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1- Abstract

The main purpose of this paper is to find the rational valued characters table of the group
(Q2m xCs), When m is prime number, where Q. is denoted to Quaternion group , and
Cs is the cyclic group of order5.

In this paper .we find the general form of t the rational valued characters table of the group
(Q2m x Cs) is the tensor product of the rational valued characters of Qy, and Cs
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2- Introduction

Let G be a finite group, two elements of G are said to be I"— conjugate if the cyclic
subgroups they generate are equivalence relation on G. Its classes are called I - classes
the Z-valued class function on the group G , which is constant on the I"— classes forms
a finitely generated abelian group cf (G, Z) of rank equal to the number of I"—classes.
The intersection of cf (G, Z) with the group of all generalized characters of G, R(G)
isa normal subgroup of cf (G, Z) dented by R (G ) Each element in R (G ) can be written
as

U0 +Uu 02+, +Uu; 01, where | isthe number of I"— classes, u;, Uz ...... u €Z2
and 01 =X o(Ai)

o cGal(Q(1i)/Q)

Where Ai is an irreducible character of the group G and ois any element in Galios group

Gal (Q(41)/Q).

Let =* (G ) denotes the | x I matrix which the rows corresponds to the 61i’s and columns
corresponds to the 7" classes of G.

In 1995 N. R. Mahamood [ 3] studied the factor group cf (Qam,Z)/R(Qzm).The
aim of this paper_is to find = (Qan % Cs ) and determine general (m + 3x m + 3) matrix form
of the rational valued characters table of the group (Qm X Cs).

3- Preliminaries
Definition (3.1)[3]
For each positive integer m , the generalized Quaternion Group Q. of order 4 m with two
generators x and y satisfies
Qo ={ X" y*, 0<h<2m -1,k =01}
Which has the following properties
{XZm =y4 :l,yxmy‘l =X—m }
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Definition (3.2)[3]

Table (1)

XK XXy
V1 1 1
2 1 -1
ya | (=D* | i(-1*
ve | (=D° i

There are two types of irreducible characters one of them is the character of the
linear representations R;, Ry, R3 and R4 which are denoted by w1, vy, , w3 andy, .
respectively as in the table(1)
where 0<k< 2m-1
The rest characters of irreducible
representations Ty, of degree 2 are
denoted by 4y such that:
/lh (Xk)zwhk+0) —hk =eﬂ:ihk/m + eﬂ:ihk/m =2008(nhk/m)
we are denoted to ® ™ +® ™™ by Vi, thus
Vik =Vomtk » Vm ==2,Vom= 2
also we will write V;ni) such that
J(hk)=min{hk (mod2m),2m-hk (mod 2m) }, in the character table of the quaternion
group Qom when m is prime number , where Vjyny=2cos(nJ(hk)/m),Ah(y"y)=0
Where 0<k<2m-1,1<h<m-1and o= ™"
So there are m + 3 irreducible characters of Qg .

Theorem (3.3)[1]
Let T::G; — GL(n,k)and T,: G, — GL (m, k) are two irreducible
representation of the group G and G with characters 1, and 4, respectively , then T, @T- is
irreducible representation of the group G; x G, with character 1; .41, .
Proposition (3.4)[2]

The rational valued characters 0;=> o (L)

o e Gal(Q(2i)/Q)

Form basis for R (G ), where A; are the irreducible characters of G and their numbers are equal
to the number of all distinct /- classes of G .

The rational character table of the quaternion group Q2, when mis prime number(3.5)[ 3

]

The rational characters table of Q,n when m is prime number is given in the following table :

E*(QZm )=

Table(2)
I-classes [ [X] [X"] [x] vl
0, 1 1 1 1 1
0, m-1 -1 m-1 -1 0
0, 1 1 1 1 -1
0, m-1 -1 -(m-1) 1 0
0, 2 2 2 2 0
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The Group Qom x Cs5(3.6)

The direct product group Qam X Cs, where Cs is a cyclic group of order 5then|Qam X Cs | =
20 m since , the irreducible representation of the group Q.m % Cs are the tensor products of

those of Q.n and those of Cs . The group Cs has five irreducible representation

characters 11, 12, 43, A4 and 15 are given in the table (2):

Table (3)
Cba |1 r ||
[CLa| |1 1 |1 |11
AT 1|1 1 1 1
A7 1] e | & | 3] €
A3 11e? e e | €
A7 113 e [ €] €?
AE 1] e*] e 2] ¢

, their

According to theorent ( 3.3 ) , each irreducible characters A; of Q.y defines five irreducible

characters Ai1, 1i2, Aiz, Aigand Ajssuch that1ig =Aid1 Aip. =4id2 Aiz=Ails,

Aia=Ailsand Ais =AiAs 0FQam XCs then

=(Qam*xCs)==(Qm )Y

Example (3.7)

=(Cs)

To find characters table Q14 x Cs from (13.3) we have the characters table of =(Qq4)

cla [T | DT | [T | DT | DX | [x] | ] | [X°] | [yl | [xv]

| cla | 1 2 2 2 1 2 2 2 7 7
V1 1 1 1 1 1 1 1 1 1 1
A2 2 A\ Vs V3 2 V3 Ve V4 0 0
A4 2 Vs V; \/ 2 A\ V3 Vs 0 0
A6 2 Vs, A\ Ve 2 Vs Va4 V; 0 0
W2 1 1 1 1 1 1 1 1 -1 -1
A1 2 Vs, A\ Ve -2 Vi V3 Vs 0 0
A3 2 Ve V3 A\ -2 V3 Vs Vi 0 0
As 2 A\ Vs V3 -2 Vs Vi V3 0 0
V3 1 1 1 1 -1 -1 -1 -1 [ -1
Vs 1 1 1 1 -1 -1 -1 -1 -1 i

Table (4)

,WhereVi=2cos(mni/7).
V2m :2,Vm:—2 .

By Theorem ( 3.3) the characters table of Q4 X Cs can be written as follows :

=(QuxCs)==(Qu) @ =(Cs),
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Then = ( Q14 x Cs ) is given in the table (14)

4 . The main results

Example (4.1)

To construct the rational valued characters table of ( Q2m % Cs ) when have to do the following

from table(14) we have the characters table of ( Qs x Cs ) By the definition of

(Q2m x Cs ) :then,

=(QuXxCs)==(Qu) @ =(Cs)

To calculate the rational valued characters table of (Qu4 %X Cs)

Oun=vyvu.,0np=yotyi+tyutyis

0=y ,02=ynt+tyout+yutyos

Osi=yan+tya, 0=y tysstyastysstyaotyastyutyis

The elements of Gal (14;)/Q are:

{01 ,03 ,05}

o1i (A1i)=41,03 (A1i)= 43,05 (A1i)= A5

where i=1,2,3,4,5

By proposition (3.4)

1-(1)ifi =1

Om=on(Au)+ton(Au)+tosn(Au)=Antis +is

04 ([1,1])=2+2+2=6

04 ([1,r])=2+2+2=6

04 ([X*,1])=V2+Ve+V,=-1

041 ([X°,r])=V,+Ve+V,y=-1

04 ([x,1])=(-2)+(-2)+(-2)=-6

0 ([X,r])=(-2)+(-2)+(-2)=-6

941([X,|]):V1+V3+V5:l

04 ([x,r])=Vi+V3+Vs=1

04 ([y,1])=0+0+0=0

04 ([y, r])=0+0+0=0

1-(1)ifi=2,3,4,5

042 =012 (A12) +to13(A13)+ 014 (A1) + 015 (L15)+ 032 (A12)+ 033 (A13)
+034 (L1a)+ o035 (A15)+ 052 (A12)+ 053 (A13) + 054 (A1a) + 055 (A15)

04 ([1,1])=2+2+2+2+2+2 4242424242 +2=24

0 ([1,r])=2e+2+2+2*+2e+2+2E+2+2¢€+

2&+28+2¢6*

=2(e+ €+ E+ ) +2(e+ €+ E+ E)+2(e+ E+ E+ )
=2(-1)+2(-1)+2(-1)=-6

942([X2,|]):V2+V2+V2+V2+V6+V6+V6+V6+V4+V4+V4+V4

=(Va+Ve+ Ve )+ (Va+Ve+Vy)+(Va+Ve+Vy)+(Va+Ve+Vy)

=-1-1-1-1=-4

042([x2,r]): €V2+€2V2+ €3V2+ €4V2+ cVg + €2V6+ €3V6+€4V6+ cVy+ €2V4

+ €3V4+ €4V4

=Vo (et €+E+M)+Vg(e+ €+ E+ ) +Vy (e+é+ €+ €)

=-V, —V; —V4:—(V2+V5+V4):—(—1):1

0u2 ([X 11)=(-2)+(-2)+(-2)+(-2) +(-2) +-2) +-2) +(-2) +

(-2)+(=2)+(-2)+(-2)=-24

02 ([X 1])=(2€)+2)+(-2€ ) +H-2€) +H(-2€e)H-2€ ) +(-2€ ) +(-2€") +(-2¢€

)H=2) (=2 ) +(=2 €

=(-2)(-1) + (-2)(-1) + (-2)(-1) = 6

942([X,|]):V1+V1+V1+V1+V3+V3+V3+V3+V5+V5+V5+V5
=(V1+V3+Vs)H( Vi +V3+ Vs )H( V1 +V3+Vs5)+(V1+V3+Vs)
=1+1+1+1=4
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942([X,r])ZEVl+€2V1+€3V1+€4V1+€V3+ €2V3+€3V3+€4V3
+eVs+e@Vs+eEVs+e Vs= (1) Vi +(=1) V3 +(-1) Vs
=-1(Vi+V3+Vs)=(-1)(1)=-1
04([y,1]1)=0+0+0+0+0+0+0+0+0+0+0+0=0
042([y, r])=0+0+0+0+0+0+0+0+0+0+0+0=0
A|SOO‘1i(J,Zi):},m,0'3i(ﬂ,2i):ﬂ,4i,0'5i(ﬂ,2i): ieiwherei=l,2,3,4,5
By proposition (3.4 )

1-(1)ifi=1

On=0on(la)+ton(la)+tosn(la)=Auntia +ia

0 ([1,1])=2+2+2=6

02 ([1,r])=2+2+2=6

0, ([X*,1])=V4+Ve+V,o=-1

021 ([X,r])=V4+Ve+V,=-1

01 ([X',1])= 2+2+2=6

0.0 ([x',r])= 2+ 2+2=6
921([X,|]):V2+V4+V6:—|
020([x,r])=V2+V,4+Ve=-1

0 ([y,1]1)=0+0+0=0

620([y,r])=0+0+0=0

(mifi=2,3,4,5
022 =012 (A22) + 013 (A23) + 014 (A24) + 015 (A25)+ 032 (A 22)+ 033 (A 23)
+034 (A2a) + 035 (Aos)+ 052 (A22)+os3(A2s)+ 054 (Aos)+ 055 (Aos)
= Aot Antiut Antlot Asstiut Asstiet Aez+desat Aes
0 ([1,1])=2+242+2+2 42 +2+2 42 +2+2+2 =24
0, ([1,r])=2e+2+2+2*+2e+2+2E+26+

2e+2+2E+2€e*'=2(-1)+2(-1)+2(-1)=-6
922([X2,|]): (V4+V4+V4+V4)+(V5+V5+V5+V5)+(V2+V2+V2+V2) =(—l)
+(-1)+(-1)+(-1) =-4
922([X2,r]):€V4+€2V4+€3V4+€4V4+€V5+€2V6+€3V6+€4V6
+eVo+ e Vot €Vot+ et Vo=Vu(-1)+Ve(=1) +Vo(-1)
= - (V4+Vg+Vy)=-1(-1)=1
020 ([ X/, 1]) 22424242 42 +2 42 +2 +2 +2 +2 +2 = 24
0 ([X ,r])=2e+2+2+2*+2e+2E+2E+2€e*+2¢e+

288+2E+2€e* =2(=1)+2(-1)+2(-1)=-6
922([X,|]):V2+V2+V2+V2+V4+V4+V4+V4+V5+V5+V6+V6

=1+ 1)+ (=1)+(-1) =-4

022([x,r]):€V2+€2V2+€3V2+€4V2+€V4+€2V4+€3V4+€4V4
+eVeg+ e Ve+eVg+e' V=V (-1)+Va(=1) +Ve(-1)
=—(V2+V4+V5):—1 (—1): 1
022([y,1])=0,62([y,r])=0
The elements [1,r],[1,r*],[1,r*],[1,r"] are inthe same 7™ conjugate and [ x>, 17, [x*, I
1.[x%, 1] are in the same I™-conjugate and [x%,r],[x*,r*1,[x%, %], x5, 1. [x*, ], [x*,
LR, DL I8, L X8, PP]L X8, T, [P, ] are in the same I conjugate and [ X,
r,[x", P, [X, %], [ X" ]
are in the same 7™~ conjugate and [ x, 1],[x*,1],[x°, 1] are in the same I~
conjugateand [ x,r],[x,r*],[x,r],[x, ], [, ], [, @], D3, PLIE, 1. [ X%, 1],
[x>, r*],[x°,r],[x°,r"] are inthe same 7™ conjugate and [y,I ],[xy,I] are in the same I™-
conjugateand [y, r], [y, "1, [y, 1. [y, "1, [xy, r1.[xy,*1,[xy,r*1,[xy,r] are
inthe same - conjugate .
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="(QuxCs)
cl [ LT |LL ] [T DE v | DX T X e I 0T | DXl [ Ly, 1] Ly, r]
| cly | 1 1 2 2 1 1 2 2 7 7
011 1 1 1 1 1 1 1 1 1 1
012 4 -1 4 -1 4 -1 4 -1 4 -1
0 2 6 6 -1 -1 6 6 -1 -1 0 0
0 2 24 -6 -4 1 24 -6 -4 1 0 0
031 1 1 1 1 1 1 1 1 -1 -1
032 4 -1 4 -1 4 -1 4 -1 -4 1
0 41 6 6 -1 -1 -6 -6 1 1 0 0
0 42 24 -6 -4 1 -24 6 4 -1 0 0
051 2 2 2 2 -2 -2 -2 -2 0 0
0 52 8 -2 8 -2 -8 2 -8 2 0 0

Table (5)

Theorem (4.2)

The rational valued characters table of the group ( Qzm X Cs ) when m is prime number is
gi*ven as foIIows:* .

= (Qam*xCs)==(Qm) @ = (Cs)

Proof :SinceCs={1I,r,r*,r*, '}

since cly I R [F* |F | r-
“101 |1 1 1 1 classes | | r
=Cs= A1 |e€ e’ e | et
/23 l €2 €4 € €3 and el l 1
3 z 2 = (C =
Ag |1 | € . €3 €2 € = (Cs) 0, 4 -1
s |1 |€ € € €
Table(6) Table(7)

Then, 21 (1)=0,(1)= 1 _
Ar(r)=Au(rP)=A(rP)=21(r*)=0:(r')=1,i=1,......,4
A1) +A5()+ A.(1)+45(T)=0,(1)=1+1+1+1=4
A7 (1) +25(r)+ Aa(r)+is(F)=0,(r)=e+e+e+ € =-1
Where e+ ++ ¢ =-1

From the definition of (Qzm % Cs) theorem (3.3 )
=(QmxCs)= =(Qm) @ =(Cs)

each element in Q,n X Cs

LetueQomxCs thenu=(q,c)when
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geQon andce

Cs,C=r,i=

q=x*y*, 0<s<2m,k=0,1
and each irreducible character of Q.m X Cs is

iij:ﬂ,iij/

4

where A; is an irreducible character of Qon
and 1 is an irreducible character of Cs , then
Ai (q) if j=1 for all ¢

47i (q)if j=2,3,4,5andc=1

Aij(u) =4 (a,c)=2i(@) . 4 (o) =

From proposition (3.4 )
0ij =2 o (4ij)

oeGal(Q(4

where 0  j

Oij(U)=X o

o0 €

where 0 is the rational valued of characters table of Qun

ij)/Q)

is the rational

St

(1)ifj=1 ,4(c) =1

0ij (u)=% o (4i (q)).
o e Gal(Q(1i(u))/Q)

-2i(q)if j=2,3,4,5and c#l

valued of characters

table

> o(4i(@)-4(c))
o e Gal (Q(2ij)/Q)

of ( Qzn % Cs ) then

21(c) =0i(9).1=0i(79).0; (1)

(mM)a-if j=2,3,4,5 and c=I

6ij (W)=Y o @i(a).4(1))= X o (4i(q) [ 2045 (1)])
oceGal(Q(4ij)/Q)
=2 o (4i (9)[1+1+1+1]=6i(q).4=6i(q).06; (1)
b-if j=2,3,4,5 and c# |
Bij (U)=2% o (Ai(q).[2o4(c)])
=y o (Ai (q)[e+tE+E+ €*)]
==Y0(4i(q) = Xo(4i(q).-1=0i(q).0; (c)
From (1)and (Il )we have 6i; =6; 0; then
= (Qm*xCs)== (Qzm) X = (Cs)
Example (4.3)
To find="(Q 14 xCs ) by using theorem(4.2).from
Iclasses | [11 | [X] [X] [x] vl
0, 1 1 1 1 1
0, 6 -1 6 -1 0
=" (Qu)= 0, 1 1 1 1 -1
0, 6 -1 -6 1 0
0, 2 2 -2 -2 0
Table (8)
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I- 1] [r]
) classes
and= (Cs)= 0, 1 1
0, 4 -1
Table(9)
By theorem (4.2): X X
= (QuxCs)== (Qu)x= (Cs)
="(Qu)x="(Cs)=
cle | [EAT | L] [ DT DE T AT | XK r ] D 1 D] | Ly 1| Ly, r]
| cly | 1 1 2 2 1 1 2 2 7 7
011 1 1 1 1 1 1 1 1 1 1
01 4 -1 4 -1 4 -1 4 -1 4 -1
0 2 6 6 -1 -1 6 6 -1 -1 0 0
0 22 24 -6 -4 1 24 -6 -4 1 0 0
031 1 1 1 1 1 1 1 1 -1 -1
0 32 4 -1 4 -1 4 -1 4 -1 -4 1
0 m 6 6 -1 -1 -6 -6 1 1 0 0
0 12 24 -6 -4 1 -24 6 4 -1 0 0
0 51 2 2 2 2 -2 -2 -2 -2 0 0
0 52 8 -2 8 -2 -8 2 -8 2 0 0
Table(10)

Which is same rational valued character table in example (4.1)

Corollary(4.4):
The general form of the rational valued characters table of the group Q.m*Cs is given by theorem

4.2)
Proof:

E*(QZm ):

I-classes [1] [X°] [x"] [x] [yl

0, 1 1 1 1 1

0, m-1 -1 m-1 -1 0

0, 1 1 1 1 1

0, m-1 -1 -(m-1) 1 0

0, 2 2 2 2 0
Table (11)
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o r- | 0 [ @
= (Cs)= classes
0, 1 1
0, 4 -1
Table(12)
By theorem (4.2): X X
= (Qon XCs)== (Qom)x= (Cs5)=
I- 2 2 m m
classes | LDV DL T DEAT D r] | DX IX | DT | Dxar] | Ly, 1] Dyrd]
| cly | 1 1 2 2 1 1 2 2 m m
011 1 1 1 1 1 1 1 1 1 1
01 4 -1 4 -1 4 -1 4 -1 4 -1
021 m-1 m-1 -1 -1 m-1 m-1 -1 -1 0 0
02 | 4(m-1) | -(m-1) -4 1 4(m-1) | -(m-1) -4 1 0 0
031 1 1 1 1 1 1 1 1 -1 -1
03 4 -1 4 -1 4 -1 4 -1 -4 1
0n m-1 m-1 -1 -1 -(m-1) | -(m-1) 1 1 0 0
-4(m-1)
04 |4(m-1)|-(m-1)| -4 1 m-1 4 -1 0 0
05 2 2 2 2 -2 -2 -2 -2 0 0
05, 8 -2 8 -2 -8 2 -8 2 0 0
Table (13)
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=(Qu4xCs) =
CL, [[LT| I | [L7] r[g'] LT[ DA | DA | DEFAT | DECT | DA | DA | DA | DA | DAPT | DA [ D3| DA | DEAT | DR | DA | K| X | X | X | X
Yon | 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
Yo 1 € & é ¢ 1 € & e ¢ 1 € & e ¢ 1 € & e ¢ 1 € & é ¢
Y3 1 & ¢ € é 1 & ¢ € é 1 & ¢ € e 1 & ¢ € é 1 & ¢ € é
L) 1 e € e € 1 e € et € 1 e € et € 1 e € et € 1 e € e €
Y5 1 e e & € 1 * e & € 1 * e & € 1 * e & € 1 & é & €
Yen | 2 2 2 2 2 V, | V4 V, V, V, Ve | Vs Vg Vs Vs V, | V, V, V, V, 2 2 2 2 2
Xea | 2 | 2e |28 |28 | 2" | Vy | eV, | V4 | EVy | Ve | Ve | Ve | Ve | Vs | Vs | V, | &V, | €V, | €V, | €V, 2 2¢ 26 26 2¢
%3) 2 2¢ | 28 | 2¢ | 2¢& V4 eV, | €V, eV, eV, Vs Ve | €V, Vg Ve V, eV, | €V, eV, eV, 2 2¢é 2¢ 2¢ 2¢
oo | 2 28] 2 2828 Vo [ VL] vy [ EVu | V| Ve [ Ve Ve | Ve | Ve | Vo, [ EV, ] v, | &V, | &V, 2 26 2¢ 2 2¢é
xem | 2 (2828 2@ 2¢ | Vo [ VL EVa [ EVa | eVu | Ve | Ve Ve | Ve | eV | Vo | VL] EV, | &V, | eV, 2 28 | 26 2¢é 2¢
Yy | 2 2 2 2 2 Ve | Vs Vg Vs Vg vV, | V, V, V, V, V, | V4 V, V, V, 2 2 2 2 2
X(4.2) 2 2¢ 2 |28 | 2¢€ Vg Vg €V, Vg €V, V, €V, €V, eV, €V, V, €V, €V, eV, €V, 2 2¢ 2¢ 2¢ 2
X(43) 2 2¢ | 28 | 2¢ | 2¢& Vs Ve | €V, Vg €V, V, eV, | €V, eV, eV, V4 eV, | €V, eV, eV, 2 26 2¢ 2¢ 2¢
xug | 2 (28 2 ]2l 28 VM [ &V o [ MM VSNV VANV VT E&V] o Vv &V 2 26 2¢ 2 2¢é
xagy | 2 |28 28 2@ 2¢ | VP [NV AV [ &V | eV | V2 T ANV &V [ &V evP | VP TV &V @V eV 2 28 | 26 2¢é 2¢
Yen | 2 2 2 2 2 V, | V, V, V, V, V, | V4 V, V, V, Ve | Vs Vg Vg Ve 2 2 2 2 2
%6.2) 2 2¢ 2 |28 | 2¢€ V, €V, €V, eV, €V, V, €V, €V, €V, €V, Vg Vg €V, Vg €V, 2 2¢ 2¢€ 2¢ 2¢
xea | 2 |28 28 [ 228 VvV, [V, &V, [ oV, | VL | Vy [ éVu | Ve | vy | Ve | Vg | EVe | Vg | v | Vs 2 26 | 2¢€ 2¢ 26
e | 2 |28 2 2828 V, [ €V v, [ VL | &V | Vu [ EVL] vy | EVu | &V | Vg | Ve | eve | Ve | EVs 2 26 2¢ 2 2¢é
xesm | 2 |28 28 28 2¢ | V, | V| €V, [ Vo | eV | Vu [ VU] Ve | Ve | eVu | Ve | Ve | Ve | éVe | Ve 2 28 | 26 2¢é 2¢
Yoy | 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
Yo 1 e e & 1 € & e & 1 € e e e 1 € e e & 1 € & e &
Vs 1 e & € e 1 & e € e 1 & & € e 1 & & € e 1 e e € e
Yu 1 é € ¢ & 1 e € ¢ & 1 e € ¢ & 1 e € ¢ & 1 é € ¢ &
Y2s) 1 ¢ é & € 1 ¢ e & € 1 ¢ é & € 1 ¢ é & € 1 ¢ e & €

Table (14)
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P IV IV W Vola T | | v Vol T | v | tu Yol koo e olal ool o
B BN B BN I B R N N O I B R B RV BV B D R R R A R R R
[32] €4 o~ ™ 64 o~ [32] €4 o~
2€ w En/_r.\. w €2€ W €13 LT N
ooy N N NI N NI EENE I N N o 2.{_{{_{_{{
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