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 حل نظام خطي هن الوعادلات التفاضلية الضبابية هع القين الضبابية الأولية                         
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Abstract : 
   In this paper, we consider a system of linear fuzzy differential equations (F.D.Es) with fuzzy 

initial values. We discuss the solution of the system  

  ̇( )    ( )   (   )                            

  ( )     , 

where A is a real n × n matrix, the initial condition x0  and the constant  g are vectors of  n fuzzy  

numbers and the function f(t,g) is described by  multiplication the variable  t with the vector of  

fuzzy numbers g. In addition , we generalized the solution for solving  nth order linear F.D.Es. 

with  fuzzy initial values . 
       

 الوستخلص:
في هذا البحث أخذًا بٌظز ألاعتبار ًظام خطي هي الوعادلات التفاضلية الضبابية هع القين الضبابية الأولية , فٌاقشٌا حل        

( )̇ الٌظام         ( )   (   )        ( )  , الشزط   n × nهصفىفة  حقيقية سعة   Aحيث أى       

هع هتجه  tوصفث بحاصل ضزب الوتغيز   f(t,g)هي الإعداد الضبابية , الدالة  n  هتجهاى هي    gوالثابث  X0الابتدائي

 .     gألاعداد الضبابية 
 

 

1 .Introduction  
    The topic of F.D.Es. has been rapidly growing in recent years. The concept of fuzzy derivative 

was first introduced by Chang and Zadeh [1], it was followed up by Dobbis and Prade[2] who used 

the extension principle in their approach . Other methods have been discussed Puri and Ralesuc [3]. 

 In addition, one of the important application of fuzzy numbers is treating systems of  linear fuzzy 

differential equations [4] and [5] . 

In section 2, we preview some definitions on fuzzy numbers and linear fuzzy systems.  

In section 3, we introduced a formula for solving the system of linear F.D.Es. with fuzzy initial  

values     

            ̇( )    ( )   (   )       

            ( )      . 

In section 4, we generalize this method in order to solve the n-th order linear fuzzy differential 

equations with fuzzy initial values . 
 

2. Preliminaries  
        The Prime information of an arbitrary fuzzy numbers is given in [6] and we give some 

necessary definitions which will be used in this paper .  
 

Definition 2-1 [5] :A fuzzy u is a pair ( u ,  ̅ ) of functions u(r) ,  ̅(r) ,  0 ≤ r ≤ 1   
which satisfy the following  requirements  . 

1 . u  is a bounded left continuous non-decreasing function over [0 , 1] . 

2 .  ̅  is a bounded left continuous non-increasing function over [0 , 1] .    

3 . u(r)  ≤   ̅(r) ,  0 ≤ r ≤ 1 . 

The set of all these fuzzy numbers is denoted by E which is a complete metric space Hausdorff  

distance .  
 

Remark 2-1 [6] 

A crisp number u is simply represented by  u(r) =   ̅(r) , 0 ≤ r ≤ 1. 
For two arbitrary fuzzy numbers  x= ( x(r) ,  ̅(r)) , y= ( y(r) ,  ̅(r)) and real number k , 
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we may define the addition and the scalar multiplication of fuzzy numbers by using the extension  

principle as  

i   .  x = y  if and only if   x(r) = y(r)  and    ̅(r) =   ̅(r) ,   

ii  .  x + y = ( x(r) + y(r)  ,   ̅(r)  +   ̅(r) ) , 

iii .  k x =   
,0),,(

,0),,(





kukuk

kukuk
    

 

Definition  2-2 [5] : The  n × n  linear system  

                                        
                                                                                                    …     (1) 

                .                                                                                               

                .             

                                             
where the given matrix of coefficients A =(     ) , 1 ≤ i , j ≤ n , is a real n × n matrix , 

the given  yi  E , 1 ≤  i ≤  n , with the unknown  xj  E  , 1 ≤  j ≤  n is called a linear  

fuzzy  system (L.F.S.) . 
 

Definition 2-3 [7] :A fuzzy number vector ( x1 ,x2 , …, xn )
t
 given by  

      xj= ( xj(r) ,  ̅ (r)) ,   1 ≤  j ≤  n ,   0 ≤ r ≤ 1 ,               

is called a solution of the linear fuzzy system (1) if  
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If , for a particular  i , aij  0 for all j , we simply get  

              


n

j
ijij yxa

1

                ,      


n

j
ijij yxa

1

 

from (2) we have two crisp  n × n linear systems for all  i that they can be extended to 

a  2n × 2n  crisp linear system as follows  

  MX = Y ,                                                                                                  …     (3) 

or  

          
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  , 

where (   ,  ̅ )
t
 = ( x , …, x ,  ̅, … ,  ̅ )t

 and sij are determined as 

 

 aij  ≥  0     mij  =  mi+n,j+n  =  aij   ,                                                       …       (4)                   

 aij  ≤  0     mi+n,j  =  mi,j+n  =  aij   , 

 
 

and any  sij which is not determined is zero such that  

          A = M1 + M2  .                                                                                           

3 . System of linear fuzzy differential equations with fuzzy initial  value. 
We are discussed the solution of the system of F.D.Es. with fuzzy initial values 

     ̇(   )    (   )   (   ( ))                                                                 …    ( 5 )                                  

     (   )     ,           

where   ̇  
  

  
  , A is a real n × n matrix , the initial condition x0 and the function g(r) are vectors of  

n fuzzy numbers and the function f(t,g(r)) is described by  multiplication the variable  t with the 

vector of fuzzy numbers g(r) . Let I be a real interval , a mapping x :I → E is called a fuzzy process,  

the derivative   ̇( )  of a fuzzy process  x(t)  is defined by  
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    [ ̇(   )]    );(),;( rtxrtx    ,  0 ≤ r  ≤  1 , 

provided  that is equation defines  a fuzzy number [ 1 ]. 

        Consider the system of linear fuzzy differential equations with fuzzy initial conditions (5) , and  

transform its n x n coefficients matrix A into  2n × 2n matrix as in equation ( 4 ) . Define matrix 

       M = (mij)   ,  1 ≤  i , j ≤  n 

        aij  ≥  0     mij  =  mi+n,j+n  =  aij   , 

        aij  ≤  0     mi+n,j  =  mi,j+n  =  aij   , 

while all the remaining mij is taken zero . Using matrix nation , we get 

     ̇( )    ( )   (   ( ))                                                                        …(6)  

        ( )      
where     M =( mij)      0 ≤ i , j ≤  2n   and  
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Assuming that M is a non singular . The solution to equation (6) is then given by   

  (   )   (      (   ( ))      (   ( ))     (    
   (   ( )))      …  (9)    

and the problem is therefore to calculate the exponential of matrix M . Then proceed to  calculate  

the formula series of  e
tM

 : 

               
  

  
   

  

  
     

  

  
                                                     …  (10) 

 

4 . System of the linear F.D.Es. of order n with fuzzy initial values . 
     In this section , we introduced the general formula of solution for nth order linear  

F.D.E.  

        ( 
  

   
    

    

     
      )      (   ( ))                   ,         …         (11) 

with the initial values 

         ( )   
 
    ̇( )    

 
       ( )   

  
        ,                              …          (12) 

where  

                                       
   

   
         

     

     
                   . 

Also, we can used  the formula  (9)  to solve the equation (11)  with fuzzy initial conditions  (12)  

after transforming to a system of n  linear fuzzy differential equations (5) by the assumptions [4]  

         ( )   ( )    ( )   
  

  
      ( )   

     

     
     ,                                  
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So these assumption  gives the system of linear fuzzy differential equations  

                 ̇ ( )    ( )   
                 ̇ ( )    ( )                                                                                
                         
                 ̇ ( )  ∑         

 
   ( )   (   ( ))   ,                       

with fuzzy initial conditions  

                  ( )   
 
    ( )   

 
      ( )   

 
    .                          …     (13) 

Therefore, any n th order initial values problem of the form (11) with the initial vales(12) can be  

transformed to the system of fuzzy differential equations (5) and apply this method to find the  

general formula (9) of approximate solution when 
 

















































))(;(

0

0

))(;(,

10000

00100

00010

1221

rt

rgtf

aaaaa

A

nnn















 ,   

 

with the fuzzy conditions given in (13) . 
 

Example (1) 

we introduce a simple example in special case for homogenous linear fuzzy differential equations  

 ̇( )  *
   
  

+  ( )                                                                             …     (14) 

and defining the initial values to be x01 = about 2 and x02 = about 1 which can be done  

by setting for example  

    x01 = x1(0;r) = ( r , 2-r ) 

    x02 = x2(0;r) = ( 3+r , 5-r ) 

since f(t , g(r)) = 0 , 

by equations (4),(6),(7) and (8) , we get 
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we can obtain the approximate solution by equation (9) and (10) ,for  t = (0.1) the approximate  

solution given in table  1  and  2  : 
 

N                 );1.0(
1

rx           );1.0(
1

rx         

1                1.2 r         2.4  – 1.2 r  

2              1.22 r                2.44  – 1.22 r 

3            1.2213 r      2.4426 – 1.2213 r 

4          1.221400 r      2.442800 – 1.221400 r 

5        1.22140266 r    2.44280533 – 1.22140266 r 

6         1.221402755 r  2.442805511 - 1.221402755r 

7        1.2214027580 r                                               2.4428055161 - 1.2214027580 r 

Table  1 .The approximate solution of  x1(0.1;r) 
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N                  );1.0(
2

rx                     );1.0(
2

rx  

1                  2.7 + 1.4 r                  5.5 – 1.4 r  

2               2.625 + 1.450 r                5.525 – 1.450 r   

3             2.61850 + 1.45366 r              5.52583 – 1.45366 r 

4          2.6181375 + 1.4538583 r           5.5258541 – 1.4538583 r 

5       2.61812225 + 1.45386616 r         5.52585458 – 1.45386616 r 

6    2.618121712  +1.453866430 r    5.525854590 - 1.453866430 r 

7 2.6181217141 + 1.4538664381 r 5.5258545903 - 1.4538664381 r 

Table  2 .The approximate solution of  x2(0.1;r) 
 

  At   t = 0.1 , one  can find the exact solution of the system (14) as 

         x1(0.1;r) =(1.221402758 r , 2.442805516 – 1.221402758 r)  , 

         x2(0.1;r) = (2.618121714 + 1.453866438 r , 5.52585459 – 1.453866438 r) .    
 

Example (2) 

In general case we present the non - homogenous linear fuzzy differential equations 

by defining      A=*
   
  

+     

and  defining a function f(t ,g(r)) from described g(r) by  

g1(r) = (r , 2-r)  and  g2(r) = (2+r , 4-r) ,therefore , 

f( t , g(r)) = t [
(              )
(         )

]    , 

so f( t, g(r)) when t > 0 is a fuzzy vector  [7] . We have  

 ̇( )  *
   
  

+  ( )    [
(             )

(        )
]    ,                                      …    (15) 

with fuzzy initial conditions  

      x01 = x1(0;r) = ( 1+r , 3-r )  ,    x02 = x2(0;r) = ( r , 2-r )    

by equations (4),(6),(7) and (8) , we get  
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we can obtain the approximate solution by equation (9) and (10) as follows : 
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where                   
  

  
   

  

  
     

  

  
                                 

For  t = (0.1) the approximate solution shown in table  1  and  2  : 

N                 );1.0(
1

rx           );1.0(
1

rx         

1                0.9 + 1.2 r         3.3 – 1.2 r  

2             0.855 + 1.235 r                3.325 – 1.235 r 

3           0.8475 + 1.239 r      3.3255 – 1.239 r 

4    0.8467125 + 1.2393833 r     3.32547916 – 1.2393833 r 

5   0.84664875 + 1.23941333 r   3.32547608 – 1.23941366 r 

6  0.8466444875 + 1.2394156833 r 3.3254758541 - 1.2394156833 r 

7 0.8466442437 + 1.2394157984 r                                              3.3254758407 - 1.2394157984 r 

Table  1 .The approximate solution of  x1(0.1;r) 
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N                  );1.0(
2

rx                     );1.0(
2

rx  

1                  0 + 1.4 r                    2.8 – 1.4 r  

2             0.010 + 1.485 r                2. 980 – 1.485 r   

3           0.0113 + 1.4963 r             3.0040 – 1.4963 r 

4      0.0114666 + 1.4974666 r      3.0064000 – 1.4974666 r 

5   0.011477333 + 1.497557333 r   3.006592000 – 1.497557333 r 

6 0.0114780444 + 1.4975633777 r 3.0066048000 - 1.4975633777 r 

7 0.0114780850 + 1.4975637231 r 3.0066055314 - 1.4975637231 r 

Table  2 .The approximate solution of  x2(0.1;r) 
 

Also, for  t = 0.1 , we can find the exact solution of the system (15) as 

         x1(0.1;r) =(0.846644231+1.239465531r , 3.325475841 – 1.239415805 r)  , 

         x2(0.1;r) = (0.011478087 + 1.497563742 r , 3.006605571 – 1.497563742 r) .    
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