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Abstract :

In this work , we introduce a new type of quotient mappings namely ( regular generalized
a- quotient maps ,strongly regular generalized a-quotient maps and regular generalized o*-
guotient maps ) in topological spaces, and we study some of their properties and relations
among them.
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1-Introduction :

In 1996, Thivagar [7] introduced the notion of quotient mappings and a- quotient mappings
.Recently, Ravi et at [4],[5] they introduced and discussed the concepts ags- quotient maps
and g- quotient maps in topological spaces.

vadivel and vairamanickam [8] introduce the concept rga-closed and rgo-open sets in
topological spaces . They used these sets to introduce rga-continuous functions types and
investigated some of their basic properties [9].

This paper to introduce and investigate a new class of mappings namely (rga- quotient maps
,strongly rga-quotient maps, rgo*- quotient maps ) . Also, the relationship between weak and
strong form of rga- quotient maps have been established . Moreover, we study and proved
some of their properties .
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Throughout this paper (X,7) and (Y,o) (or simply X and Y) represent non-empty topological
spaces. For a subset A of a space X.cl (A), int (A) and A° denoted the closure of A, the interior
of A and the complement of A in X respectively.

2-Preliminaries:

Some definition and basic concepts have been given in this section .

Definition (2-1):

A subset A of aspace (X;7)issaidtobea:
1-semi open set [1] if AccL(int(A)) and semi closed set if int( cl(A)) cA.
2- a-open set [2] if Acint(cL(int(A)) and a-closed set if cL(int(cL(A)) cA.
3- regular open set [6] if A=int(cL(A)) and regular closed set if A=cL(int(A))
Definition(2-2):

The intersection of all a-closed subsets of (X,z) containing A is called the a- closure [2] of A
and is denoted by acl(A).

Definition(2-3): A subset A of aspace (X, ¢)issaidtobea:

1- Regular generalized closed set (briefly, rg-closed) [3] if cL(A) < U whenever Ac U and U
is regular open set in X.

2- regular a-open set (briefly ra-open) [8] if there is a regular open set U such that Uc Ac
acL(U).The family of all regular a-open sets of (X;z) is denoted by R,0(X). 3- regular
generalized a-closed set (briefly, rga-closed) [8] If acL(4) cU whenever AcU and U is
regular a- open in (X;z) . The set of all rga-closed setin (X;z) denoted by RG aC(X) .

4-regular generalized a-open (briefly, rga-open) [8] in (X;z) . If A®is rga-closed set in
(X,7) ,The family of all rga-open sets in (X,z) denoted by RG aO(X).

5-g-closed set (= w-closed ) [11] if cl (A) & U whenever A & U and U is an semi-open set in
(X,7) . The complement of g-closed set is called g- open set.

Remark(2-4) :
In [2],[11] and[8] , proved that:
1-Every open set in a space (X ,z) is a-open set and g-open setin (X,z7)
2 -Every g-open (=w-open) set in a space (X,7) isrga-open setin (X,7) .
3-Every open( resp , a-open ) set in a space (X,z) is rga-open setin (X,7) .
4- Every rga-open set in a space (X,z ) is rg-open setin (X,7)
The converse of the above Remark need not be true ,as seen from the following example:

Example(2-1):

(i)Let X={a ,b ,c},={ X,®,{a}, {a ,c} }.Then the set A={a ,b} is a-open set in X ,but A is
not open setin (X,z7) .

(ii) Let X={a ,b ,c ,d} ,z ={ X, @ ,{a} {b}.{a ,b}.{b ,c}{a b, c}.{a b, d}}.Then the set
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A ={d} is a rga-open set in (X ,7) ,but A is not open (a-open set and rg-open set) in X.

(iiLet X={a b ,c d e}, c={ X D, {a},{d}{e} {a ,d}{a e},{d e}{a .d e} } Then A={a . ,d
,e} is a rgo-open set in (X ,z) ,but A is not g- open set in (X,7).

Definition(2-5):

Amap f: (X,7) —(Y, o) is said to be:

1-a-continuous [2] if the inverse image of every open (closed) set in (Y ,o) is an a-open (a-
closed) set in (X ,7).

2- rga-continuous [9]if the inverse image of every open (closed) setin (Y ,o) is an rga-open
(rga-closed )set in (X 7).

3- rga-irresolute[9] if the inverse image of every rga-open (rga-closed) set in (Y ,o) is an
rga-open(rga-closed) set in (X, 7).

4-Strongly rga-continuous [9] if the inverse image of every rgo-open (rga-closed) set in (Y
,0) is an open (closed)set in (X,7).

5- g-continuous (=w-continuous)[8] if the inverse image of every open (closed) set in (Y ,0)
is g-open (g-closed) set in (X, 7) .

Definition(2-6) : [10]

A map f: (X,7) —(Y, o) is said to be:
1-rga-open if f(A) is rga- open set in (Y ,o) for every open set A in( X ,z).
2-rgo*-open if f(A) is rga- open set in (Y ,0) for every rga-pen set A in ( X ,7).

Definition(2-7):

A space (X,7) is said to be a T Y2-space [3] if every rg-closed set in X is closed.

Definition(2-8):

A surjection map /- (X,7) —(7, o) is said to be:

1-quotient map [11] , provided a subset A of (Y ,4) is open in(Y ,a) if and only if £ ~*(A) is
an openin (X,7) .

2-a- quotient map [11] if f is o - continuous and £~ *(A) isan open in (X ,z) implies A is a-
opensetin (Y,o) .

3-g- quotient map [6] if f is g- continuous and f~1(A) is an openin (X ,z) implies A is &-
opensetin (Y,o) .

Remark(2-9):

In[9], proved that:
1-Every continuous ( a-Continuous) map is rgo- CONtinuous .
2-Every rga- irresolute map is rga- continuous .

3-Every g- continuous map is rga- continuous .
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The converse of Remark(2-9) need not be true , as seen from the following Examples:

Example(2-2):

(i)Let X=Y={a ,b,c } with topology r ={X ,0 ,{a} {b}.{a b} }and 6={ Y, @ {a} } Letf: (X,
1) —(Y ,0) be a map defined by f(a)=c, f(b)=b and f(c)=a . Then f is rga-continuous map , but
f is not continuous ( a-continuous ) map . Since for open set {a} in (Y ,0) . £ 1({a}) ={c} is
not open and is not a-open set in (X, 7).

(ii) Let X=Y={a ,b ,c},z =/X . {a} {b}{a b} Yand o={Y 0 {a}.{a, c}}.

Let /> (X, ©) —(Y ,0) be a map defined by f(a)=a , f(b)=c and f(c)=b . Then f is rga-
continuous map , but f is not rga- irresolute .Since for rga-open set {a ,b} in (Y o) f *({a
,bP={a, c} is not rga-open set in (X ,7) .

(iii) LetX=Y={a b ,c},r={X 0 {a} {b}.{a.,b}}and o= { Y, 2 {a} }.

Let /- (X, ) —(Y,0) be a map defined by f(a)=c, f(b)= f(c)=a . Then f is rga-continuous map
, but f is not g- continuous map . Since for open set {a} in (Y ,0) . Then f~*({a}) ={c} is not
&- open setin (X ,7).

Remark(2-10):

In [7]. Every quotient map is a- quotient map , but is not conversely.
Example(2-3):

Let X={a, b ,c} ,={ X, 8 {a},{b,c}}, Y={1,2}and o={ Y, @ ,{a}}.

Let f: (X, ©) —(Y ,0) be a map defined by f(a)=2 ,f(b)= f(c)=1 . Then f is a-quotient map , but
f is not quotient map . Since £ ~*({2})={a} is an open set in (X ,z). But {2} is not open set in
(Y ,0).

3- On Some Regular Generalized a- Quotient Mappings Types :

In this section we introduce a new types of quotient maps which are[ regular generalized
a-quotient maps , strongly regular generalized a-quotient maps and regular generalized o*-
guotient maps ], and studying the relations between them . Also, we give propositions about
the compositions of these maps .

Definition(3-1) :

A surjection map f: (X ,7) —(Y, o) is said to be regular generalized a-quotient map (
briefly , rga- quotient map) if f is a rgo- continuous and f~*(A) is an open in (X ,7)
implies A is a rga-open setin (Y ,o) .

Proposition(3-2) :

Ifamap f: (X,7z) —(Y, o) is surjection , rga- continuous and rga-open map , Then f isa
rga-quotient map .

Proof :

From definition (3-1) we only need to prove that if £~ *(A) is an open set in (X ,z) implies
Aisa rga-opensetin (Y, o) . Let £ (A) be an open setin (X,7).Since f isa rga-open map
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. Thus , f (f_l(A) ) isa rga-open set in (Y ,o) and also since f is surjection map . Then f (f_l(A) ) = A. Hence, Ais rgo-
open setin (Y,a ). Therefore, f is a rga-quotient map .

Proposition(3-3) :
Ifamap f: (X,7) —(Y, o) is an a- quotient map . Then f is a rga-quotient map .
Proof :

Let f bean a- quotient map .Then f is surjection, a-continuous map and by using Remark(2-9) step-1- ( every o- continuous
function is a rga-continuous ), we get f is a rga- continuous map . Let Jl':'_:l'(A) be an open set in (X ,z)and since f is a- quotient

map implies that A is a-open set in (Y ,o Jand by using Remark(2-4) step-3- (every a-open set is rga-open ) . Thus, A is rga-open
setin (Y ,o ) Therefore, f is a rga-quotient map .

Corollary(3-4) :
Every quotient map is a rga-quotient map .
Proof:
It is follows from Remark(2-10) and proposition (3-3) .
The converse of proposition(3-3) and corollary(3-4) are not true in general , as the following example show :
Example(3-1):
Let X=/a,b,c/,r=/X, D {a},{b}{a,b}{b,c}}, Y={1,2} and o=/, D {1} }.

The map /> (X,7) —(Y, o) is defined as f(a)= 2 and f(b) = f(c) = 1. Then f is rga-quotient map , but f is not quotient (o~ quotient
map ) . Since f_l({Z}) ={a} is an open set in (X, 7) , but {2} is not open and a-open set in (Y o).

The following proposition and results give the condition in order to every rga-closed (resp. rga-open) set is a closed
(resp.open) set.

Proposition(3-5):
If a space (X;7) is a T"%-space.Then every rga-closed set in X is a closed set .
Proof:
It follows from the Remark (2-4)- step-4- and definition(2-7).
Corollary(3-6):
If a space(X,z) is a T"2-space, Then every rga-open set in X is an open set.
Proof:

Let A be an rga-open set in (X,7). Then A°is a rga-closed set in (X;z), Since X is a T"%-space.Then A° is a closed set in X
.Hence A is an open set in X.

Next, in the following proposition we give some conditions to make the converse of a proposition (3-3) and corollary(3-4)are
true:

Proposition(3-7):
If £: (X,7) —(Y, o) is rga-quotient map and X,Y are T * 1/2 -spaces . Then f is

(i) a- quotient map .
(i) quotient map.

Proof: (i) Let A be an open set in (Y ,o ). Since f is rga-quotient map .Then f is rga-continuous surjection map. Thus ,

f_l(A) is rga-open set in (X ,z) . Since (X ,7) is T * 1,2 —space and by using corollary (3-6) , we get f_l(A) is an open

set in (X ,z) and since (every open set is a-open ) . Then , f_l(A) is a- open set in (X ,z).Thus, f is a- continuous map . Now
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suppose Jl'c'_:l'(A) is an open set in (X ,7) . By hypothesis f is rga-quotient map . This implies A is rga- open set in (Y ,0) and

also since Y is T * 1,2 — space and by corollary (3-6) ,we have A is an open set in (Y ,o) and by using Remark(2-4) step-1-

we obtain A is a-open setin (Y,a) Hence, f is a- quotient map.
The proof of step-ii- is similar to step-i- .
Proposition(3-8) :
Every g-quotient map is a rgo-quotient map .
Proof:

Let 1> (X,7) —(Y, o) be g-quotient map . Then f is surjection and g-continuous map and let A be any open set in
(Y,0) . Thus, JIF'_l(A) is g-open set in (X;z) and using Remark(2-4) step-3- we get, Jlp_l(A) is rga-open set in

(X,z). This implies f is rga-continuous map. Let Jlp_l(A) be an open set in (X;z). And also since f is g- quotient

map implies that A is g-open set in (Y, )and by using Remark(2-4) step-3- we have, A is rgo-open set in (Y,o )
Therefore, f is a rga-quotient.

The following example show that the converse of proposition(3-8) is not true :
Example(3-2) : LetX ={a b.c/,r={X® {a}{a.c}}, Y={a, b}and ¢ =/ ¥, {a} }. The map f: (X.1) (Y, o)

is defined as f(a)=f(c)=b and f(b) =a. Then f is rga-quotient map but f is not g-quotient map. Since f_l({b}):{a
,C}is an open set in (X ,7) but {b} is not g-open setin (Y ,0).

In the following proposition we give the condition to make the converse of a proposition (3-8) is true:

Proposition(3-9):
If f: (X,7) —(Y, o) is rgo-quotient map and X,Y are T *lf.rg -spaces . Then f is 8- quotient map .

Proof:

Let A be an open setin (Y o ). Since f is rga- quotient map . Then f is surjection and rga- continuous map. This
implies that Jlp_l(A) is an rgo-open set in (X ,7) . Since X is T *1;2 —space and by using corollary (3-6) , we
get Jl'c'_l(A) is an open set in (X ,7) and by using Remark(2-4) step-1- we get, JI'C'_l(A) is g- open set in (X ,7).
Thus, f is g- continuous map . Now suppose J1':'_1(A) is an open set in (X ,z) . By hypothesis f is rga-quotient

map . This implies A is rga- open set in (Y ,o) and also since Y is T *1;2 — space and by corollary (3-6) ,we

have A is an open set in (Y ,0) and by using Remark(2-4) step-1- we obtain A is g-open set in (Y ,o) . Therefore, f
is g- quotient map.

Now , we give other type of rga- quotient map is called strongly rga- quotient map.
Definition(3-10):

Let f* (X,7) —(Y, o) be a surjection map . Then f is said to be strongly regular generalized a-quotient
map (briefly . strongly rga-quotient map ) provided a subset A of (Y ,o) is open in(Y ,o) if and only if Jl"_l(A) is
rga- openin (X ,7) .

Proposition(3-11) :
If 1 (X,7) —(Y, o) is astrongly rga-quotient map , then f is a rga-quotient .

Proof :

Let f be strongly rga-quotient map and let A be an open set in (Y ,q).Then J1"”_1(A) is rga-open set in (Y ,0).
Thus, f is rga- continuous . Now let Jl"”_l(A) be an open set in (X ,7). By using remark(2-4) step-3- , we get
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Jl'c'_l(A) is rga-open set in (X ,z). Since f is strongly rga-quotient . This implies that A is an open set in (7, o) , also
by remark(2-4) step-2- we have A is is rga-open set in (Y ,0). Therefore, f is rga-quotient map .

The converse of proposition(3-11) is not true . as see in the following example .
Example(3-3) :

LetX={a b,c},c=/X @, {a}.{o}.{a b}{b c },Y={1,2} and o=7Y , @ }.

The map f* (X ,7) —(Y, o) is defined as f(a)=1 and f(b) =f(c)=2. Then f is rga- quotient map . But f is not strongly
rga-quotient map . Jl':'_l({l}) ={a }is rga- open set in (X ,z) , but {1} is not open setin (¥, o) .

The following proposition we give the condition to make the converse of a proposition (3-11) is true:

Proposition(3-12):

If 1 (X,7) —(Y, o) is rga-quotient map and X,Y are T = 1,2 -Spaces . Then f is strongly rga-quotient .

Proof:

Let A be an open setin (Y ,o ). Since f is rgo- quotient map . Then f is surjection and rga- continuous map.
Thus, £ ~X(A) is a rga- open set in (Y ,0). Conversely , let £~ L(A) is rea- open set in (X, 7) . Since Xis 1 * 1/2
—Space ans by using corollary (3-6) , we get Jl‘c_l(A) is an open set in (X ,t) and also since f is rga- quotient map .
This implies that A is rga- open setin (Y, g). Since Y is T *lf.fg —Space , we have A is an open set in (Y, o).

Therefore , f is strongly rga-quotient map.

Remark(3-13): The concepts of ( quotient maps , a- quotient maps , g- quotient maps ) are
independent to strongly rga-quotient maps . As, shown in the following examples :

Example(3-4):

Let X={a,b,c.d} = {X.,0 {a}, {b}.{c}.{a b}{a c}{b c}{b .d}.{a b c}.{b.c d}},
Y={a,b,c} and o =Y, 0 {a}, {b},{a,b}}. Defineamapf (X.7) =Y, ) by f(a)=b,
f(b)=f(d)= a and f(c)=c . Then f is strongly rgo-quotient map , but f is not quotient g-
quotient map and a-quotient map . Since £~ 2({c}) ={c } is an open set in (X ,z) . But {c} is
not open g-open and a-open set in (Y, o).

Example(3-5):

Let X ={a,b,cir={X O {a}},Y={ab} and ¢ ={ ¥,0, {a} }.The map f: (X ,1) —(Y, o) is
defined as f(a)=a and f(b) =f(c)=b. Then f is quotient and a-quotient map , but f is not
strongly rga-quotient map . Since f~1({b}) ={b ,c} is not rga- open set in (X ,7) .But {b} is
not open setin (Y ,o) .

Next, the following proposition we give the condition to make Remark(3-13) is true:

Proposition(3-14):

If XY are two T’ *1/2 —Spaces . Then amap f* (X ,7) —(Y, o) is strongly rga-quotient map
if and only if f is quotient map .

Proof:
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Suppose that f is strongly rga-quotient map . Then by corollary (3-6) , we get f is rga-
quotient map and since X,Y are T *1,/2 —spaces and by using proposition(3-5) step-ii- we

have f is quotient map . conversely, let f is quotient map. To show f is strongly rga-
guotient map . Let A is an open set in (Y, o). Since f is quotient map. Thus, JF"l(A) is an open

setin (X ,t) . By using Remark(2-4) we get £ 2(A) is rga- open set in (X ,7) .Now , let f "1(A)
is rga-open set in (X ,z) . Since X is T *1/2 —Space and by using corollary (3-6) , we obtain
F~1(A) isan open setin (X 7). Since f is quotient map , then f is surjection and A is an open
setin (Y ,o). Therefore , fis strongly rga-quotient map .

Similarly, we prove the following proposition :

Proposition(3-15):

If XY are two T *1/2 —Spaces. Thenamap f: (X,7) —(Y, o) is strongly rga-quotient
map if and only if

Q) f is a- quotient map.
(i) f is g- quotient map.

Definition(3-16) :

Let f: (X,7) —(Y, o) be a surjection map . Then f is said to be regular generalized a*-
quotient map ( briefly . rga*-quotient map ) if f is a rga- irresolute and f~2(A) is rgo-
open in (X ,z) implies Ais an open setin (Y ,o) .

Proposition(3-17) :

Every rga*- quotient map is a rga- irresolute .
Proof : It follows from definition (3-16) .

The converse of proposition(3-17) is not true , as see that in the following example.

Example(3-6) : LetX={a,b,c.d} ,r={X0 {a},{b}{a,b}.{a,b,c}}Y={1,23} and o =/
Y,, @ {1}.{2}{1,2} }}. The map /* (X ,7) —(Y, o) is defined as f(a)=1, f(b) =2 and
f(c)=f(d)=3. Then f is rga- irresolute map . But f is not rga*-quotient map . £ ~*({3}) ={c ,d
}is rga- open set in (X ,z) , but {3} is not open setin (Y, o) .

Proposition(3-18):

Every rga*- quotient map is strongly rga- quotient map.
Proof:

Let /> (X ,7) —(7Y, o) be rga*-quotient map and let A be an open set in (Y, o) , by using
Remark(2-4) step-3- we get A is a rga- open set in(Y, o) . Since f is rga*-quotient map
Then f is surjection and rga- irresolute map .Thus, f~*(A) is rgo- open set in (X ,7) .
Conversely, If f1(A) is rga- open set in (X , 7) . Since f is rgo*- quotient map . This
implies that A is an open set in (Y, o). Therefore, f is strongly rga- quotient map.

Corollary (3-19) :

Every rgo*- quotient map is rga- quotient map.
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Proof :

This follows from proposition (3-18) and proposition (3-11).

The converse of proposition(3-18) and corollary(3-19) are not true in general , as the
following examples show :

Example(3-7):

Let X={a ,b ,c ,d}, = / X @, {a},{b}{c}.{a b}{a ,c}.{b c}{a b c}{b,c,d}}Y={1,2,3}and
o=1{Y, ©{1}}. The map f* (X ,1) —(¥, o) is defined as f(a)= 1, f(b) = f(c) = 2 and f(d)=3.
Then f is strongly rga-quotient map , but f is not rga*- quotient map. Since £ ~*({2,3}) ={b ,c
,d} is rga- open in (X ,7), but {2,3} is not open in(Y ,0).

Example(3-8):

Let X={a b ,c,d}, ==/ X, @, {a},{b}.{a b}, {a b ,c}} Y={1,2,3}and o= { ¥, @,{1} }. The
map /> (X,7) —(Y, o) is defined as f(a)= 1, f(b) =3 and f(c) =f(d)=2. Then fis rgo-quotient
map , but f is not rgo*- quotient map . Since £ ~*({2}) ={c ,d} is rga- open set in (X ,7) , but
{2} is not open setin (Y ,0).

The following proposition we give the condition to make the converse of a proposition (3-
18) and corollary(3-19) are true:

Proposition(3-20):

If f: (X ,7) —(7, o) is strongly rga-quotient map and Y is T *1/2 -Space . Then f is rga*-
quotient map .

Proof:

Let A be rga-open set in (Y, o). Since Y is T *1/2 —space and by using corollary (3-6) ,
we get A is an open set in (Y, g). Also since f is strongly rga-quotient map . Thus, J1"”_1(A) is rgo- open set in

(X ,7). Hence, f is rga-irresolute map. Now if Jl“_l(A) is rga- open set in (X ,z) and since f is strongly rgo-
quotient map This implies that A is an open set in (Y ,g). Therefore, f is rga*- quotient map.

Similarly, we prove the following proposition :

Proposition(3-21):

If /- (X ,7) —(Y, o) is rga-quotient map and X,Y are T *lf.rg —Spaces . Then f is rgo*- quotient map .

Remark(3-22):

The concepts of ( quotient maps , a- quotient maps , §- quotient maps and rgo*-quotient maps ) are independent
of each other . As shown in the following examples :

Example(3-9):

LetX={a,b.c d} r={X,0 {a}, {b}{a .b}{a b c}}.Y={a,b}and o = ; ¥,@, {a}} Define a map f* (X ,7)
—(Y, o) by f(a)=f(b)=f(c)=a and f(d)=b . Then f is quotient (a-quotient and g-quotient) map ,but f is not rgo*-
quotient map. Since f _1({b}) ={d} is rgo- open set in (X ,7) , but {b} is not open set in (Y ,0).
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Example(3-10):

LetX={a,b.c}r=¢{X.0 {a}, {b}{a b}} Y={1,2} and o = { ¥, 0, {1} {2}} Define amap /* (X.1) —>(Y, o) by
f(a)=f(b)=1 and f(c)=2 . Then f is rga*-quotient, but f is not quotient ( a-quotient) map . Since {2} is an open set
in(Y,o), butf_l({2})={c} is not open and a-open set in (X ,7) .

Example(3-11):

LetX={a,b,c,d} = {X,El, {a}, {b}.{a ,b}.{b c},{a ,b,c}{a,b,d}} ,Y={a b ,c}and o ={ v, 0, {a},{b}{c}.{a
b}.{a .c}.{b.c}.{a.b.c}{b,c.d}}. Define a map

[ (X,1) —=(Y, o) by f(a)=f(b)=b, f(c)= a and f(d)=c . Then f is rga*-quotient, but f is not g- quotient map. Since
{a ,c}isanopensetin (Y,o), but f_l({a,c}):{c,d} is not g-open setin (X,7) .

The following proposition give the condition in order to Remark(3-22) true.

Proposition(3-23):

If X,Yaretwo I *1,2 —Spaces . Thenamap f: (X ,7) —(Y, g) is rga*-quotient map if and
only if

(1 f is quotient map.

(i) f is a- quotient map.

(iii) f is g- quotient map.
Proof:

(i)Follows from proposition(3-18) and proposition(3-14).

(ii) Follows from proposition(3-18) and proposition(3-15) step-i- .
(iii) Follows from proposition(3-18) and proposition(3-15) step-ii- .
Remark(3-24):

From the above discussion and know results we have the following implications.

o- quotientmap o // gquotient map «—
. b |
gUotient map D rgg-quotient map b
rongly rgo — quotient map 4quotlent ma <«
Diagram(1)

Summarized The Relationships Between rga-Quotient Mappings Types
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Next, we give some propositions about the composition of rga- quotient mappings types :

Proposition(3-25) :

Let /' (X,7) —(Y,0) be an open surjection rga- irresolute map and
9: (Y, 0) —>(Z ) be argo-quotient map .Then gof: (X,7) —(Z,u) is rga-quotient map .
Proof:

Let A be any open set in (Z,p). Since g is rgo-quotient map . Thus, g~ *(A) is a rga- open
set in (Y, o), also since f is rga- irresolute map . Thus , £~ (g~ (A) ) is a rga- open set in
X7) . But F X g (A)) = (gof) X A) . So (gof) *(A) is a rgo- open set in (X,7) . This
implies that gof is a rga- continuous maps . Now , suppose that (gof)*(A) is a rga- open
setin (X,7) for asubset ASZ.Since f~ (g™ (A)) = (gof)~Y(A) .Thatis F (g~ (A)) is
an open set is (X,7) . By hypothesis f is an open surjection map Then , f(f (g~ *(A)) ) is an
openset in (Y,0) . It follows that g~ (A) is an open set in (Y ,5). Since g is rgo-quotient map
. This implies A is a rga- open set in (Z ,u) . Therefore , gof : (X ,7) —(Z ,u)is rga-quotient
map .

Proposition(3-26):

Let /- (X,7) —(Y,0) be rga*- open surjection rga- irresolute map and

g: (Y, o) —>(Zu) be strongly rga-quotient map .Then gof: (X ,7) —(Z ,u) is strongly rgo-
quotient map .

Proof:

Let A be any open set in (Z,u). Since g is strongly rgo-quotient map . Thus, g *(A) is a
rga- open set in (Y, o), also since f is rga- irresolute map, then, f (g~ *(A) ) is a rga- open
set in (X ,7) . Conversely , suppose that (gof)~*(A) is a rgo- open set in (X ,z) for a subset
ASZ.Since f g™ (A)) = (gof) XA) .Thatis £ (g~ (A) ) is rga- open set is (X ,7) ,
and since f is rga*- open surjection map. Thus f(f “*(g~*(A) )) is rga- open set in (Y ,q). It
follows that g~ *(A) is rga-open set in(Y ,g). Since g is strongly rga-quotient map . This
implies A is an open set in

(Z 1) . Therefore , gof : (X,7) —(Z ,w)is strongly rga-quotient map .

Proposition(3-27) :

Let f: (X,7) —>(Y,0) be a rga-quotient map and X,Y are T *1/2 —spaces . Then

136



AL-Qadisiya Journal For Science Vol .18 No.4 Year2013

g: (Y, o) >(Zu) isstrongly rga- continuous if and only if gof': (X ,7) —(Z ,u) is strongly
rga-continuous .

Proof:

Let g is strongly rgo- continuous and A is any a rga- open set in (Z,u).Thus, g~ (A) is an
open set in (¥, o). Then £ ~*(g™*(A) ) is a rga- open set in (X ,7) .Since X isa T *5 s> —space
and by using corollary (3-6) , we get f~1(g"1(A) ) is an open set in (X,z). Hence, the
composition gof . (X ,7) —(Z ,u) is strongly rga-continuous . Conversely , assume that the
composition gofis strongly rga-continuous . Then for any rga- open set Ain Z, f (g~ (A)
) is an open set in (X ,z) . Since f is rgo-quotient map. This implies that g~ (A) is a rga-
open setin (Y, o) . Also since Yisa T *; ;> —space, we obtain g~ (A) is an open set in (Y,
o). Therefore , g is strongly rga- continuous .
Proposition(3-28) :

Let /' (X,7) —(Y,0) be asurjection rga*- open and rga- irresolute map ,
9:(Y,0) —(Zu berga*- quotient map. Then gof : (X,7) —(Z,u) is rga*-quotient map.
Proof :

Let A be a rga- open set in (Z,j). Since g is a rgo*- quotient map . Thus, g'_l(A) is arga- open set in (Y, o). Also since f is
rgo- irresolute .Then f_l(g_l (A)) is arga- open set in (X,z). Hence, gof'is rga- irresolute . Assume that [:g'ﬂf] _l(A) is
a rga- open set in (X ,z) .for a subset A S 7. Thus , f_l(g_l (A) ) is a rga- open set in (X;z). Since f is a surjection rgo*-

open, then f(f_l(g_l(A) )) is rga-open set in (Y,0). Thus g_l(A) is arga-open setin (Y,s).Since g is rga*- quotient map
. This implies that A is a open set in(Z,p). Therefore , gof : (X ,7) —(Z 1) is rga*-quotient map.

Proposition(3-29) :
Letf:(X,7) =(Y,0) be a strongly rga- quotient and rga- irresolute ,

g:(Y,0) >(Zu) isrga*- quotient map. Then gof: (X ,7) —(Z ,u) is rga*-quotient map.

Proof:

Let A be a rga- open set in (Z,n). Since g is a rga*- quotient map . Thus, g“l (A) is argo- open set in (Y, o). Also since f is
rga- irresolute . we have f_l(g'_l(A) ) is a rgo- open set in (Xz ).But f_l(g'_l(A) ) = [g‘ﬂf]_l(A) .That
is (gﬂf) -1 (A) is a rgo- open set in (X;z). Hence, gof is rgo- irresolute . Now assume that (g ﬂf'] _1(A) is a rga- open
set in (X7 ) for a subset A S 7 Thus , f_l(g_l (A) ) is a rga- open set in (X;7) . Since fis strongly rga- quotient g_l(A)

)is an open set in (Y ,o) and by using Remark(2-4) step-ii- we get g“l (A) is arga-open setin (Y,o). Since g is a rga*-quotient
map . This implies that A is an open set in (Z,n). Therefore , gof is rga*-quotient map.

Similarly, we prove the following proposition .
Proposition(3-30) :
Let f: (X,z) —(Y,0) be a strongly rga- quotient and rga- irresolute ,
g: (Y, 0) >(Zu) be astrongly rgo- quotient .Then gof': (X,7) —(Z,u) is strongly rga-quotient map .
Proposition(3-31) :
If f:(X,7) >(Y,0) andg: (Y, 6) >(Zu) aretwo rga*- quotient map. Then gof': (X,7) —(Z,u) is rga*-quotient map .

Proof:
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Let A be a rga- open set in (Z,j). Since g is a rga*- quotient map . Thus , g~ *(A) is a rgo-
open set in (Y, ). Also since f is rga*- quotient map. we have f (g~ *(A) ) is a rgo- open
setin (X,z).But f (g™ (A)) = (gof) *(A) .Thatis (gaf)~* (A) is a rga- open set in (X,
). Hence, gof is rga- irresolute . Now assume that (gof)~*(A) is a rga- open set in (X,z) for
asubset ASZ.But f (g 1 (A)) = (gof) }A) .Thus, f~ (g~ (A)) is a rgo- open set in
(X;7) . Since f is rga*- quotient map , then g~ *(A) is an open set in (Y ,o) and by using
Remark(2-4) step-3- we get g~ *(A) is a rga-open set in (¥ ,g). Since g is a rgo*-quotient
map . This implies that A is an open set in (Z,w). Therefore , gof is rga*-quotient map.

Proposition(3- 32):

If :(X,7) —>(Y,0) is rga*- quotient , g : (Y, 6) —(Z ) is rgo- quotient map and is a T *lf.rg —Space .Then
gof: (X.x) >(Z . is.
(i) rga*-quotient map.

(ii) strongly rga-quotient map .

Proof: (i)Let A be an open set in (Z,4).Thus, g_l(A) is arga- open set in (Y, o). since f is rgo*- quotient ,we
have £ "1(g ™1 (A) ) is a rga- open set in (X.7). But £ 1@~ 1 (A)) = (gof) ) Thatis (gof) t (A)isa
rga- open set in (X,z ). Hence, gof is rga- irresolute .Now assume that (g0 f) ™ X(A) is a rga- open set in (X,z ) for
asubset AS Z Since f (gt (A)) = (gﬂfj_l(A).Thus F Y@ (A)) is a rgo- open set in (X,2). Since f
is rgo*- quotient map , then g_l(A) is an open set in (Y ,0) , also since g is a rga- quotient map .This implies

that A is a rga-open set in (Z,u ) .Since Z is T *1;2 —Space and by using corollary (3-6) , we have A is an open
set in (Z,u). Therefore, gofis a rga*-quotient map

The proof of step-ii- is similar to step-i- .
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