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Abstract : 
 

      In this paper ,we introduce definition of compactly ω-closed set  and obtain some 
fundamental properties for  this concept . Moreover, we also study the definition of compactly ω-
k-closed set  and prove some results which are relate to this subject . Also ,we give the relation 
between these concepts . 
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 :الخلاصة
 

ونحصل على بعض الخواص الأساسیة لھذا المفھوم . علاوة على  رصاً  ω-نقُدّمُ تعریفَ المجموعة المغلقة في ھذا البحث ,      
أیضاً ونثُبتُ بعَْض النتَائجِِ التي تتَعلقُّ بھذا الموضوعِ. أیضاً، نعَطي العلاقةَ  رصاً  ω-kذلك، ندَْرسُ تعریفَ المجموعة المغلقة 

 بین ھذه المفاھیمِ.
 
0.Introduction 
  

      In 1982 , Hdeib defined [1]ω-closed and ω-open sets as follows :A sub set of a space is called 
ω-closed if it contains all its condensation point :A point 𝑥 ∈ 𝑋 is called a condensation point of A 
if for each 𝑈 ∈ Τ ,the set 𝑈 ∩ 𝐴 is un countable. The complement  of an ω-closed set is said to be ω-
open .Equivalently a sub set W of a space (X,Ƭ) is ω-open if and only if for each 𝑥 ∈ 𝑊 ,there 
exists 𝑈 ∈ Τ such that 𝑥 ∈ 𝑈 and U-W is countable . In 1989 , Hdeib [2] introduced ω-continuity as 
a generalization of continuity as follows :A function 𝑓: (𝑋, Τ) → (𝑌,𝜎) is called ω-continuous if the 
inverse image of each open set is ω-open set .In the year 2003,  the authors  [3]  proved that the 
family of all ω-open sets in a space (X,Ƭ) forms a topology X finer than that Ƭ. 
      This paper contains three sections :In section one of this paper we review the basic concepts that 
we needed . In section two  ,we introduce the compactly  ω-closed set and basic properties of this 
set . In section three  ,we study the relation between compactly ω-closed set and compactly ω-k-
closed set and review some properties of  the last notion . 
      Throughout this paper by a space we mean a topological space .The closure of A and the interior 
of A will be denoted by CL(A) and INT(A) ,respectively. 
  
1.Preliminaries 
 

      The section includes some basic definitions ,theorems ,propositions and remarks that we need 
for our main results in this paper .  
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Definition(1-1):[1] Let (X,Ƭ) be a space ,𝑊 ⊂ 𝑋 .A set W is said to be ω-open if for each 𝑥 ∈ 𝑊 
,there exists 𝑈 ∈ Τ with 𝑥 ∈ 𝑈 and U-W is countable .The complement of ω-open set is called ω-
closed set .The ω- closure and ω-interior of a set W ,will be denoted by 𝐶𝐿𝜔(𝑊) and 𝐼𝑁𝑇𝜔(𝑊) 
resp.,are defined by  
 

                  𝐶𝐿𝜔(𝑊) =∩ {𝐹 ⊂ 𝑋 𝐹⁄ 𝑖𝑠 𝜔 − 𝑐𝑙𝑜𝑠𝑒𝑑 𝑎𝑛𝑑  𝑊 ⊂ 𝐹}  
 𝐼𝑁𝑇𝜔(𝑊) =∪ {𝐺 ⊂ 𝑋 𝐺⁄ 𝑖𝑠 𝜔 − 𝑜𝑝𝑒𝑛 𝑎𝑛𝑑 𝐺 ⊂ 𝑊} 
 
Remark (1-2):[3] In a space (X,Ƭ) : 

i. Every open set  is an ω-open set . 
ii. Every closed set  is an ω-closed set. 

iii. A sub set U of (X,Ƭ) is ω-open (ω-closed) set if and only if its open (closed)set in (𝑋, Τ𝜔) . 
 
Definition (1-3):[4]Let X be a space .We say that a subset A of  X is ω-compact if for each cover of 
ω-open sets from X contains a finite sub cover for A .If A=X we say that X is ω-compact space . 
 

Example (1-4):Every finite subset of any space is an ω-compact.  
 

Remark (1-5): 
i. The space (X,Ƭ) is ω-compact if and only ,if the space (𝑋, Τ𝜔) is compact , [4]. 

ii. Every ω-compact space is compact ,[5]. 
 

Lemma (1-6):[6] In any space the intersection of a compact sub set with closed subset is compact . 
 

Proposition (1-7):In any space X ,the intersection of any ω-closed with any ω-compact set is ω-
compact . 
 

Proof : 
 

      Let A,B be an ω-closed , ω-compact set ,respectively of a space (X,Ƭ).Thus A,B be closed , 
compact set ,respectively of a space (𝑋, Τ𝜔) , then by Lemma (1-6) , 𝐴⋂𝐵 is a compact set in 
(𝑋, Τ𝜔) ,then by Remark (1-5,i) 𝐴⋂𝐵 is an ω-compact in (X,Ƭ). 
 

Theorem (1-8):[6] 
 

i. Every compact subset of a Τ2 space is closed . 
ii. Closed sub sets of compact sets are compact .   

 

Proposition (1-9): 
 

i. Every ω-closed subsets of an ω-compact space set is ω-compact . 
ii. Every ω-compact sub set of an ω-Τ2 space is ω-closed . 

 

Proof: 
 

i.Let A be ω-closed sub set of ω-compact space (X,Ƭ) ,then by Remark (1-5,і) A is closed subset of 
compact (X,Τ𝜔) ,then by Theorem (1-8,іі) , A is a compact subset of (X,Τ𝜔) ,therefore by Remark  
(1-5,і) A is an ω-compact subset of (X,Ƭ). 
 

ii.Let A be ω- compact subset of an ω-Τ2  space ,then A be compact subset of an Τ2 space by 
using(1-9,і ) ,A is closed subset ,then A is ω-closed subset . 
 

Definition (1-10):Let X and Y be a spaces ,the function 𝑓:𝑋 → 𝑌  is said to be : 
i. ω-continuous if for every open sub set A of Y ,𝑓−1(𝐴) is ω-open in X ,[5]. 

ii. ω-irresolute if for every ω-open sub set B of Y ,𝑓−1(𝐵) is ω-open in X ,[3]. 
iii. ω-compact if for every ω-compact sub set K of Y,𝑓−1(𝐾) is compact in X. 

 

Definition (1-11):[3]A space X is said to be ω-Τ2  if for 𝑥,𝑦 ∈ 𝑋  such that 𝑥 ≠ 𝑦 ,there exists 
disjoint ω-open sets U and V such that 𝑥 ∈ 𝑈 𝑎𝑛𝑑 𝑦 ∈ 𝑉 . 
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Proposition (1-12):[7]A space (X,Ƭ) is ω-Τ2 if and only ,if (𝑋, Τ𝜔) is Τ2 . 
 
Remark(1-13):Let X be a space and Y be a sub space of X such that 𝐴 ⊆ 𝑌 ,if A is an ω-open (ω-
closed ) sub set in X then A is an ω-open (ω-closed ) in Y . 
       

Proposition (1-14):Let X be a space and Y be an ω-open set of X ,if A an ω-open set in Y then A is 
an ω-open set in X . 
Proof: 
      Let 𝑥 ∈ 𝐴 ,since A is an ω-open in Y then there exists an open set W in Y contain x such that 
W-A is countable set .Since W is an open set in Y ,then 𝑊 = 𝑈⋂𝑌 for some open set U in X , 𝑈⋂𝑌 
is an ω-open set in X ,since 𝑥 ∈ 𝑈⋂𝑌  and W is ω-open set in X contain 𝑥  ,then there exists an 
open set V in X contain 𝑥  such that V-W is countable set . 
Since V-A⊆ (V-W)⋃(W-A) and (V-W)⋃(W-A) is countable set ,then V-A is countable set .So A is 
an ω-open set in X . 
 

Proposition (1-15):Let X and Y be spaces and 𝑓:𝑋 → 𝑌   be function then if 𝑓  is ω-irresolute 
function ,then an image  𝑓(𝐴) of any ω-compact A in X is an ω-compact set of Y . 
 

Proof : 
 

      Let {𝑉𝜆 \𝜆 ∈ Δ} be an ω-open cover of 𝑓(𝐴) ,then {𝑓−1(𝑉𝜆 )\𝜆 ∈ Δ} is an ω-open cover of 𝐴. 
Since  𝐴  is ω-compact in X ,then A has a finite sub cover say { 𝑓−1(𝑉𝜆𝑖)}𝑖=1𝑛  ,i.e.  𝐴 ⊆


n

i 1=

𝑓−1(𝑉𝜆𝑖),hence 𝑓(𝐴) ⊆ 
n

i 1=

𝑉𝜆𝑖 .Therefore 𝑓(𝐴) is ω-compact of Y. 

 

Proposition(1-16):Let X be a space and 𝐴 ⊆ 𝑋 ,𝑥 ∈ 𝑋 then  𝑥 ∈ 𝐶𝐿𝜔(𝐴)    if and only ,if there 
exists a net (𝜒𝑑)𝑑∈𝐷    in A and 𝜒𝑑

𝜔
→ 𝑥    . 

 

Proof : 
 

      Let 𝑥 ∈ 𝐶𝐿𝜔(𝐴) ,then for all 𝑈𝑥 ∈ Τ𝜔 , 𝑥 ∈ 𝑈𝑥 ,𝑈𝑥 ⋂ 𝐴 ≠ 𝜙.Notic that (𝑁𝜔(𝑥) , ≥) is a directed 
set ,such that for all 𝑈1, 𝑈2 ∈ 𝑁𝜔(𝑥) , 𝑈1 ≥, 𝑈2 if and only if  𝑈1 ⊆ 𝑈2 ,now since 𝑈𝑥 ⋂ 𝐴 ≠ 𝜙 for 
all 𝑈𝑥 ∈ 𝑁𝜔(𝑥) ,thus there exists 𝜒𝑈𝑥 ∈ 𝑈𝑥 ⋂ 𝐴 for all 𝑈𝑥 ∈ 𝑁𝜔(𝑥) .Hence (𝜒𝑈𝑥)𝑈𝑥∈𝑁𝜔(𝑥)  is a net in 
A .To prove that  𝜒𝑈𝑥

𝜔
→ 𝑥  .Let 𝑈0 ∈ 𝑁𝜔 (𝑥) and let 𝑈 ≥  𝑈0  ,thus  𝜒𝑈 ∈  𝑈 ⊆  𝑈0 ,then 𝜒𝑈 ∈ 𝑈0 

.Hence   𝜒𝑈𝑥
𝜔
→ 𝑥 . 

      Conversely ,suppose that there exists a net (𝜒𝑑)𝑑∈𝐷   in A such that 𝜒𝑑
𝜔
→ 𝑥   (To prove that 

𝑥 ∈ 𝐶𝐿𝜔(𝐴)) ,let 𝑈 ∈ 𝑁𝜔(𝑥) .Since (𝜒𝑑)𝑑∈𝐷 is eventually in every ω-neighborhood of  𝑥 ,then there 
exists 𝑑0 ∈ D such that 𝜒𝑑 ∈  𝑈 for all 𝑑 ≥ 𝑑0  but 𝜒𝑑 ∈ 𝐴 for all 𝑑 ∈D ,thus 𝑈 ⋂ 𝐴 ≠ 𝜙, for all 
𝑈 ∈ 𝑁𝜔(𝑥) .Hence 𝑥 ∈ 𝐶𝐿𝜔(𝐴) . 
 

Proposition(1-17):Let Y be an ω-open sub space and  K⊆ 𝑌 ,then K is an ω-compact set in Y if 
and only ,if K is an ω-compact set in X. 
 

Proof : 
 

      Let {𝑈𝜆}𝜆∈Δ be an ω-open cover in X of K and  𝑉𝜆 = 𝑈𝜆⋂𝑌 for all 𝜆 ∈ Δ .Then 𝑉𝜆 is an ω-open 
in X for all 𝜆 ∈ Δ  ,but 𝑉𝜆 ⊆ 𝑌 ,thus by Remark (1-13) , 𝑉𝜆 is an ω-open cover in 𝑌 for all 𝜆 ∈ Δ  
.Since 𝐾 ⊆ ⋃ 𝑉𝜆𝜆∈Δ  ,then {𝑉𝜆}𝜆∈Δ  is ω-open cover in 𝑌 of K and by hypothesis this cover has finite 
sub cover of K. Hence the cover {𝑈𝜆}𝜆∈Δ has finite sub cover of K .Thus K is an ω-compact set in X  
      Conversely ,let K is an  ω-compact set in X (To prove that K is an  ω-compact set in 𝑌 ).Let 
{𝐻𝛼\𝛼 ∈ 𝛥 } be ω-open cover in 𝑌 of K .Since Y be an ω-open sub space of X ,then by Proposition 
(1-14) , {𝐻𝛼\𝛼 ∈ 𝛥 }  is ω-open cover in X of K .Then by  hypothesis there exists finite sub cover 
such that  𝐾 ⊆ ⋃ 𝐻𝛼𝑖

𝑛
𝑖=1 .Hence K is an ω-compact set in Y . 
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2.Compactly ω-closed set  
 

      In this section ,we introduce a new notion of ω-closed set which is compactly ω-closed set .Also 
,we give some proposition ,examples and theorems about this subject . 
 

Definition (2-1):Let X be a space .A sub set W of X is called a compactly ω-closed if for every ω-
compact set K in X ,W ⋂𝐾 is ω-compact . 
 

Example (2-2): 
 

i. Every finite sub set of a space X is compactly ω-closed set. 
ii. Every sub set of a discrete space is compactly ω- closed set . 

 
Proposition (2-3):Every ω-closed sub set of a space X is compactly ω-closed set. 
Proof: 
      Let A be an ω-closed sub set of a space X and K be an ω-compact set in X .Then by Proposition 
(1-7)A ⋂K is a ω-compact set .Thus A   is a compactly ω-closed set. 
 

      The converse of Proposition (2-3) is not true in general as the following example shows : 
 

Example(2-4):Let X=ℚ𝑐,A=ℚ𝑐 − �√2� be a sets and let (X,Ƭ) is  indiscrete space where ℚ𝑐 is the 
set of irrational numbers .Then A is compactly ω-closed set ,but A is not ω-closed set ,since 𝐴𝑐 ∉ 
Τ𝜔 . 
 

Theorem(2-5):Let X be a Τ2 space .A sub set A of X is  compactly ω-closed if and only ,if ω-
closed set . 
Proof : 
      Let A be a compactly ω-closed set in a space X and let 𝑥 ∈ 𝐶𝐿𝜔(𝐴) ,then by Proposition (1-16) 
there exists a net (𝜒𝑑)𝑑∈𝐷 in A such that 𝜒𝑑

𝜔
→ 𝑥   ,then F={𝜒𝑑, 𝑥} is an ω-compact set .Since A is an 

compactly ω-closed , A ⋂F is an ω-compact .So, by Proposition (1-9,іі ) A ⋂F is an ω-closed  set . 
Since  𝜒𝑑

𝜔
→ 𝑥 and 𝜒𝑑 ∈ A ⋂F ,then by proposition (1-16) 𝑥 ∈ A ⋂F  →  𝑥 ∈ 𝐴 .Hence 𝐶𝐿𝜔(𝐴) ⊆ 𝐴 

, therefore A is ω-closed set . 
 

Conversely ,by Proposition (2-3) . 
      Before we  prove the next propositions ,we state the following notion of a strong ω-compact 
function. 
 

Definition (2-6):Let X and Y be spaces ,the function 𝑓:𝑋 → 𝑌  is called a strong ω-compact 
function (st-ω-compact function ) if the inverse image of each ω-compact set in Y is ω-compact set 
in X . 
 

Example (2-7):Every constant function X into Y is st-ω-compact function . 
 

Proposition (2-8):Let 𝑓:𝑋 → 𝑌  be an ω-irresolute ,st-ω-compact and one to one ,function .Then A 
is compactly ω-closed set in X if and only ,if 𝑓(𝐴) is compactly ω-closed set in Y . 
Proof : 
      Let A be compactly ω-closed set in X and let K be an ω-compact set in Y .Since 𝑓  is st-ω-
compact function then 𝑓−1(𝐾) is ω-compact set in X .So, A ⋂𝑓−1(𝐾) is an  ω-compact set. Then 
by proposition (1-15) 𝑓(A ⋂𝑓−1(𝐾)) is ω-compact set in Y but 𝑓(A ⋂𝑓−1(𝐾)) = 𝑓(𝐴) ⋂K ,then 
𝑓(𝐴) ⋂K is ω-compact set .Hence 𝑓(𝐴) is compactly ω-closed set . 
      Conversely, let 𝑓(𝐴) be a compactly ω-closed set in Y and let K be ω-compact set in X .Since 
𝑓 is ω-irresolute function ,then by proposition (1-15)   𝑓(𝐾 )  is ω-compact set in Y ,so𝑓(𝐴)⋂𝑓(𝐾 )  
is ω-compact set in Y . 
Since  𝑓  is st-ω-compact function, then𝑓−1(𝑓(𝐴) ⋂𝑓(𝐾 ))=𝑓−1(𝑓(𝐴)) ⋂𝑓−1(𝑓(𝐾)) is ω-compact 
set in X .Since 𝑓  is one to one to one function then A= 𝑓−1(𝑓(𝐴)) and K=𝑓−1(𝑓(𝐾)) . 
Thus A ⋂K=𝑓−1(𝑓(𝐴)) ⋂𝑓−1(𝑓(𝐾)) .Hence A ⋂K is ω-compact set in X . 
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Therefore A is compactly ω-closed set in X . 
 

Proposition (2-9):Let B be an ω-open sub space of space X .Then B is compactly ω-closed set if 
and only ,if the inclusion function  𝑖𝐵:𝐵 → 𝑋 is st-ω-compact . 
 

Proof : 
      Let K be an ω-compact in X ,then B⋂𝐾 is an ω-compact in X thus  by Proposition(1-17) , B⋂𝐾 
is an ω-compact in B but 𝑖𝐵−1(𝐾)= B⋂𝐾 ,then 𝑖𝐵−1(𝐵) is  ω-compact in B .Hence 𝑖𝐵:𝐵 → 𝑋 is st-
ω-compact function . 
      Conversely ,let K be ω-compact in X . Since 𝑖𝐵  is a st-ω-compact ,then 𝑖𝐵−1(𝐵) is an ω-
compact in B .Thus by Proposition(1-17) 𝑖𝐵−1(𝐾) is an  ω-compact set  in X but 𝑖𝐵−1(𝐾)= B⋂𝐾 
,then B⋂𝐾  is an ω-compact set  in X ,for every ω-compact K  in X .Therefore  B is a compactly ω-
closed set . 
 

3.The relationship between compactly ω-K-closed set and compactly ω-closed set. 
 

      In this section of the paper we introduce definitions of compactly  ω-K-closed set and its 
relation with compactly ω-closed . 
 

Definition (3-1):Let X be a space .Then a sub set A of X is called compactly  ω-K-closed if for 
every ω-compact set K in X , A ⋂K is ω-closed set . 
 

Example (3-2):Let X=ℛ and (X,Ƭ) is co finite space where ℛ is the set of real numbers .Then every 
finite set of this space is compactly ω-K-closed . 
 

Proposition (3-3):Every compactly  ω-K-closed sub set of a space X is ω-closed set . 
Proof: 
      Let A compactly  ω-K-closed sub set of a space X and let 𝑥 ∈ 𝐶𝐿𝜔(𝐴) ,then by Proposition(1-
16) there exists a net (𝜒𝑑)𝑑∈𝐷 in A such that 𝜒𝑑

𝜔
→ 𝑥 .Then F={𝜒𝑑 , 𝑥} is an ω-compact set .Since A 

an compactly ω-K-closed set then A ⋂F is ω-closed set .Since 𝜒𝑑
𝜔
→ 𝑥  and 𝜒𝑑 ∈  A ⋂F ,then by 

Proposition (1-16) 𝑥 ∈  A ⋂F →  𝑥 ∈  A .Hence 𝐶𝐿𝜔(𝐴)  ⊆ 𝐴 ,therefore A is ω-closed set . 
 

      The converse of proposition (3-3) is not true in general as the following example shows : 
 

Example (3-4) : X=ℚ𝑐,A=ℚ𝑐 − �√2� be a sets and let  Ƭ={ 𝜙 , ℚ𝑐, �√2� } be a topology on X . 
Notice that  A is  ω-closed set ,but A is not compactly  ω-K-closed set ,since  A ⋂B is not  ω-
compact set for any  ω-compact set B in X . 
 

Proposition (3-5):Every compactly  ω-K-closed sub set of a space X is compactly  ω-closed set . 
Proof: 
      Let A compactly  ω-K-closed sub set of a space X and let K be an ω-compact set in X ,then 
A ⋂K  is ω-closed set .Since A ⋂K ⊆ 𝐾  and K is ω-compact set in X . Then by Proposition (1-9,і) 
A ⋂K is ω-compact set .Therefore A is compactly  ω-closed set . 
 

  Note that the opposite direction of proposition (3-5) is not true .The following example shows that  
 
Example (3-6) : X=ℚ𝑐,A=ℚ𝑐 − �√2� be a sets  and let (X,Ƭ) is  indiscrete space where ℚ𝑐 is the 
set of irrational numbers .Then A is compactly ω-closed set ,but A is not compactly  ω-K-closed set 
,since  A ⋂B is not  ω-compact set for any  ω-compact set B in X . 
 
Remark (3-7):From the propositions(2-3,3-3,3-5), we get the following diagram ,and none of its 
implications is reversible and the Examples (2-4,3-4,3-6) shows that  ,respectively .  
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compactly  ω-K-closed set                            compactly ω-closed set   
 
  
  
  
 
   ω-closed set  
 
 

      The following theorem shows that under certain condition , ω-closed , compactly  ω-closed  and 
compactly  ω-K-closed sets are equivalent . 
 
Theorem (3-8):Let X be Τ2 -space and A is a sub set of X .Then the following statement are 
equivalent : 

i. A is compactly  ω-K-closed set . 
ii. A is compactly  ω-closed set. 

iii. A is ω-closed set. 
 

Proof : 
       (і→іі) By proposition (3-5) . 
       (іі →і)  Let A be a compactly  ω-closed subset of X and K be an ω-compact set in X.  
Then A ⋂K is ω-compact set .Since X is Τ2 -space , Then by proposition (1-9,іі ) , A ⋂K is ω-closed 
set .Hence A is a compactly  ω-K-closed set . 
       (ііі→і) Let A be an ω-closed sub set of a space X and K be an ω-compact set in X .Then by 
Proposition (1-7)A ⋂K is a ω-compact set .Then by Proposition (1-9,ii) A ⋂K is a ω- closed set. 
Hence A is a compactly  ω-K-closed set. 
      (i→ ііі) By Proposition (3-3) . 
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