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Abstract

In this paper, the semi discrete formulation of Galerkin and
Galerkin-Conservation (G and G-C) finite element methods are used to
approximate the solution of the coupled  Burgers' problem. The
theoretical evidence proved that the property of the bilinear form
A(u,v) (v-elliptic and continuity) and the stability of both schemes,
also we proved that the error estimate of these methods are of O(h).
We used the artificial diffusion method to improve the analytics
solution of the problem and the approximate solution when (€< h).
Numerical example is tested to illustrate these schemes and the
numerical results by using ODE 15s, ordinary differential equation,

solvers matlab are compared with the exact solution.
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1 — Introduction

Burgers' equation is a
fundamental partial differential
equation from fluid mechanics. It
occurs in various areas of applied
mathematics, such as modeling
of dynamics, heat conduction,
and acoustic waves, [Abazari
2010], [Alharbi and fahmy 2010].
range of

Due to its wide

applicability some researchers
have been interested in studying
its solution using various
numerical techniques. Numerical
techniques for the solution of
Burgers' equation usually fall
into the following classes: finite
difference [Bahadir 2003], [liao
2008] [Srivaslava et al. 2011]),
finite element [Smith 1997],
[Pugh, 1995], [Volkwein 2003],
[Qing 2013])
Decompostion method [ Zhu, et
al. 2010], [Zhu 2010] ), [
Abbasbandy and Darvishi 2005]
and references cited therein.

In [Pugh, 1995] used G and G-

C finite element methods in

Yang and

97

solving the homogeneous
Burgers’ equation in  one
dimension and noted that the

solution obtained using 18 nodes
was close to that obtained using
34 nodes, he compared G and G-
C finite element methods and
found in some examples with
taking Re=120 and 240 however,
the G
exponentially in time despite the
the G

and

solution grew
convergent behavior of
and G-C
determined that the G-C method

was more accurate and computed

solutions

more quickly than the G method
for the Burgers’ equation with
Neumann boundary conditions.
[Burns and Balogy 1998] showed
that this was true for any initial
that the
steady-state limit exists. [Smith
1997] showed that the G method

produced solutions with slightly

condition, provided

less error, but the G-C method
required less time, and showed
that both methods produced
virtually identical results except

for one case where the G solution
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grew exponentially in time
despite the convergent behavior
of the G- C solution, his results
were similar to what
obtained by [Pugh 1995] and
the G- C

method to give better results for

was
determined that
the one dimensional Burgers’
equation with Robin’s boundary
conditions and saw that sufficient
accuracy is achieved at 18 nodes.

In this paper, we present the

discrete G & G-C finite
the

semi

element methods for two

dimensional Burgers’ equations to
get system of ordinary differential
equation. The theoretical evidence
proved the property of the bilinear
and

form A(u,v) ( v-elliptic

continuity ) and the stability of

both schemes are satisfied, also we
proved that the error estimate of
these methods are of order O(h).
We used the artificial diffusion
method [Johnson(1987)] to improve
the analytics solution of the problem
and the approximate solution when (
€< h). Numerical example is tested
to illustrate these schemes and the
numerical results by using ODE 15s
mat lab solver are compared with
the exact solution for both cases

(E> hand €< h).

2-Definitions and important lemma:

It is beneficial to mention the
definitions of the vector space that
we used during this study. The
vector space L%(Q) is the space of
square-integrable functions on Q c
R™, [Johnson, 2010]

L*(Q) ={v: Q> Rs.t. [v?>dQ < o},

indeed L?(Q) is Hilbert space with respect to the following inner product

(u,v):J'u(x)v(x)dx and norm |[v| 2 q)

1

— (fg vde)E. Forp=o0, L*(Q)

denotes the space of all functions which are bounded for almost all x e Q.

L°°(Q)={u:|u(x)|<oo for almost all XEQ},

this space is equipped with the norm
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Il = fess sup{lv()l:x € R},

We introduce the Sobolev space
1 2 ov 2 .
HY(Q) = {v € LX(Q): = e 12(Q),i=12.. ....d},

and the corresponding norm,

1

Il = (Jl, @7+ (W)?)dQ)’, also HE(Q) = (v € H'(Q) : v =

0 on 0Q2},
with the same scalar product and norm as H () .

We introduce the norm for both continuous time t € [0, T] and space Q

by:

1
t 2
1ol =masgseartol, 0 I19ellizziay = (llveli2)’

Lemma(2.1)[kashkool 2002]: Let U be the approximate solution and u

be the exact solution. if|| U™ —u™ ||, , <Ch, (n = 1,2,....,N;), then

VU llo20 <€,

where C is constant independenton h and t.

3- Time- dependent modeling problems.
We consider time- dependent nonlinear two dimensional coupled Burgers’

problem.

99



Basrah Journal of Science (A) Vol.33(1),96-125, 2015

u, — €Autuu, +vu, =f, on 2 x (0,T]
(3.1.a)
vy — €AV + uvt+ vy, =g, on2 x (0,T]

(3.1.b)
with boundary conditions
u(x,y,t) =0 on dnN x (0,T],v(x,y,t) =0 on 0N x (0,T],

and initial conditions u (x,y,0) = u°(x,y) and v (x,y,0) = v°(x, y),

where € >0 is a viscosity constant, 2cR? with boundary d£, the exact

solutionsu = u (x,y,t), v (x,y,t), and the source terms f, g € L*(R2).

The weak formulation analogue of equation (3.1). Letting V = Hj(Q),
multiplying the equations (3.1a) and (3.1b) for a given t by ¢ € V, integrating

over 2 and Green's formula, we get:

(up,@) + a(u, ) + Wup)+touy,,e) = (f,9), V¢ €Hj{2)
(3.2a)

Ve @) + a, @) + (uvy,9) + (v vy,0) = (g,9), V¢ € Hy (),
(3.2b)

(ux,y,0,9) = W’ ), (@Wy,0,9)= @°¢),
where a(u,p) = (eVu, Vo) and a(v,p) = (eVv,Ve).

The conservation form of the equations (3.1a) and (3.1b) were given by
[Fletcher 1984]. Here the u u, and v v,terms are replaced by i (w?), , i (v?),
respectively, we get
Uy —eAu+%(u2)x+ vu, =f,

(3.33)
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v, —elAv + uvx+%(v2)y= g.

(3.3b)

The weak formulation of (3.3)is: find u,v € V = H}(Q) such that:
(ue, @) + au, @)+(5 Wy, 0) * uy,0)= (f,9), ¥ ¢ € H(Q)
(3.4a)
(ve, @)*a(v, @) +w vy , 9) +G W2y, 0)=(g,9), V ¢ € H}(Q)
(3.4)

4 - The semi-discrete triangulation of 2 with mesh size
approximation. h and satisfying the minimum

Let V, be a finite- angle [Ciarlet 1978]. Replacing V
dimensional subspace of V with by the finite — dimensional
basis functions subspace Vj[Johnson 1987], we
(1, Dy voe e O}, For get the following semi-discrete

definiteness, we shall assume that analogue of the equations (3.2)

Q is polygonal convex domain and (3.4) respectively: Find an

and that V,, consists of piecewise approximate  solution Un

linear functions on quasi-uniform vn € Vy, such that

(Unt »@n) + a(up,@p) +(Up Upx,@n)FH(VrUpy,@R) = (f, @r), Vo € Vp,
(4.1a)

(Ve @n) + aWn,@n) + (Up Vix,@R)H(ViVhy,@n)= (g, @r), YR € Vp,
(4.1b)

(Upe ,@p) + a(up,@p) "'(% (Un)z ©n) + (Vp Uny, @)=(f, n), Von € Vy
(4.2a)
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(vh,t :‘Ph) + a(vp, op) + (uh Vhx 90) + (% (vh)in QDh) = (9, 0n), Vo€
v, (4.2b)

5- Assumptions:

1-We can write Equation (4.1) in the form,

(Unt,0n) + (Up,@R) = (f, @r), and (Vi 01) + A(Wr,@r) = (g, @n), YoR €
Vi (5.1)

where,
A(up,@r) = e(Vup,Vopr)+ (Up Upx,@r)FH( Vaipy,@n)

AWn,on) = e(Vop,Vor)+ (Up Vpx,@n)+(VpVny,@h)
and Equation (4.2) in the form,

(upe,on) + ACup,op) = (fop) and  (vp,0n) + A(vp,en) = (9, @n), Yon €
Vi, (5.2)

where,
1
A(up,on) = e(Vuy,Vop)+ (5 (Un)z:@n) (VU y.@R)
- 1 2
A(Wn,0n) = e(Voy,Vopr)+ (Up Vpx@n)t (5 (Un)3Pn).

2- In the following, we assume that Equations (4.1) and (4.2) satisfies,

Al- There exists a constant a suchthat: € > a > 0.
A2- There exists a constant g such that: §; < %

6- Properties of the bilinear form A(u, v).
Let V be Hilbert space with scalar product (-,-),, and corresponding norm

lull 2oy suppose that A(u,v) is bilinear form on V x V. We prove some

lemmas for the continuous and v-elliptic.
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Lemma 6.1

A(uy,@y) and A(vy,@;,) given by (5.1) are continuous and v-elliptic.

Proof:

1 — For continuity, we have

|A(up, @p)I<I €(Vuy , Vor) [+(up upx,@n) 1H (Vg @0l

AR, @p) IS €(Vvn , Vor) [F(up Vhx,@n) | (VRVRy.00)]
|A(up, @) |<le(Vuy, , Vor) [+(up upx,@n) Hl(up upy @n)l + (Vh U @n) |+

|(Uh Up,y, <Ph)|

A, pp)I<1€(Vvn , Vo, ) [H(up Vi, @n) [H(Wn iy @n) 1+ | (VR VR @r) [+

((Vh Vhy.@n) |

|ACun, @)1l € (Vup , Vor) [+H(unVug,@n) [+H(va Vu,,@p) |

|A(vn, @) || € (Vvn , Vor) [+H[(unVon,@n) [+ (v Von , @3)l

Applying Cauchy-Schwartz inequality gives,

(ACur, @)1= €] 1o [ un || |1 V0n |1+ [l I Fun || Heon 1+ o | | 7aen [ 1 0 |

G ST K VR A 2 B T N e T R A A T

From Poincare's inequalities, we have

ACun, o)1 | €| oo [| Vg || [ Veor [+ T | | Vun || | o |+
C " Voy " " Vuy " ” Pn "

A@n @)l el i [ V0n | | Von +C I vun | [ 9wn | | 02 ]|+
lon [l Iven l on
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From lemma(2.1) , gives

AQun, @)= el i [|Vun [ 190 |+ Con llun | | @n |+ Coa |72 | 1 0 |

A@n @)1=l €| Vo | [ Ven Il +Con | Vol l0n |+ Crnllwn [ | 0
[ACun, o)l < N Ve[| | Von | + Tun [ T onll + a1}
[Awn o)l < NV [Venl + [von [ lonll + lvall llon 3
A, o) < N{([|Vun [ w190 - lVen ]l ol on 11D}
A, )| SN{([|Van || [ [l 92 )- Vol llon ]l on 1D

Aup, p)| <

2 2 2 2 2 2
W17l + unl + 192 19001 + ol + lonl

A(vh,<ph)|5N\/||Vth|2+ v | + ||vh||2J||V¢h||2+ lonll” + lonll”

Aol = N2+ 2l 217001 + 2] 00

Aol = N2, 7 + 2ol (20700 + 2] 0]’
ACun, @)l <N [lun || 1 |0n || 43 and A@n, @)1 < Ny [|wn || s |0 ||

where N = max{ | €| =, Cpn}
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2- For v- elliptic, we have

A(up,up) = €(Vuy , Vup)+ (up Up e, ttn)+( Vpttyy Up)
A(vn,vp) = €(Voy, Vop)+ (Up Vi, Ur)+H( VR VR, Vn)
Alup,up) > a (Vuy, Vup)+B; (up upxup)+B1( Valtpy,Un)

A(wn,vp) = a (Vo , Vop)+By (Uy Vi, Vi)t B1( VaVhy, Un)

Auran) = @ [[Vun |+ Bl | Nuns I+ B llon ey [ 1 |

A 2 a [V, |+ Bullun ]l onell lonll +Billvnll” vn,y |

Since || Vp || >0, || Up, ||Z 0, we get

Alnawn) 2 o [|Vun [| 481 [un | Natne 481 [y [ 12 |
Awnon) 2 @ [[Von |+ By lonsell [onll + Bullonll” Nlony |
From Poincare's inequalities, we get

Alunun) 2 [| Vg |+ By flun | unse [l + 2 fun]”

Awnww) 2 o (|90 |+ B on [ +B1 o 1 ny |

By using lemma (2.1), we get,

Alunatn) = | Vup | 4B: G llun | + 22l |

Awnwn) 2 o | Vo |+ B on | + BiClon |

A )= M{[Vun” + Jun ]l + ]}
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Awnvn) = M {[Von " + [lonll® + flonll"}
A(uh,uh)ZM {" Vuh "2 + leuh "2} = M1 "uh ||12-I&

Hl

Aoz M {|[Von|* + 2 o} =My vl

where M = min {a,ﬁlcm,%} and M;=min {M ,2M}.

Lemma (6.2).

A(uy,@y) and A(vy,, @) given by (4.2) are continuous and v-elliptic.
Proof: Similarly as the proof of lemma (6.1)
7-Stability.

Lemma (7.1): Let uy, vy, are the solutions of equations (4.1), there exist a

constant C>0 such that,

2 2 2
lun I <e 2T Nuf I+ 171 ooy

2 _ 2 2
lon < e T o "+ 191 ..oy
Proof: Choosing ¢;=uy, in (4.1a) and ¢,=v;, in (4.1b) gives,

(Un,e up)*+a (up, up) +(Up Upx Pr) + (VpUny, @) = (f, up)

(Vne Vn) + a (Vp, @n) + (Up Vi, @n) (VR VR, @1)= (g, vp)

d
(Un,t, uh)_ fg I up dx, =S ”uh " and (vp ,vp) = fg I vjp dxdy =

sa lnll”
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from [Abazari and Borhanifar, 2010], a(uy,u,) >a [|u, || 2 and a(vy,vp) > a
2
lon ||,

since |, B(u, v,w)|< B |[ullllv]] [lw]] and by using Young's inequality, we get,

)<l unll<gz A1+ Cllunll"and gun<llg I lvell <z 91+

cllvnl’

(etin) < Bllunl” Nun = | |
| T S Y L I e P
) <o < i | ey I

oy )< Blvnll” Nonll<E lval* e loa

Then,

1d

2 2 4 2 2 2 2
s a2 N e Clun I+ o 1)< 11 +C llun |

1d
2dt

lonll*+a o I +5= lon " 8e Qlun  *+ lonll < Ng I *+C lun |
Putting = fic;= C awe get,
2
2 lunll” +2¢ | *+2¢ o |+ | "<z 17117
2
lonll” + 2¢ fun | +2¢ [on | +5 lon*<5c g1

since, 2 ||up || “and 2C || vy, || “are non-negative , we have

2 2 2 4 ,
el el 1)
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2 2 2 4 2
L lwnll 2] vn | *+2 [val "<z 1 9

Multiplying by the integrating factor e?“tand integrating fromt =0tot =T

gives,

27 lun () |+ 17 26 [lun || *de < 2 [ €2 || £ *de+ g ]|
&2 [[up(T) | *+£ [T €26t [l || *de <= [ e2¢t || g || *de+ ]| w2 |
Since ,the second terms are non-negative , we get

lun( "< 35 ) e (7] "de +e=2eT [[ug |

lon s 3¢ 1y €@ [|gl| de +e2T [[wf]|”

lun "< e ug 1 *45: 11 i omy

2 2 2
lvn (|| "< e=2T || vy || +% lall (C1:(0,TY) -

Lemma(7.2): Let u;, v, are the solutions of equations (4.2), there exist a

constant C >0 such that,

”uh(T) ” “<em2cT ||u2 " 2"'% "f" Z(Cl:(O,T))'

” vy (T) ”2S e 2T " Vp ”2"'% ||g ||2(C1:(0,T)) '

Proof : Similarly as the proof of lemma (7.1)

8- The error estimate

Theorem (8.1):Let u, v,u;, and v, be the solutions of (3.2) and (4.1) respectively

, then there exists constants C, ,C, independent of h such as,

o= sy < s w0+ G+ ol gy + )
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1o =il oy= IR v I+ G {00 I+ Noll oy + Nve M 2y

Proof . We write the errors in terms of elliptic projection pu and pv which
satisfy

a( pu,@p) =a(u,py)and a( pv,y) = a(v, @) .
(8.1)

u-u, = (u—puw)- (up —pu) = p; - 6;
v=vp = (W —pv)- (v —pv) = p2- 6,
then ,

lu — us ||L°°(L2) < [lo.|l o2y T 16, ||L°°(L2)

v = vl o2y < o2l o2y + 1021l oi2)
From [ Johnson1981] , we have,
o | o) S Chl|ul L®(HE) and || p, | po2) < Ch [ v"L°°(H(})

(8.2)

To estimate 6{*and 6} , note that,
(p1,e = 01 won)talpy —01, @p) (U, — uptpx \@p)t(Vuy — vpitgy ,@n)=0
(02t = Ozt \Pr)*Ta (02 =07, @p)+H(UV,—URVp 5 \PR)H(V Vy—VR Yy, ,@p) =0

From property of elliptic projection(8.1), we have
(61¢ . 0n)*a( 01, @p)—(uu, — upy o @h)‘(vuy - vhuh,y’(ph) =(p1,t @)

(8.33)

(02 . 0n)* a(By, @p)—(UVy — URVp 2, @p)—(VV), — VpVpy @r) = (02t 1PR)

(8.3b)

choosing ¢,= 6,, and @,= 6, in (8.3a) and (8.3b) respectively gives ,
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(01 ,601)* a (0y, 01)—(uuy — upupy ,01)—(VUy — VyUpy ,01) = (01 ,01),

(62 ,02)+ a (03, 03)—(Uvy — UpVp ,91)_(171731 — VpVhy ,01) = (02, ,02).

(610.01)= [o0rc0rdxd =2 [ 62dxdy = 3= |6, ],

(83,0 02)= [ 402,00,dxdy = 2= [ 03dxdy = 22 || 6, %,

and by using Cauchy-Schwartz inequality, applying Young's inequality and
from[Boules 1990] ,

a(u ,u) = allu||?, we have

2a1

e A A LA o e = wpun | "+3 [ 61 I’ o lvuy -
vty |+ 26 ]|°
2 2
Sglzllpu " +2c. || 6. ||
2dt "92” +0‘2"92" +_ lwve - uhvhxllz = "92” "'_ lvv, -
vy || +2 ) 62|

2 2
< 5o loael 22|62 |

since || U Uy — UpUp || 2, || V Uy — Vplpy || 2, || UV, — UpVpy || “and || vV,
Vi Vhy |l “are nonnegative terms and by Putting a,=a, = a, = ¢, = c,
and a,=a; = a, = c3 = C4, We get,
2 2 2 2
Lo, <2 lonell and 61 P< o e

(8.4)
note that, there exist 0<t*<7T such that,

o I= 1610 gy

|| 92 = maxOStST || 92 || = || 92 || LOO(L2)1
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Integrating equation (8.4) from t =0 to t = t* gives,

l6: @< 6@ I += 15 el de < 1020 " +5= f; lovell” ae

l6: "< 10"+ f; Npecll™ dt <162 [ +5= 1y Izl de

then,

2 2 2 2
161 ]| 0 (12y= 6200 | +4L61 J; lowell” dt and |6, | oo 120

1020 172 1 Nl pae | e
this implies that,

1
,
161112y <N 02O N+(i Jy Nl de)’

1
s \&
16 [ o 2y <[ 6200 | +(ﬁ Iy Iz dt)z
The first terms on right hand sides give,

62| < lup-pu®|| < flug- w® |+l pul|| < flug-u |+ ch]|u

(8.5a)

62 || = lvR-pv°l| < [[wp- v ||+ [[v°- po° || < [wR- vO ||+ Ch |0

(8.5b)

for the second terms, we have

N[

1
2

1
2 2 2 ?
(I Noael® e’ = (07 M —pue” ae)* < (ot ] e | )
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1
Cih (fOT e | i dt)zf Cihlue || L2(HY)
(8.6a)

N =

(17 pnel®de)f = (ST loe ol de)f < (co? 7 1] ce)

1
C,h ( AR dt)z <Coh [lve |l 12y
(8.6b)
then ,

10111 g2y < lup- w0 I+ {lu® |+ el 2 gy}

1621l oz, < IR w0 1 +Cn {I1w° Il + Nwe [ 2oy
with equation (8.2) and these results the proof is complete. |

Theorem 8.2. Let u, v, u;,, and vy be the solutions of (3.3) and (4.2) respectively

, then there exists constants C, ,C, independent of h such as,

o= oy, < M w0 =i |+ Dol gy + Dt )

lv =il oy= IR v I+ Ch{Io0 |+ Nl oy + 1ol gy )

Proof: As the proof of theorem (8.1) we have,

s ol e lon] "+ 3 @3- 2 +2 [0, 4 v uy -
vnttny I+ 210207 <o lpaell™+2c 16 |
v 3
2 10, "+ 1w vewnone |+ 10 "+ | 3 D3- 3 andi |+ 62 |

< 8_62 [ 02,c " +2¢, || 6, "
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since
2
15 @23 @il lvuy = vaatny || luve -

1 1 2
upvne || 2and|| S )33 )3 |
are nonnegative terms and by Putting a;=a; = a, = ¢; = c,and a,=a; = a, =

C3 = Cy ,we get,

2 2 2 2 .
%”91 [ S%q"pl,t [ 1and%"92 | Sé"pu |, these imply

1
N
1611l o2y <NEON+(5= 1y Npaell” de),
(8.7a)

2 \3
162 ]| 012y <[ 6200 +(4i 15 Nozell dt) ,
(8.7b)

applying the bounds given by (8.5) and (8.6) to the first and second terms on
the right hand sides respectively, to (8.7) gives,

1611 g2y < lup-w I+ {llu® | + el 2 gy}

1621l iz < IoR- w0 [+ Cohe {00 [ + Nwel 2 s )
With these results the proof is complete. |

9- Improvement of G and G- C finite situations completely. This can be
element method done either by decreasing h until

The G and G-C finite element € > T Which may impractical if ¢

method (4.1) and (4.2) may

produce an oscillating solutions if

is very small or simply by
solving, instead of the original
problem (3.1) and (3.3) with

diffusion terms —eAu and —eAv

€ < h. To handle the difficulties
connected with the G and G-C

withe <h is to avoid these a modified problems - with
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diffusions term —hAu and —hAv this the idea of the classical

obtained by adding the terms artificial ~ diffusion  method

—6Au and —6Av to the [Johnson (1987)], this method for
problems (3.1) and (3.3) solving Equations (3.1) and (3.3)
respectively, where &6 =h—¢ reads: Find uy, vy, € V}, such that,

(Un,t On) + h(Vu,, Vep)+ (U Uy, @) + (Vuy, @)= (f, on),
(9.1a)

(v en) t AV Vo) + (W) + (W vy, e)= (9, ¢n)
(9.1b)

(une on) +  h(Vup, Vo) +(%(uh)92cr On)tWp upy, @)= (f, @n)
(92a) (vh,t ,(ph) + h(VUh, V‘Ph) +

(th Vi @) + G W% 1) = (9, 0n) (9..2b)

10. The numerical solution.
In this section we
introduce the two dimensional

approximation schemes. The first

to the coupled Burgers’ problem
(3.1) . The approximate solution
Is written as an expansion of the

basis functions. In particular, we

is the G-finite element method assume that,

up = Xio1 dj(©@;(x, y) and vy,= X, hi();(x, y)

The second is the G-C finite element method to the coupled Burgers’ problem

(3.3), we introduce the following approximate solution for uZ(x,y,t) and
vi(x,y,t):
uj = X2, d7 (1) @;(x, y) wi= BT, hE (D) @5(x, ),

where each d;(t), h;(t) are nodal unknowns and ¢;(x,y) is the j" linear basis

function defined on £2 . Substitute the approximate solution w,, for u,v, for v, u?
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for u2,v? for v2and replace ¢ by ¢; in (4.1a) ,(4.1b) , (4.2a) and (4.2b)

respectively to get a system of ordinary differential equation,
M 07[D’ G O IA 0 0 ]2 [,0 ] [ ]) _
0 ml H’] +<€ o cltlo A [H]

4l

o w0 gl+ls al+lo §l+[. of+lo ml)El=
el
wnere, hll(t)

i (1) (O] [
il ol Lo hw)
G(-gl]) f V<p] V(pldXdyjl (]lk]) f dk(t)goj dx (pldx dy’

]2 (]lk]) f dk(t)goj dy goldx dy7 ]3 (]lk]) f hk(t)(p] dx (pldx dy’

D= , H= ,D'= H'=

], M(m;)=[ ,@;9; dxdy,

Ja=0ik)=J ghic () 2 5y ©idx dy, By = (by)=3 - adi ()2 4 pdxdy,
By=(" byj)= fh(t)a gidxdy, F=(fi)= [feidxdy, and G=(gi)=

J q99idxdy,
for i,j=1.2,...N.

10.1 Test problem exact solutions of Burgers’
In this subsection, we equations (3.1.a) ,(3.1.b), (3.3.2)
present the test problem to and (3.3.b) can be generated by

illustrate the different behaviors using the Hopf-Cole transfor-
of Euler—Galerkin and Galerkin- mation (see [Heitmann 2002]
Conservation  methods  time which are :

dependent coupled Burgers’.The
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1

3
u(x,y,t)=z—

(-4 x+4y-1t)

414+ 32¢€
The initial conditions are
obtained from the exact solution
with t=0. In this problem

€,t,kcan be take on various
and f=g=0. The
domain 2. We use a uniform

N X N nodal
2(N — 1)?
triangles, for some integer N > 1

with

values

mesh of

with

points
same size

mesh width  parameter

h=ﬁ “we take N =18 and 2

=10,1] x [0,1].
10.2 Numerical Results.
IS

Numerical example

tested to illustrate these schemes

, v(x,y,t):%+

116

1
(-4 x+4y-1t)

4(1+e 32€
and the numerical results by
using ODE 15s, ordinary
differential  equation, solvers

matlab. We discuss two cases.

Casel(e > h): t In this case the problem
was run with e= 1.14, h=0-05, we
compared our results obtained from the
two methods G and G-C methods on
the bases of accuracy and speed
(computational execution time) and
that the both
produced solutions that converged to

than the

found two methods

the exact solution at better

1

expected ( )Erate [Fletcher 1984] {see

1
N

Figure (3.1),(3.2) ,(3.3) }.
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0 . 64 \,,,,,,/,,,,,,,,,,,,

O | 635 \,,,

0- 63 A%

Un

0. 625 A ,,,,,,,, yd

0 - 62 N ,,,,,, ,,,,,,,,,,

0.615,

0 . 64 \,,,,,,,,,,,,,

O . 635 \,,,,,,,,,,,,,

0- 63 A%

Un

0 . 62 7 / ,,

0.615,

Figure3.2 :Solution of G -C method at N=18, t=0.5, e=1.14and h = 0 - 05
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osx) |~

Figure3.3 :Exact solution at N=18, t=0.5,€=1.14, h = 0-05

Case 2(e < h): In this case we
take ¢ =0.004,h = 0.0588 and
t = 0.5. we see that the exact
G and G-C finite

element method got oscillation

solution,

as shown in figures (3.4), (3.5)

118

and (3.6) but when we use the
diffusion method we
the

artificial

remove oscillation and

improve the result that are shown
in figures (3.7), (3.8) and (3.9).
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Figure 3.5 :Solution of G-C method at t = 0.5, € =0.004 and h = 0.0588
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Figure 3.6 :Exact solution at t=.5,t =.5, € =0.004 and h = 0.0588
07, 095,
c 0.65.- 0.9.
o
0.6, 0.85.
0.55, 0.8
! 1

Figure 3.7 : Solution of G method of u and v with classical artificial viscosity
at t=.5,t =.5, € =0.004 and h = 0.0588
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0 . 75 AV , e ,,

0 . 95 3 / e

Figure 3.8: Solution of G-C method of u and v with classical artificial

viscosity at t=.5,t =.5, € =0.004 and h = 0.0588

095,

0.85.

Figure 3.9 : Exact solution at t=.5,t =.5, € =0.004 and h = 0.0588
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11- Conclusions

From the theoretical analysis and

4-The classical artificial diffusion method

theemoved all oscillations occur on the

numerical results, we can conclude thanalytics solution, see fig (3-9) and

the following.
1-Theoretical analysis  shows
that the G and G —C finite
element methods are convergent
with error O(h)

2-The numerical results for G and
G —C finite element methods are
convergent to the exact solutions
when(e > h), see figs (3.1, 3.2,
3.3), but the G.—C. finite elements
method required less CPU time.
3-A special attention is paid
particularly to problems with
convection  dominating  over
diffusion. The problem may arise
the of the

diffusion term. Such case makes

from weakness
the exact solution, G and G —C

finite element methods lose

stability =~ and  produce an
oscillating solutions see figs (3-4,
3-5, 3-6). One way to overcome
these difficulties is adding a
classical artificial diffusion to the

problem.

122

removed all oscillations occur on G and
G —C finite element methods, see figs (3-
7, 3-8)

5-
method produces non-oscillating but has
the

The classical artificial diffusion

drawback of introducing a
considerable amount of extra diffusion.
Also we can modified these methods by
using the streamline method [Johnson
1987] with less crosswind diffusion than
the classical diffusion method but still
corresponds to an O(h)-perturbation of
the solution of the original problem

This is left to interested readers for future

research.
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