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Abstract .

Making use of the linear operator J;*(4,1),We introduce and study a subclass
Ny*(A, L, a, A, B) of analytic and p-valent functions in the open unit disk U. We

obtain coefficient inequality, neighborhood property ,extreme points and integral
means inequalities.

2010 Mathematics Subject Classification: Primary 30C45, Secondary
30C50,26A33.

Keywords and phrases :Differential Subordination, Multivalent functions,
Linear operator/;*(4, 1), Integral means.

1. Introduction
Let M, (n) denote the class of functions f of the form:

F(z) =27 + Z a7z, (pneN={123.)) )

k=n+p
which are analytic and p-valent in the open unitdisk U = {z:z € C; |z| < 1}.

Let v, (n) be the subclass of M, (n) , consisting of functions of the form :
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o

f(z) = zP — z a,z®, (ap, =20,z€U) (2)

k=n+p
which are analytic and p-valent in the open unit disk U.

A function f € NV, (n) is said to be in the class §,(n, 7) of p — valent starlike of
order 7 in U if and only if it satisfies the inequality :
Ref LD
f(2)
Furthermore, a function f € NV, (n) is said to be in the class C,(n, 1) of p — valent
convex of order 7 in U if and only if it satisfies the inequality :
2f"(2)
f'(@)
On the other hand, for two functions f and g , and analytic in U , we say that the
function f is subordinate to g in U, and write
f(2) <g(2) (z € ),
if there exists a Schwarz function w(z), analytic in U with
w0)=0 and |w|<1 (z e l),

}>T, (zeU;0 <t <p). 3)

Re{1+ }>T, (zeU;0 <t <p). 4)

such that
f(2) =g(2) (z € U).
In particular, if the function g is univalent in U, the above subordination is equivalent
to
f(0) = g(o) and f(U) c g(U).
(see ,for details . Duren [1]).
For any function f € V,(n) and § = 0, the (n, §)-neighborhood of f is defined
as,

Nns(f) =4 g9(2) = 2P - Z bez® € N, (n): z klay — bl <8¢ (5)
k=n+p k=n+p
In particular, for the function e(z) = zP, we see that,

Nas(@ =1 9@ =22 = > bzt € Ny ). kibil < 5. (6)
k=n+p k=n+p

The concept of neighborhoods was first introduced by Goodman [2] and then

generalized by Ruscheweyh [5].

Definition 1.[4] Prajapat define an generalized multiplier transformation operator
JpH(4, 1) as follows:

l
JmaDfe) =

ZP~(@+D/2 fzg(pﬂ)\l—p—l];(m_l)(l, Df(&)d(&),(ze ),
0

p+1

J2 . DF @) ==

ZP—(D+D/A J Zg<p+l>\l—1’-1],;1(/1, Df(§)d(), (z € U),
0



]51(/1’ Df(z) = p ;{_ lZp—(p+l)/)l J.Zf(p+l)\)l—p—1f(€)d(€)’ (z € V),
0

JSADf(2) = f(2),

DI @) = 5 i B (0P () (2 € U),

JBODI@) =z e R (20 Q0 ()) G e U)

l

Jp@,0f @) = Szt P/ (2P0 m12,0f (@), (2 € V). 7

We see that for f € V,,(n) is given by (2), we have

p+1 ;; i(;c — p)) a2 zev) ®)

JRADf(@) = 27 ~ i (

k=n+p
where A >0,l > -p,p e NmeZ={0,+1,%+2,---}and z € U.

In this paper, we will use operator J;*(4, ) and mentioned principle of subordi-
nation between analytic functions to define a subclass of NV, (n) as follows:
Definition 2. For A > 0,1 > —p,p € N,m € Z and for the parameters «, A and B such
that —1 < B <A < 1,0 < a < p, we say that a function f € V,,(n) is in the class
Nyt (4 L a, v, A, B) if it satisfies the following subordination:

(L, z(JpDf @)

— 7 a | < ’
e\ (Branf@) 1+ 5z
wherey = (1-p)A+ BB ,0< B <1 and J7*(4,D)f given by (8).

14

1+yz

(zeU) €)

2.Main Results
Theorem 1.
A function f € N, (n) be defined by (2). Then f € N;"(4,1,a,v,4,B) ifand only
if
o L+ Ak —p)\"
> (D) 1 -na B - - B - olka <0 - BE - ) (10)
k=n+p
forpneENA=0,l>—-pmeZand-1<B<A<10<a<p.

Proof. Let f € M"(4,1,a,v,A,B). Then,

1 z(Jp(Df (@)
— 1+ ——a|< .
P\ (r@anf@) 1+ 8z

Therefore ,there exists an analytic function w such that

n

1+yz

(zeU) (11)



(1 Lpanre) p)

(ranr@)

w(z) = Z : (12)
ml
B(1+ Z(]p ( )f(z)), —(PB+(—B)p-a)
Ura.nf@)
Hence,
N GACDICI I
(ra.nf@)
|w(2)] =

m )1’1 [
Bl1+ Z (]p ( )f(Z)), —(PB+ (@ —B)(p-a))
(@ nf@)

| _ i (p +1 -; i(ic - p))m k(k — pYa z*~ |

k=n+p

o -Bp-0- Y (EEEAEZDN yipa—p) - ¢ - BYp -

k=n+p

<1
Thus,

| -3 (LD |
Re

Ik_p(y ~B)(p — a)zP~t — k;p (p + 1 ;; jlr(gc - p)) K[B(k —p) — (y — B)(p — a)]akzk—lJ
<1 N

Taking |z| = r, for sufficiently small » with 0 < r < 1, the denominator of (13) is
positive for all r with 0 < r < 1, since w(z) is analytic for |z| < 1. Then, the
inequality (13) yields

- L+ Ak —p)\™
z <p+ ;+(l p)) K(k — p)ar1

k=n+p
<ply—-B)(p—a)yPt

N L+ A%k — p)\"
- Y (PR s -0 - - 6 - e

k=n+p

Equivalently ,



N L4+ A%k — p\™
Z (p+ ;-l-(l p)) [(k_p)(l"'B)—(Y—B)(p—a)]kakr"‘l

k=n+p
<ply—-B)p-ar
and (10) follows upon letting r — 1.

Conversely , for |z| = 7,0 < r < 1, we have r*¥ < rP. That is,

N L+ Atk — p\™
z (p+ ;+(l P)) [(k_p)(1+3)_()’_B)(P—a)]kakrk—l

k=n+p

C L+ Ak —p)\™
< > (D) -pa B - 0 - B - @lkaa

k=n+p
<ply-B)(p—-a)rP L

From (10) ,we have

i (p + 1+ Ak - p))’” P

k=n+p p.+l
S (p+ 1+ Ak —p)\"
< Z (p ( p)> k(k —p)a,rk—?
p+1
k=n+p

<ply—-B)(p—a)rP!

© L+ Ak —p)\"
_ Z <p+ ;+(z m) k[B(k —p) — (v — B)(p — @)]ayr* .

k=n+p

<|lplr =B)(p — a)rP~!

°° L+ 2k —p)\™
+ Z (P+ Jz;+(l P)) k[B(k —p) — (v — B)(p — )]a;r ™.

This proves that

m A’l "
! 1+Z(]”( )f(z)), o< Gew
e\ (ranr@) 1+ 8z

and hence f € Ny"(4,1,a,v,4,B).



Corollary 1.Let the function f € ,,(n) be given by (2).If f € N,"(4,1,a,v,4,B),
then
p(y —B)(p —a)

(p +1 -]I; 1(;6 — P)) k[(k—p)(1+B)—(y—B)(p — a)]

. (k,p eN) (14)

akS

The result is sharp for the function given by

F2) = 2P Z p(y —B)(p — @) k

+1+ Ak —p)\™ . (19
o (EELEAEZ PN e - )1+ B) - O - Y - 0l

3. Neighborhoods for The class ¥}'(4,1,a,v,A, B)

We determine the neighborhood properties for functions belonging to the subclass
N4 L a,y,AB) .

For0 <o <pandz € U, afunction f € V," is said to be in the class
Np"'m(/’l, l,a,y,A, B) if there exists a function g € N;"(4,1, @, v, A, B) such that

f(2)
9(2)

— 1| <p-o.
Theorem 2. If g € Ny;"(4,1, a, ¥, A, B) and

5 (%ﬂ‘—l’)) [n(1+B) - (v — B)(p — a)]

N R TN (16)
(AT [+ m(ea+B) = 0 = BYo — )] - 2 = BY( — @)
then N, 5(g9) © V™ (A, a, v, A, B).
Proof. Let f € N, s(g) .We want to find from (5) that
Z klax — b| <6,
k=n+p
which yields the coefficient inequality,
c 5
Z lay — byl Sm, (n,p EN). 17)

k=n+p

Since, g € N,)"™(4,1,a,v, A, B) ,we have from Theorem 1.



— B —
b, < — p(y —B)(p—a) (18)
G (B -+ B - (- )~ @ln+p
So that
@ lay — byl
Z k=n+p
- 1| <
9(2) <
_ z by
k=n+p
5 (BN a1+ By - 0 - B - @)
< — =p—o.
(%ﬂ{_p)) [(n+p)(n(1+B) - = B)p — )] - p(y - BYp — @)
Thus, by Definition, f € N7'(4,, &, v, A, B) for o given by (16).
This completes the proof.
Theorem 3.1f
p(y —B)(p —a)
@ = (19)

Y - 0 - Do -]

Then Npm(z-; l; Q, V; A, B) = .Nn,é‘(e)'

Proof. It follows from (10), that if f € N}'(A, L, a,y, A, B), then

(”;l%“)m (1 +B) — (v — BY(p — )] k:zw kay < pQy - B)(p — ), (20)
Which implies,
e () R +B) - (=B - o]

Using (6), we get result.
4. Extreme point for the function class N3'(4,, a,v,A, B) .
Theorem 3. Let

fi(2) = z¥ (22)

and



p(y —B)(p—a) ,

T 2k — o z%. (23)
(20D k- )1+ B) - (= BYp - @)

fi(2) = zP —

Then, f € N}'(A4, 1, a,v, A, B) if and only if can be expressed in the following from :

fD= ) Y@,

k=n+p

where Y > 0 and

i Yifi(z) = 1.

k=n+p-1

Proof. Suppose that

f@= ) Yif@

k=n+p

_ Z Y, p(y —B)(p—a) z".

G (BN (- )1+ B) - (0 - BYp - )]

Then , from Theorem 1, we have

%] l Ak_ m
) <P+ ;+(z m) k[(k = p)(1+B) = (y = B)(p — )]

k=n+p
p(y —B)(p —a)

<p +1 ;; j’lr(gc - p)) k[(k —p)(1+B) — (y — B)(p — )]

Yi

=P =Bp-a) Y Yi=pl—Bp-a) (1= Yup) <plr - B)p - ).

k=n+p
Thus , in view of Theorem 1 .we find that f € N'(4,L, a,y, 4, B).

Conversely, let us suppose that f € N,'(4,, @, v, A, B).Then ,since

p(y —=B)(p— )

(p +1 ;; i(;c - p)) k[(k—p)1+B)— (v = B)(p — a)]

a, < , (k=n+p)

we may set



(p + 1 -Ilj-i(f — P))mk[(k —p)(1+B)—(y—-B)(p—a)l
Yy = p(y —B)(p — @) toltEn TP

and

Ypipoy=1- Z '

k=n+p
Thus, clearly we have
F@ =2~ ) Yife@
k=n+p

This completes the proof of Theorem 3.

Corollary 2. The extreme points of the function class M"(4, 1, a, y, A, B)are given by
(22) and (23).

5. Integral means inequalities for the function class Ngl(a, Lay AB)

In the year 1925, Littlewood's [3] proved the following subordination theorem.

Theorem 4. If the functions f and g are analytic in U with f(z) < g(2),(z € U),
Thenforu > 0andz =re®? (0 <r < 1),

21 21
f |f (ret®)|" dv sf lgre™)|" do .
0 0

We now make use of Theorem (4) to prove Theorem (5).

Theorem 5. Let f € NJ"(A,1,a,y, A, B). Suppose also that f, (z) is defined be
equation (23). If there exists an analytic function w(z) given by

<P+l;i(f_p)> kle=p)A+5) - - B - a) i a 2P
p(y —B)(p — ) o

k=n+p

[w(@)]“P =

Therefor z = re® and (0 < r < 1),

21T 2T
f |fret)|" d9 < f Ifre®)|* do, (u>0).
0 0

Proof. We must show that



10

i u“
1-— apz" Pl dv
u
SJ.Zn . mp(V—B)(p_“) zkP| dv.
O O S T e

By applying Littlewood's subordination theorem, it would suffice to show that

oo

- B —a
1 Z 2P < 1— p(y —B)(p — a) e

et (2= k- )1+ B) - ¢ = BY - @)
By setting
C p(y —B)(p—a)
1- apzk P <1 - — [w(2)]*P,
k:zw (A=) -+ B) - 0 - B - )]
we find that
(RHAAEDN k- pa+B) - - BYp -] @
[w(@)]P = p a,z*?,
p(y = B)(p - a) S

which readily yields w(0) = 0.
Furthermore , by using equation (10), we obtain

.(pHJz;i(;{_p)) kl(k—=p)1+B)—( —B)p-a)] &

Jlot1?] = B - k;p e
p+1+A(k—p)\" -
D) - -GG &
< -p
= G- Z"

< |z|*? < 1.
This completes the proof of Theorem(5).

Theorem 6. Let u > 0.If f € N,"(4,1,a,v,4,B) and f,(z) is given by (23). Then
z=rePand (0<r<1),

2T ] 2T ]
j |If' (re®)|" dv < J |fi (re'®|" dv,
0 0

Proof. It is sufficient to show that
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[oe]

1= Y Ot

k=n+p
— B —
<1 p(y —B)p —a) kD,

(p + 1 -}I;i(;f - P)) k[(k—p)(1+B)— (G —-B)(p—a)]

This follows because

e (p+l;i({‘_p)>mk[(k—p)(1+3)—(V—B)(P—a)] .
loer =] 20 B —a) e
=n+p
k o (P“;’}r(;‘_p)) k[(k—=p)(1+B) - (y-B)(p— a)]
< -P
= |4 Z % p(r—B)(p - @)

k=n+p
< |z|*¥P < |z].
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