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Abstract
In this paper we proved that the existence of minimal (4q — 2, q + 4; f) — arc of type ( 4,

q + 4 ), which having W is minimal and there is no point of weight greater than 2 in the

projective plane of order g. Also we proved that the existence of (q +1+ q(q;l),Zq + 1;f) —arc

of type (q +1,2q + 1) in PG(2,q) where the points of weight 1 formed a conic, the points of
weight 2 are the exterior points of the conic, the points of weight O are the interior points of the

conic, W is minimal and Imf = {0, 1, 2}.
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Introduction

[A. Barlotti, 1978] presented the notion of a (k, n; {w;}) — set of kind s. The (k,n; {w;}) — set
of kind 2 in a projective plane, also called (k,n; {w;}) — arcs, where studied by [M. Barnabei,
1979]. [E. D'Agostini, 1980], was developed the notion of ( k, n; f) — arcs of type (n — 2, n) in
PG(2,q), where g is even. Also [B. J. Wilson, 1986], generalized the work of [E. D'Agostini,
19801, into ( k, n; f) — arcs of type (n — 3, n) in PG(2, q), where 3|q. [F. K. Hameed, 1989], [F.
K. Hameed et. al, 2011], [M. Y. Abass, 2011] and [R. D. Mahmood, 1990], continue on the same
idea of [B. J. Wilson, 1986]. The notion of ( k, n; f) — arcs of type (1, n) introduced by [G. Raguso
and L. Rella, 1983].
1. Preliminaries
We will denote by PG(2,q) the projective desarguesian plane of order g = p™, by P the set of
all points of the plane and by R the set of all lines of the plane. Then PG(2,q) having ¢+ q + 1
points and g% + g + 1 lines. Each line contains g + 1 points and through every point there pass
q + 1 lines. Also the projective plane has the following properties:
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(i) Any two points have exactly one line joining them and any two different lines meet at just one
point.
(i) There exists four points, no three of them are collinear.

Definition 1.1 [J. W. P. Hirschfeld, 1998]. A (k, n) —arc X in PG(2,q) is a set of k points no

n + 1 of them are collinear, where n > 2. We will write simply k —arc for (k, 2) —arc.

Definition 1.2 [J. W. P. Hirschfeld, 1998]. A line ¢ in PG(2,q) isan i —secantofa (k,n)—arc
K if |¢NK|=i. Let t; denote the total number of i— secantsto K in PG(2,q), then the
type of K isdefined by (zy,7q1, ..., Tp)-

Lemmal.1[J. W. P. Hirschfeld, 1998]. For a (k,n) — arc ¥, the following equations hold:

() Yroti=q*+q+1 ;

(i) Xitiin=k(g+1) ;

(i) Z?=2i(i;1) 7 = k(kz—l).

From [J. W. P. Hirschfeld, 1998], we have 2 — secant of the conic ((q + 1) — arc) having 2

points of the conic, qT_l exterior points (the points of intersection of two 1 — secants of the conic)

and qTH interior points (the points which there pass through them no 1 — secant of the conic). The

1- secants of the conic contain g exterior points and 1 point of the conic. The 0 — secants of the

. . +1 . . +1 . . .
conic contain qT exterior points and qT Interior points.

For any function f from P to the set of natural numbers N we will say that f(P) is the
weight of the point P. By using f, we may define a function F from R to N in the following
way:

F) =) f(P)

Per

and we will say that F(r) is the weight of the line r. Moreover, if F(r) =j we will also say
that r isa j—weighting line.

Definition 1.3 [E. D'Agostini, 1994]. A (k,n; f )-arc K in PG(2,q)is a function f:P — N
such that k = |support of f ( the points of non — zero weight ) | and n = maxF.

Let us remark that an ordinary (k,n) — arcisa (k,n; f )-arc with Im f = {0, 1}.

Definition 1.4 [F. K. Hameed, 1989]. For any (k,n; f )-arc K the underlying arc is the ordinary
arc whose points are all the points of K.

Definition 1.5 [F. K. Hameed, 2012]. A (k,n; f )-arc K iscalled monoidal if Imf={0,1, o}
and [, = 1.
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Definition 1.6 [E. D'Agostini, 1994]. The characters of a (k,n;f)- arc K are the integers
t;=|F'(j)l; Jj=01,..,n.
Definition 1.7 [E. D'Agostini, 1994]. The type of a (k,n; f )- arc K is the set of Im F . To write
explicitly the type of K we can use the sequence (ny,...,n,), where n, €ImF, 1=1,..,p
and ny <n, <--<n,=n.

Let us use the following notations:
w=maxf, W =Ypcpf(P)and W will be called the weight of K.
L;=f"Y) and [, =|L;, i=01,..,0.
[ M ] indicates the set of all lines through the point M .

It is well known from [E. D'Agostini, 1994], that:

k=1L (1.1)
W=32 il (1.2)

Yrem Fr) =W +q f(M) (1.3)
ImF| > 2 (L4)

A useful result, mentioned in [E. D'Agostini, 1994], is the following:
If there exists a point P of a (k,n; f )-arc K such that every line through it is an
n — weighting line, then
PeL, (1.5)

If MeL, and u € [M ] then,

F(u) =n. (1.6)

Hence W <n-w)q+n.
An arc with weight such that the equality holds, is called maximal. Of course, a maximal

arc is also such that through a point of maximal weight there pass only n — weighting lines.

Finally, we shall recall [E. D'Agostini, 1994] the following relations concerning the characters

of (k,n;f)-arcK :

Toti=q*+q+1 (1.7)
Yj-jtj =@+ 1w (1.8)
()t =(G) +aZi() b (1.9)

2. (k,n;f)—arcsoftype(m,n)
From now on, K shall denote a (k,n; f )- arc of type (m, n ), where |Im f| = 3. Let firstly

state the following:
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Lemma 2.1 [F. K. Hameed, 1989]. The weight W of a (k,n; f ) — arc of type (m, n) satisfies:
m@+1)<W <(n—-w)qg+ n.
We call arcs for which the values in Lemma 2.1 are attained, maximal and minimal (k,n; f ) —

arcs of type (m,n) respectively.
Theorem 2.1 [F. K. Hameed, 1989]. Let K be a (k,n; f ) — arc of type (m,n) ,m > 0 and let
vy, and v, respectively the number of lines of weight m and the number of lines of weight n
passing through a point of weight s . Then

m-—mvy,=m—-5)q+1)—(W-y5s);

(m-—mvyy =W —-s)—(m-s)(q+1).
Theorem 2.2 [F. K. Hameed, 1989]. The necessary condition for the existence of a (k,n; f) —
arc K oftype (im,n),m > 0 is that:
(i) g =0 mod(n—m);
(i) w<n-m;

(i) m<n-2.

3. (k,n;f)—arcsoftype(n-q,n)

From [F. K. Hameed, 1989], we have the following:

() ZremF@)=W+qf(M);

(i) mM—-q@@+1D)<W <(n—-w)q+ n.

Lemma 3.1. Inthe (k, n;f)—arcsoftype (n —q,n)in PG(2,q),if W =(mn—-q)(q+ 1), then

. vh_g=(q@—5s)+1;

(O
Vp =S.

For s=0,1,2,..,q.

.. th=n—q ;

(i) thq =q°+2q+1—n

Proof. (i) Wehave wv;_,+v;=q+1 andif f(M) =s,then

(n— Qvi_q +nvj = z F(r)=W +qs.

re[M]

Solve these two equations when W = (n — q)(q + 1), give the result.

(i1) From the following equations

ti=q*+q+1;

n
j=0

th,-=(q+1)w

Jj=1
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For j =n—q, n we obtain the result. 0

Now, we take the case in which [, >0, [; >0, [, >0 and [;=0 for s =3,4,5,..,q. Let

[ bean n— weighting line on which by (i) of Lemma (3.1) there are no points of weight 0 and

suppose that on [ there are a points of weight 1 and £ points of weight 2 . Then counting points

of [, gives the following:
at+f=q+1
And counting the weights of points on [, we get
a+?2f=n
Solving these two equations gives

a=2(q+1)—n

And B=n—(q+1)
Counting incidences between points of weight 2 and n — weighting line gives
lz U‘,«% = tTl ﬁ .

Using Lemma 3.1 and equation (3.2) we get

I — (n-q)(n-q-1)
2= 5, -

And counting incidences between points of weight 1 and n — weighting line gives
Lvl=t,a.
Hence, by using Lemma 3.1 and equation (3.1) we get
L=n—q)(R2qg+2—n).
Making use of the equations (3.3) and (3.4) and the following relation:
lb+lh+l,=¢*+q+1.
It follows that,
2¢°+2q+2—-(n—q)(3q+3—n)—2l, =0;
2¢°+2q+2+(n—q)(n—3q—3)—2l,=0;
n?—(4q+3)n+5q>+5q+2—2l,=0.
If 1, =q%—3q + 3, then from (3.5), we have:
n? —(4q +3)n+3q* + 11qg — 4 = 0.
Thus,

[(4q +3) + 49> —20g+25 | [(49+3)+(2¢—5)]

2 2
Therefore, n=q+4 or n=3q-—-1.

45

(3.1)
(3.2)

(3.3)

(3.4)

(3.5)



Fuad. K. Hameed On Weighted Arcs of ....

Lemma 3.2. The value of n inthe ( k,n; f) — arcs of type (n—q, n) in PG(2,q), with
W=m-q)(q+1)and Im(f)={0, 1, 2} satisfies the following inequality:
g+tl<n<2q+2.
Proof. For n<q+1 weget [, <0.But [, >0 and [, cannot be zero because this implies
that Im( f) = {0, 1} and this contradiction. For n>2q+2 weget [; <0.But [; >0 and [
cannot be zero because this implies that Im(f) = {0, 2} and this contradiction.
Lemma 3.3. In the ( k,n; f) — arcs of type (n—q,n) inPG(2,q), if W=mn—-q)(q+1),
Im(f )=4{0,1,2}and I, = q* — 3q + 3, then the value of n = q + 4.
Proof. If n=3q—1, then from Lemma (3.2), we must have 3q—1 <2q+2, ie.
2q+2—-Bq—-1)>0.But 2q+2—-(39q—1)=3—-q<0,if g > 3.
Theorem 3.1. When Im(f)=4{0, 1, 2} and [, = q*> — 3q + 3, there exists (4q — 2, q + 4; f) -
arc of type (4,q +4)in PG(2,q), having:
)W =4(g+1) and [, =4q — 8;
(if) I, = 6 and its coordinates points form a (6, 3) — arc with four 3— secants in PG (2, q).
Proof. From Lemma 3.3, we have n = q + 4, and then from (3.3) and (3.4), we get:
lL=49—-8:;1,=6.
Also from Lemma 3.1, we obtain:
tgsa = 4.
From the equations (3.1) and (3.2), we have:
a=q—2 ; B=3.
Then the points of weight 2 form (6, 3) — arc X, has four 3 — secants because there are three of
them on (g + 4) — weighting line and there are no more than two of them on 4— weighting line.
Thatis 13 =ty =4 and 75 + 17, + 7, = t, = q¢* + q — 3. Also the points of weight 1 are the

remaining points on 3 — secants of X .
Theorem 3.2. There exist (q +1+ @, 2q +1; f) —arc of type (q +1,2g +1) in PG(2,q),

where the points of weight 1 formed a conic, W is minimal and Imf = {0, 1, 2}.
Proof. If n = 2q + 1, then equations (3.3) and (3.4), give:

lzzq(q;l) ; l1:q+1.

Then the point of weight 1 are the points of the conic in PG (2, q), and the points of weight 2

are the exterior points of the conic. Then the points of weight O are the interior points of the
conic. The tangent lines of the conic have weight equal 2q + 1, the exterior lines and the
bisecant of the conic have weight equal g + 1.

Hence from Lemma (3.1), part (ii), we have t,,.q =q+1 and t;4; = g%

46



Basrah Journal of Science (A) Vol.31(3),41-48, 2013

Since k=0L,+1,=(q+1)+ Q(q2+1).

Therefore, there exist (q +1+ Q(q;l),Zq + 1;f) —arc of type (¢ + 1,2q + 1) in PG(2, q).
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