195809600
0.8 1.73970037000 1.73970035400 1.73970035400 1.73970035400 1.73970037000
0.9 2.20180828100 2.20180826000 2.20180826000 2.20180826000 2.20180828100

1 2.71828182800 2.71828180300 2.71828180300 2.71828180300 2.71828182800

The plots of HPMand exact solution t=10

The plots of HPM(and exact solution t=10
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Fig.1. Where ADM is Adomian Decomposition Method in [1] , VIM is Variation Iteration Method in [2], HPM(1) is
standard Homtopy Perturbation Method and HPM(2) isa new technique using Homotopy Perturbation Method.

Example 2[13]: We next consider the one-dimensional wave-like equation
%u _ 1 0% =0

otz 2 d0x? !
0<x<1,t>0,

subject to the initial conditions

u(x,0) = x, @ =x%, 0<x<1,
and the boundary conditions

u(0,t) =0 , wu(1,t) =1+sinht, t>0,
By applying a new approximations u, in Eq. (3.6) we have

wi(x,t) =u,(x,t) + (1 —x2)[0 —u, (0,t)] + x*[1 + sinh t — u, (1,t)],
where n = 0,1,2, .... The initial approximation is uy(x,t) = x + x2t.
Now, we begin with a new initial approximation uy (when n = 0)

up(x, t) =
x + x%sinht.
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we construct the following homotopy

%u %u %u 1 %u
-»(GE-52)+r(GE 30 58) = 0 (4.15)
where the initial approximation is uy(x, 0) = x,
%u 1 - %u _
ate(-3x5E) =0 (4.16)
we consider u as
u =ugy + puy + pus + - (4.17)

substituting (4.17) in (4.16) and equating the coefficients of powers p, we get following set

of differential equations with solving the systems accordingly, we obtain,
2
po:% =0,uy(x,0) = x,= up(x,t) = x +x°t
2 2,,%
L. _662121 = %xz aaxuzo = U = x — x°t + x%t + x%sinht
by setting p = 1 in equation.(4.17), the solution of (4.10) can be obtain as

u(x,t) = ug(x,t) +ui(x,t)

u(x,t) = x + x? sinh t. Which is the exact solution. (4.18)
Table.2. Approximation(analytic)solutions, t=10
x Exact solution ADM VIM HPM(1) HPM(2)
n=10 n=10 n=10 n=1

0 0.000000000 0.000000000 0.000000000 0.000000000 0.000000000
0.1 110.2323287 110.1861552 110.1861552 110.1861552 110.2323287
0.2 440.7293148 440.5446208 440.5446208 440.5446208 440.7293148
0.3 991.4909583 991.0753968 991.0753968 991.0753968 991.4909583
0.4 1762.517259 1761.778483 1761.778483 1761.778483 1762.517259
0.5 2753.808218 2752.653880 2752.653880 2752.653880 2753.808218
0.6 3965.363833 3963.701587 3963.701587 3963.701587 3965.363833
0.7 5397.184106 5394.921605 5394.921605 5394.921605 5397.184106
0.8 7049.269037 7046.313933 7046.313933 7046.313933 7049.269037
0.9 8921.618625 8917.878571 8917.878571 8917.878571 8921.618625
1 11014.23287 11009.61552 11009.61552 11009.61552 11014.23287

The plots of HPM{and exact solution t=100

The plots of HPM1and exact solution t=100
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Fig.2. Where ADM is Adomian Decomposition Method in [1] , VIM is Variation Iteration Method in [2], HPM(1) is
standard Homotopy Perturbation Method and HPM(2) is Homotopy Perturbation Method in this paper.

Example 3[13,18]: Consider the following one-dimensional fractional heat-like problem
u 1

ate 2%

subject to the initial condition

_25_
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u(x,0) =x2, 0<x <1, (4.20)
and the boundary conditions
u(0,t) =0, u(l,t)=et, t>0, (4.21)
the exact solution is u(x,t) = x%E, (t%), (4.22)
where

tka

Eoc (ta) = limm_,oo ZII?:O m .
By applying a new approximations u, in Eq. (3.6) we have

u:l (x, t) =Up (x, t) + (1 - xZ)[O —Up (0, t)] + x? [Ea (ta) _un(lf t)]:

(4.23)

where n = 0,1,2, .... The initial approximation is uy(x, t) = x2.

To begin With a new initial approximation ug we applying Eq. (4.13) at n = 0 such as
ug(x,t) = x2et

=x2(1 +ﬁ+r(3> ). (4.24)
we construct the following homotopy
a 9% % 1 _5d%u

1-p) (atZ - 6;0) tp (6t“ - Exz 9x2 ) =0, (4.25)
where the initial approximation u, (x, 0) = x2,

0%u 1 - %u _

e tp(-3xt5E) =0, (4.26)
we consider u as
u = uy +puy +puz + -, (4.27)

substituting (4.27) in (4.26) and equating the coefficients of powers p, we get following set
of differential equations with solving the systems accordingly, we obtain,

po:% = 0,by Eq.(4.20),Eq. (1.4),we have uy(x,t) = x2,

1_6“u1_l zazua _ x2 to, ala(xe)
b ot® _Zx dx2 = U _ZF(a)f (t f) dx2 df

F(a)f (t— ) efds

a—1
F(a) ) (1 t*ro F(Z) F(3) )df
B(a et  B(a,3)t**2
F( ) r(2) + r(3) )

2 ta ta+1 ta+2
=X (r(1+a) troe Te T )

where Bis beta function.
Through, the solution of two steps iteration and by setting p = 1 in equation.(4.27), the
solution of (4.19) can be obtain as
u(x, t) =uglx, t) + u1 (x, ), )

a+
ulx,t) =x (1 + F(1+a) + rzz+a) + - ), (4.28)
Let @ = 1, Eq.(4.24) becomes

u(x, t) = x? (1+t+t2—2|+---) = xZ%e!, (4.29)

which yields an exact solution of Eq. solution (4.29) is not exactly for Eq. (4.19),
(4.15) when a =1 . But, generally the because it doesn’t satisfying of vinery
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equation. In the other hand the boundary
conditions (4.21) is not corresponding to the
exact solution (4.22) which were given in
[13,18], that’s mean the boundary
conditions (4.21) are be not true for this

problem. So, in the following example we
present a reliable framework by applying
another boundary conditions which can be
satisfying by exact solution(4.22).

Table.3. Approximation(analytic)solutions, x=0.9

t Exact solution VIM ADM HPM(1) HPM(2)

0 0.810000000 0.810000000 0.810000000 0.810000000 0.810000000
1 2.201808281 2.201808260 2.201808260 2.201808260 2.201808281
2 5.985135440 5.985085714 5.985085714 5.985085714 5.985135440
3 16.26928491 16.26452879 16.26452879 16.26452879 16.26928491
4 44.22450152 44.09891430 44.09891430 44.09891430 44.22450152
5 120.2146589 118.5682869 118.5682869 118.5682869 120.2146589
6 326.7773227 312.8497714 312.8497714 312.8497714 326.7773227
7 888.2728580 800.7595110 800.7595110 800.7595110 888.2728580
8 2414575969 1970.018229 1970.018229 1970.018229 2414.575969
9 6563.497982 4633.752916 4633.752916 4633.752916 6563.497982
10 17841.43729 10402.26714 10402.26714 10402.26714 17841.43729

Where ADM is Adomian Decomposition
Method in [1] , VIM is Variation Iteration
Method in [2], HPM(1) is standard

Homtopy Perturbation Method and
HPM(2) isa new technique using

Homotopy Perturbation Method.

Example4[13,18]: Consider the following one-dimensional fractional heat-like problem

0%u 1 - %u

ate 2
0

subject to the initial condition
u(x,0)=x% 0<x<1,

dx?

and the boundary conditions

u(0,t) =0, u(1,t)=E,(t%, t>0,
the exact solution isu(x,t) = x*E, (t%),
where,

E (%) =

. m
limy, Lo Dkeo T

tktx

=0, 0<x<l0<a<1t>

(4.30)

By applying a new approximations u, in Eq. (3.6) we have

u, (x,t) =

U, (6, 1) + (1 = x2)[0 —u, (0, )] + x*[Eq (t%) —u, (1,1)],

where n = 0,1,2, .... The initial approximation is uy(x, t) = x2.

(4.31)

(4.32)
(4.33)

(4.34)

(4.35)

To begin with a new initial approximation ug we applying Eq. (4.13) at n = 0 such as
ug(x,t) = x2E, (t%)

2 te
x (1 + r1+a)

_|_

r2a N )

r(+2a)

we construct the following homotopy

_27_
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_p) (2 _ 2w ofu _1,20%) _

(1-p) (ata ate ) tp (6t“ 2 X axz) =0, (4.37)
where the initial approximation u, (x, 0) = x2,

0%u 1 - %u _

st (=57 57) =0, (4.38)

we consider u as
U =uy + pu; + pus + - (4.39)

substituting (4.39) in (4.38) and equating the coefficients of powers p, we get following set
of differential equations with solving the systems accordingly we obtain,

'PO -« = 0,by Eq. (4. 31)and Eq (1.4),we have uy(x,t) =

1.0% _ 1 50%5 _ _ pya—1 22(%E ()
"o TN e WS 21 ( )f =24 dx2 dg

Faht- ) E, (£%)de
B 3 Gy € [ M AU LU

r1+a) r(1+2a)
B(a,a+1)t2“ B(a,2a+1)t3¢

r( ) r(1+a) ra+1) ),

F(a)

ta tZa t3a

= x* (F(1+a) t oo Ttasa T )'
where Bis beta function.
Through, the solution of two steps iteration and by setting p =1 in equation.(4.39), the
solution of (4.30) can be obtain as
u(x, t) = uglx, t) + u1 (x, 1), )

t o
uCxt) =x (1 + F(1+a) T T )’
u(x,t) = x%E, (t%), (4.40)
which yields an exact solution of Eq.(4.30). it is the same result which is writing by [13]
where they are using initial conditions only.

Example 5[13,18]: Consider the one-dimensional fractional wave-like equation
a 2
S -ix?5=0, 0<x<11<a<2t>0, (4.41)
subject to the initial conditions

du (x,0) 2

u(x,0) = x, — - =X, 0<x<1, (4.42)

and the boundary conditions

u(0,t) =0, u(1,t) =1+ sinht, (4.43)
the exact solution isu(x,t) = x + x%tE, (t%), (4.44)

by applying a new approximations u;, in Eq. (3.6) we obtain

u, (x,t) =
u, (x,t) + (1 — x2)[0 —u, (0,t)] + x*[1 + sinht —u,, (1, t)], (4.45)

where n = 0,1,2, .... The initial approximation is uy(x,0) = x.
To begin with a new initial approximation uy we applying Eq. (4.22) at n = 0 such as
ug(x,t) = x + x?sinht

_ 2 ST

=x+x t(1+r(4)+r(6)+ ). (4.46)
we construct the following homotopy
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a ae ae 1 502
a-p) (G -5) +r (e —37°5) =0 (4.47)
where the initial approximation uy(x,0) = x
0%u 1 - %u _
9a + 1% (—Ex m) = 0, (448)
we consider u as
u = uy + puy + plug + . (4.49)

Substituting (4.49) in (4.48) and equating the coefficients of powers p, we get following set

of differential equations with solving the systems accordingly, we obtain,
aauo

p°: — = 0,by Eq.(4.42), Eq (1.4)and Eq. (1.5), we have uy(x,t) = x + x?t,

pl. fj‘t_u; _ %xszuf =y = )f (t £ya-1 62(x+;cjzsinhf) i
= r( ) ~*sinh§ df
F(a) 9 1(1 +F(‘2)+3 F(6) aJ)rsdg
=@ “ . B(apaj)s + B(“th) + ),
=’ (rz;a) + FE:+0() + rz;a) to ) (4.50)

through, the solution of two steps iteration and by setting p = 1 in equation.(4.50), the
solution of (4.41) can be obtain as
u(x,t) = uglx, t) + uy(x,t),

a+1 ta+3 ta+5
ulx,t) =x+x (t + T+a) ' T(4+a) ' T'(6+a) )

Let « = 2, Eq.(4.51) becomes
3 5

u(x, t) = x + x? (t+%+t5—l+---) = X + x%sinht. (4.52)

Which vyields an exact solution of Eq. [13,18], that’s mean the boundary
(4.41) when a =2 . But, generally the conditions (4.43) are be not true. So, in the
solution (4.51) is not exactly for Eq. (4.41), following example we present a reliable
because it doesn’t satisfying of vinery framework by applying another boundary
equation. In the other hand the boundary conditions which can be satisfying by exact

conditions (4.42) is not corresponding to the solution  (4.41).
exact solution (4.43) which were given in

(4.51)
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Table.4. Approximation(analytic)solutions, x=0.8

t Exact solution VIM ADM HPM(1) HPM(2)
n=10,a =2 n=10a =2 n=10,a =2 n=1a =2
0 0.800000000 0.800000000 0.80000000 0.800000000 0.800000000
1 1.552128764 1.552128764 1.552128764 1.552128764 1.552128764
2 3.121190661 3.121190661 3.121190661 3.121190661 3.121190661
3 7.211439955 7.211439949 7.211439949 7.211439949 7.211439955
4 18.26554701 18.26554701 18.26554701 18.26554701 18.26554701
5 48.29005477 48.29005446 48.29005446 48.29005446 48.29005477
6 129.8964207 129.8964000 129.8964000 129.8964000 129.8964207
7 351.7223189 351.7215819 351.7215819 351.7215819 351.7223189
8 954.7064486 954.6901222 954.6901222 954.6901222 954,7064486
9 2593.786817 2593.533992 2593.533992 2593.533992 2593.786817
10 7049.269037 7046.313933 7046.313933 7046.313933 7049.269037

Where ADM is Adomian Decomposition
Method in [1] , VIM is Variation Iteration HPM(2) isa new technique using
Method in [2], HPM(1) is standard Homotopy Perturbation Method.
Example 6[13,18]: Consider the one-dimensional fractional wave-like equation

a 2
x5 =0, 0<x<11<a<2t>0, (4.53)
subject to the initial conditions

Homtopy Perturbation Method and

u(x,0) =x, 22 =32, 0<x<l, (4.54)
and the boundary conditions
u(0,t) =0, u(l,t)=1+tE. (%), t>0, (4.55)
the exact solution is
u(x,t) = x + x*tE, (t%), (4.56)
where

ka
Ea,Z (ta) = liInm—mo Zgzom . (457)

By applying a new approximations u,, in Eq. (3.6) we obtain

Uy (x, t) =
U, (x, 8) + (1 — x2)[0 —u, (0, )] + x2[1 + t Eq 5 (t%) —u, (1,1)], (4.58)
where n = 0,1,2, .... The initial approximation is uy(x,0) = x.
To begin with a new initial approximation uy we applying Eq. (4.22) at n = 0 such as
ui(x,t) = x + x2t Eo o (t%)
_ 2 ta tZa
=x+xtt (1 + T(2+a) + T(2+2a) + )
we construct the following homotopy
a a a 2
1-p) (-T2 +p (55 -3x*25) =0, (4.60)

ot« ot« ot« 2 d0x?

(4.59)

where the initial approximation u,(x, 0) = x,

0%u 1 - 92%u _

Py + |% (—Ex ﬁ) = 0, (461)
we consider u as
U =uy + pu; + pus + - (4.62)

substituting (4.62) in (4.61) and equating the coefficients of powers p, we get following set
of differential equations with solving the systems accordingly, we obtain,
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0.9

p uo 0,by Eq.(4.54),Eq.(1.4)and Eq. (1.5),we have uy(x,t) = x + x°t,

at«
1. 6“u1 _ 1 zazua

xZ ot
Tate T 2 axz:ul_zr(a)fo(t_f

a1 Mdf

dx?

= (- B (6

_ i t _ a—1 €a+1 §2a+1 L
RNC)) fO (= (1+ r2+a) T(2+2a) + e )ds,
x? B(a,a+2)t2a+1 B(a,2a+2)t3a+1
- %(B(a’ e + r2+a) r(2+2a) )
_ 2 ta+1 t2a+1 t3a+1
=X (F(2+a) + r(2+2a) TQ2+3a) + )’ (4.63)

where Bis beta function.
Through, the solution of two steps iteration
and by setting p =1 in equation.(4.62), the

solution of (4.53) can be obtain as
ulx, t) =uy(x, t) + ug(x, t),

5. Conclusions

This paper develops the treatment of
construct a new initial successive solutions
u,, by mixed initial and boundary conditions
together which explained in formula (3.6)
and used it to find successive
approximations u, of the solution u by
applying homotopy perturbation method to
solve initial boundary value problems for
one dimensional heat-like and wave-like
partial differential equations (ordinary or
fractional). Some examples are given in this
paper to illustrate the effectiveness and
convenience of a new technique. It is
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